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Abstract

The aim of this article is to give a concise algebraic treainus the modular symbols for-
malism, generalized from modular curves to Hecke triangl#ases. A sketch is included of
how the modular symbols formalism gives rise to the standiydrithms for the computation of
holomorphic modular forms. Precise and explicit connextiare established to the cohomology
of Hecke triangle surfaces and group cohomology. In all thte i general commutative ring is
used as coefficient ring in view of applications to the corafiah of modular forms over rings
different from the complex numbers.
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1 Introduction

The purpose of this article is to give a concise algebraic treatment of the magimaols formalism
and related objects over an arbitrary commutative ring. We show how theasthalgorithms for
computing modular forms for congruence subgroupSIaf(Z) can be deduced purely algebraically,
using only the Eichler-Shimura isomorphism. This includes an algebraic pfdbé presentation of
modular symbols in terms of Manin symbols. Thus, we avoid the use of the tedlgmather difficult
paper|[13], which is present in all the published treatments known to theraietly. [11], [14]).

The algebraic formulation that we give generalizes immediately to the so-cadlekeHriangle
groups and we choose that general set-up from the beginning.uldshmwever, be pointed out that
most Hecke triangle groups are non-arithmetic. In that case our treatmigrgives an isomorphism
between generalized modular symbols and modular forms, but does noapielltjorithm for the
computation of the Fourier coefficients of the modular forms due to the absdrecsuitable Hecke
theory.

There is considerable interest in trying to use the modular symbols formalismiogs different
from the complex number in order to compute modular forms over these rirggsugng the theory
of Katz modular forms, see [6] or [16]). This is the reason why the treatofahe modular symbols
formalism in the present article is over any commutative unitary ring. In thisrgdity (in fact already



over the integers) one notices quickly that, although the modular symbolslfemmainspired by the
homology of modular curves, it does not quite compute it (compare The®/&and Remark 5.10).

Moreover, in order to be able to treat questions like the computation of mdduahas over more
general rings one needs a geometric or algebraic interpretation of the megnihols formalism
in order to be able to establish a link with modular forms. For this reason we a&labdertain
cohomology groups on modular curves (as Riemann surfaces) anthggdap cohomology groups
which are both closely related to the modular symbols formalism. All the objectsaspg are
described by explicit formulae and a precise comparison is included. dimrwlogy group of the
modular curve considered in the present article is a complex analogueéibtaeohomology group
that one uses to define tBedimensional-adic Galois representations attached to a modular form.

The differences between the various objects come from non-triviallyligebpoints on the upper
half plane. It is hence natural to use analytic modular stacks instead of madwas and compare
these two via the Leray spectral sequence. This has been carriedtbetaathor’s thesis. However,
for the sake of the present article a formulation was chosen that usebamlylogical algebra, but
gives the same results.

Apart from some facts about Hecke groups and some cohomology tbegrgups and topologi-
cal spaces, the treatment of the article is essentially self-contained.

Overview

In Section 2 we present some facts about Hecke triangle groups, aasalb results to be used in
the sequel. The following three sections are independent of one anait@ection 3 we introduce
the modular symbols formalism extended to subgroups of finite index in Haekgle groups, and
give a description in terms of Manin symbols. An explicit formula for the paliatsubspace of the
group cohomology for subgroups of finite index of Hecke triangle gsasiplerived in Sectian 4. The
subsequent Section 5 treats a similar conomology group for a certain@héiaé modular surface
for I'. An explicit formula is derived, which generalizes a result of Merel's ighlar weights. In
the final section a comparison between the objects is carried out and itéheeidhow the Eichler-
Shimura theorem together with a theory of Hecke operators and the resuitghfe previous sections
can be used to compute modular forms for congruence subgro%ps (£ ).
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2 Hecke triangle groups and surfaces

For an integem > 3 one defines the-th Hecke triangle group\,, as the subgroup dPSLy(R)
generated by

o= (07) and 7= ()

with A, = e™/™ 4 ¢~ ™/™ = 2 cos(m/n). In abuse of notation when writing a matrix we often mean
its class modulo scalar matrices, i.e. an element of the projective linear giig generation is
free andA,, is the free product of./2Z = (o) andZ/nZ = (1), which makes the cohomological
computations to come very simple. The stabilizer of the element P! (R) is (A,)s = (T) with
T =710 = (} ). We denote by\,(co) the orbit ofco underA,,. As a special case let us note
thatAs = PSLy(Z) andAs(o0) = P1(Q). The Hecke group,, is a Fuchsian group of the first kind
(i.e. a discrete subgroup @fSLy(R) of finite covolume)
having parabolic elements (hamely precisely the conjugates
of powers ofT’). Any subgroupl’ < A,, of finite index
is also a Fuchsian group of the first kind with parabolic
elements. Moreovent := I'\H can be given the struc- i
ture of an open Riemann surface. It can be compactified /
Xr := Yr UT\A,(00), where the seF'\ A, (o) is the set
of (parabolic) cusps of'. We writell = H U A,,(c0). The -
compact Riemann surfacE , is called aHecke triangle = 0 1
surface The open Riemann surfadé, , can be visualized
as a fundamental domain with anglgsr/n andr /n, as shown in Fig. 2.

By a result of Leutbecher (as cited in [12]) Hecke triangle groups aneanithmetic, except for
n € {3,4,6},i.e.A, is not commensurable with aBSL,(O) for O the ring of integers of a number
field. For more details on Hecke triangle groups and surfaces we ref@2k@nd the references
therein.

The choice of working inside projective linear groups instead of lineangs was made since it
simplifies some formulae and some proofs at nearly no costs.

Notation

In most of the paper we use the following notation.

2.1 Notation. LetG = A,, < PSLy(R) be a Hecke triangle group for some integer> 3 and let
I' < G be a subgroup of finite index. We use the notatlgnsXy for the Riemann surfaces introduced
above and callj : Yr — Xt the natural embedding and: H — Y resp.w : H — Xt the natural
projections. Furthermore, the matrices, T' defined above will be used.

We letR be a commutative ring with unit arid a left R[I']-module. Ifg € G is some element of
finite orderm, we denote by, the element + g + - - - 4+ g™~ of the group ringR[G]. Similarly, if
H < G'is afinite subgroup, we writd'y = >, - h € R[G].



Mayer-Vietoris and amalgamated products

We assume Notatign 2.1.

2.2 Proposition. Let M be a left R[G]-module. Then the Mayer-Vietoris sequence gives the exact
sequences

0— MY M2eM™ - M- H (G,M)— H'((c), M) & H'((r), M) — 0,
0— H1(<O'>,M) @H1(<T>,M) — Hl(G,M) — M — M<U> @M<7—) — Mg — 0

and for all¢ > 2 isomorphisms

Proof. Let us writeGG; := (o) andG2 := (7). By [2], 11.8.8, we have the exact sequence
0 — R[G] = R[G/G1] @ R|G/Ga] = R— 0

of R[G]-modules, which are free @-modules. Application of the functdfomp(-, M) gives rise to
the exact sequence &fG]-modules

0 — M — Hompgq,(R[G], M) ® Hompq,) (R[G], M) — Hompg(R[G], M) — 0.

The central terms, as well as the term on the right, can be identified with a@ddnodules. Hence,

the statements on cohomology follow by taking the long exact sequenceahobtgy and invoking

Shapiro’s lemma. Using the functo®r M gives rise to the analogous statements about homology.
O

Mackey'’s formula and stabilizers

We now prove Mackey'’s formula for coinduced modulesHIf< G are groups and’ is an R[H]|-
module, the coinduced modu&ind%V can be described dom (1 (R[G], V).

2.3 Proposition. Let R be a ring,G a group andH, K subgroups of. Let furthermorel” be an
R[H]-module. TheMackey’s formula

Res$ Coind$V = H Coindﬁmg,ngg(ResgmgKg,l V)
geH\G/K

holds. Here?(ResgmgKg,1 V') denotes thé&?[KNg~' H g]-module obtained frorir via the conjugated
actiong=thg.,v := h.vforv € V andh € H such thaty~hg € K.



Proof. We consider the commutative diagram

Res%Homy (R[G], V)

HQGH\G/K HOH]KFWg*ng(R[K]?g(RenggKgflv))
ngH\G/K HOInHﬁgKg*1 (R[gKg_l], Resgmg}(gfl V))

The vertical arrow is just given by conjugation and is clearly an isomomphihe diagonal map is

the product of the natural restrictions. From the bijection

71)_)
(H ﬁgKgil)\gKgf1 gkg™ —Hgk, H\HgK

it is clear that also the diagonal map is an isomorphism, proving the proposition. O
Applying Shapiro’s lemma, one immediately obtains the following two corollaries.

2.4 Corollary. In the situation of Proposition 2.3 one has

H'(K,CoindfV) = [[ H(KNg 'Hg,'Resf x,1V)
geH\G/K

H Hi(HﬂgKg_l,ResgmgKg,1V)
geH\G/K

I

forall : € N.

2.5 Corollary. We now assume Notation 2.1. Ferc H we denote by, the stabilizer subgroup
of G for the pointz. The image of th&/-orbit of 2 in X is in bijection with the double cosets
I'"\G/G, as follows

NG/G, &% I'\Gz.

Moreover, the grouf’ N gG,.g~ ! equalsl,,, the stabilizer subgroup df for the pointgz. Thus, for
all i € N, Mackey’s formula gives an isomorphism

H'(G,,CoindfV) = [[ H'T, V).
yel'\Gz

3 The modular symbols formalism

Modular symbols were systematically studied by Manin([9]). In Cremonadkh3] it is shown how
the modular symbols formalism can be used for computing weight two modular.férgeneraliza-
tion to higher weight modular forms was found épkurov ([13]), and the resulting “higher weights
modular symbols formalism” was used by Merel ([11]) algorithmically. Thistfalism is also one of
the subjects of William Stein’s very comprehensive textbook [14].

Common to the mentioned published treatments is that they use rather difficult tedioms of
homology groups. We show in this section that the description of modular $gnimierms of Manin
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symbols can be derived purely algebraically with simple and conceptual deethiogether with the
Eichler-Shimura isomorphism, the proof of which is also quite easy, this glgeeks the basic idea of
the algorithms of [14]. This is sketched in Section 6. These algorithms werermepted in MAGMA
and S\GE by William Stein in the case of the standard congruence subgroups.

Definition

Modular symbols can be thought of as geodesic paths between two @sgpsas the associated
homology class relative to the cusps. We shall, however, give a combalatefinition, as is imple-
mented in MAGMA and like the one in [11], [3] and [14], except that we do not factortorgion, but
intend a common treatment for all rings.

We give the definition in the more general context of Hecke triangle grangsilso allow general
modules. Throughout this section we assume Notation 2.1.

3.1 Definition. We define thé-modules
Mp = R[{a, B}|a, B € G(00)]/({ev, o}, {a, B} + {B,7} + {7, a}e, 8,7 € G(o0))

and
Br := RIG(o0)).
We equip both with the natural Ieftaction. Furthermore, we let
Mp(V)=MprorV and Bgr(V):=BrgrV
with the left diagonal™-action.
1. We call thd’-coinvariants
Mg, V) = Mp(V)r = Mg(V)/((z — gz)|g € ',z € Mg(V))
the space ofI", V')-modular symbols.
2. We call the -coinvariants
Br(I', V) := Br(V)r = Br(V)/{(z — gz)|lg € I',x € Br(V))
the space ofI", V')-boundary symbols.
3. We define thboundary mags the map
MRg(L,V) — Bgr(I',V)
which is induced from the maptz — Br sending{«, 5} to {5} — {a}.

4. The kernel of the boundary map is denoted’y z(I", V') and is calledthe space of cuspidal
(T, V')-modular symbols.

5. The image of the boundary map insiig(T", V') is denoted bz (I", V') and is calledthe space
of (T', V')-Eisenstein symbols.



Manin symbols

Manin symbols provide an explicit description of modular symbols. We stay igéneral setting
over a ringR and keep Notation 2.1.

As G is infinite, the induced modulR[G] is notisomorphic to the coinduced oHem g (R[G], R)
and R[G] is not cohomologically trivial. Howeveti), (G, R[G]) = 0 (for the definition see Sec-
tion[4). This is the essence of the following proposition.

3.2 Proposition. The sequence dt-modules

goo—1

0 — R[G]N, + R[GIN, — RG] 2729, RiG(00)] R—0

is exact.

Proof. We first use thaf?[G] is a cohomologically trivial module for botfer) and(r). This gives
R[GIN, = kergie)(1 — o) = RG], R[GIN; = kerpg(1 —7) = R[G]'",

R[G](l — J) = kerR[G} N, and R[G](l — 7‘) = kerR[G] N,.

Proposition 2.2 yields the exact sequence
0 — R[G] — R[G](») © R[G] — R — 0,

sinceH, (G, R[G]) = 0 by Shapiro’s lemma becausg{G] = Ind{'R. In fact, this sequence is at the
origin of our proof of Proposition 2.2. The injectivity of the first map in thaedsequence means

R[G)(1 — o) N RIG](1 - 7) = 0. (3.1)

We identify R[G]/R[G](1 — T') with R[G(o0)] by sendingy to goo. Now we show the exactness
at R[G], which comes down to proving that the equatigi — o) = y(1—T') for z,y € R[G] implies
thatz is in R[G]\") + R[G]{").

Using the formular = T'o we obtain thate(1 — o) = y(1 —T) = y(1 — 7) —yT'(1 — o). This
yieldsz(1—0)4+yT(1—0) = y(1—7). This expression, however, is zero by Eq. (3.1). Consequently,
there is & € R[G] such thaty = zN,. Hence, using” = 7o and consequentliV, 7" = N,o, we get

y(1-=T)=2zN,(1-T)=2zN(1—-0) =y(l — o).

The equation:(1 — o) = y(1 — o) means that: — y is in R[G]‘?). As we know thayy € R[G]{",
we see that = (z — y) + v is in R[G]') + R[G]{"), as required. Note that instead of this explicit
calculation we could also have appealed to Proposition 4.3.

The exactness d@t[G(c0)] can be seen as follows (we avoid here the traditional continued frac-
tions argument, as it does not obviously generalize to Hecke trianglegemapis not in the spirit of
the present group theoretic approach). SinesmdT’ = 7o generatés, the kernel ofR[G| 271 Ris

R[G](1 — o)+ R[G](1 —T). Taking the quotient by?[G](1 — T') gives the desired exactness. O
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3.3 Lemma. The sequence dt-modules

{a7ﬂ}HB_a
_—>

0— Mp RG(0) =L R0

is exact.

Proof. The injectivity of the first arrow is clear, since we can write any elemenMp as
> artoo Taloo, a} with ro € R, using the relations definingtx. The image of this element un-
der the firstarrow i, rac — (3_,, 200 Ta)00- If this is zero, clearly alt, are zero, proving the
injectivity of the first arrow.

Suppose now we are givén  roa € R[G(oc0)] in the kernel of the second arrow. Thgrh), r =
0 and consequently we have

Zraa: Z TaQ — (Z To )00

o a#oco aF#oo

which is in the image of the first arrow, as noticed before. O
3.4 Proposition. The homomorphism d?-modules

R[G] 2, Mpg, g—{g.0,9.00}
is surjective and its kernel is given B{G|N, + R|G]|N-.

Proof. This is a direct consequence of Proposition 3.2 and Lemma 3.3. O
We are now ready to prove the description of modular symbols in terms of Mgnibols.

3.5 Theorem. Recall that we are assuming Notation 2.1. iét= Ind¥V, which we identify with
(R|G] ®r V)r. That module carries the righR[G]-action(h® v)g = (hg @ v) forg,h € G,v € V,
and thel'-coinvariants are taken for the diagonal léftaction. The following statements hold:

1. The homomorphisi from Proposition 3.4 induces the exact sequenci-afiodules

0— MNyz+ MN, - M — Mg(l,V) — 0.

2. The homomorphismR[G] — R[G(oc0)] sendingg to g.co induces the exact sequence of
modules
0->M1-T)— M — Br(I',V) — 0.

3. The identifications of (1) and (2) imply the isomorphism

m—m(l—c

CMp(T, V) = ker (M/(MN, + MN,) L M/M@A - T)).



Proof. (1) We derive this from Proposition 3.4, which gives the exact sequenc
0 — R|G|N, + R[G]N, — R|G] — Mg — 0.
Tensoring withl” over R, we obtain the exact sequence of I&ff"]-modules
0 — (RG] ®r V)Ns + (R[G] ®r V)N, — (R|G] @r V) — MRg(V) — 0.

Passing to leff*-coinvariants yields (1). Part (2) is clear from the definition and Parhé3 already
been noticed in the proof of Proposition 3.2. O

In the literature on Manin symbols one usually finds different versionseofrtbdule), namely
the following. Suppose first that theaction onV is the restriction of somé&'-action onV'. Then we
have the isomorphism

(RIG)®@r V)r 2 RI\G]®rV, gRv—g®g 'v.

The right R[G]-action carries over to the actighh ® v)g = Thg ® g~ 'v.

We should also mention a slight variant of this. Suppose nowGhatdI" are defined ag 1(Q)
resp.¢—!(T') for the projectionp : SLy(R) — PSLy(R). We also assume thatl € T, so thatV is
an R[T'-module, and that thE-action onV is the restriction of somé’-action onV. Then we have
the isomorphism

(RG] @r V)r 2 RIT\G]®rV, gRuvrg®g ‘v

4  Group cohomology

Also in this section we assume Notation 2.1.

Definitions

We defineparabolic group cohomologgs the left hand term and tlhundary group cohomologs
the right hand term in the exact sequence

0— HL (@T,V)—HTV)= [ H(T:V),
cel\G(0)

whereT; is the stabilizer subgroup df for the cuspé € H with 7(¢) = ¢. We point out that
(parabolic) group cohomology would in general be different if we wdriith subgroups dfLs(R)
and notPSLy(R) throughout.

Computing group cohomology

In order to compute the group cohomology Trit suffices to compute the cohomology f@ecause
of Shapiro’s lemma, which for ani[I']-moduleV gives an isomorphism

HY(@G, Coind$V) = HY(T,V).
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Due to Corollary 2.5 it is clear that Shapiro’s lemma respects the parabolpaci.
Afirst, however, not complete computation of the group cohomolody[6f-modules is provided
by the Mayer-Vietoris sequence (Proposition 2.2). We now derive plicébdescription.

4.1 Proposition. Let M be a leftR[G]-module. Then the sequencel®modules
0 — MY — M — kerp; N, x kerps Nr — HY(G, M) — 0
is exact.
Proof. We determine thé-cocycles ofA/. Apart from f(1) = 0, they must satisfy
0= f(0%) =0 f(0) + f(0) = Nof(s) and
0= f(r") =+ = Nof(7).

Since these are the only relationgina cocycle is uniquely given by the choices
f(o) € kerps N, andf(7) € kerps N

Thel-coboundaries are precisely the cocydfeghich satisfyf (o) = (1—o)mandf(7) = (1—-7)m
for somem € M. This proves

H'(G, M) = (kerps Ny x keras N7)/(((1 = o)m, (1 — 7)m) |m € M).
Rewriting yields the proposition. O
4.2 Remark. AsG = (T') < G is infinite cyclic, one ha#l ' (Goo, Res M) = M /(1 —T)M.
An explicit presentation of the parabolic group cohomology is the following.
4.3 Proposition. The parabolic group cohomology group sits in the exact sequence
0 — M /MC = kerys N, Mkerys Ny 2 HY (G, M) — 0,
where¢ maps an element to thel-cocyclef uniquely determined by(o) = f(7) = m.

Proof. Using Proposition 4.1 we get the exact commutative diagram

o~ 1-1
M<T) /MGC(—>) ker Ny N ker N,

HLoo (G M)

o1

(1—0,1—7)

M/ME————"ker N, x ker N, HY(G,M)
1-T)o (a,b)—b—a
(1 —T)M M H' (Goo, M).
As the bottom left vertical arrow is surjective, the claim follows from thekerlamma. O
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5 Cohomology of Hecke triangle surfaces

The group cohomology presheaf and sheaf

In this section we letX be a topological space® a commutative ring and® a group. For any
ring S, not necessarily commutative, we denotedy 9100 the category of leftS-modules and by
Shy (S — 9Mod) the category of sheaves of le&ftmodules onX.

We collect some well-known, but important, properties in the following pritipos

5.1 Proposition. 1. The categorngh (S — Mod) has enough injectives.
2. LetZ € Gh (S — Mod) be an injective object. Thehis flabby (flasque).

3. LetV be an object 06} y (R[] — Mod). Then the cohomology groups (X, V) fori > 0 do
not depend on whether they are computed in the categary (R[] — M00) or by forgetting
theT'-action in the categorngh x (R — Mod).

4. LetZ € Shx (S —Mod) be an injective object. Then for all open sétsC X, the objectZ(U)
of S — Moo is injective.

5. LetZ € Gh (R[] — 9Mod) be an injective object. Theft is an injective object o6h y (R —
Mod).

Proof. We notice thatX together with the constant shegabn X is a ringed space. The statements
(2) and (2) are then [7], Proposition 111.2.2 and Lemma I1.2.4. We shadubdyever, point out that
Hartshorne works with commutative rings only. But the proofs also work ennibn-commutative
situation.

(3) follows from (2), as flabby resolutions can be used for computingX, V) (see [7], Proposi-
tion 111.2.5).

(4) As the sheaf restricted tal is injective, it suffices to prove the statement for= X. The
injectivity of Z means that the functdfomey , (5—anao) (-, Z) is exact. ForA € S — 90od, we denote
by A the constant sheaf ai associated witld. We have

Homg_gneo(A, Z(X)) = Homegy, (5-m00) (4, Z)

forall A € S — 9Mod. As taking the constant sheaf is an exact fundtermg_gno (-, Z(X)) is also
exact, proving the injectivity of (X).
Suppose we are given a diagram
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in &hx (R — 9Mod). By composing with the natural injecticgi — Z and putting a triviall-action
on A and B, we obtain the commutative diagram

z

i

A~— B

in &by (R[['] — 9Mod), sinceZ is injective. However, the image @& — Z is contained irZ', asB
is a trivial ['-module. O
LetU C X be an open set. We consider the following commutative diagram of categories

th(R — 93?00)

)

&h (R[] — Mod R — 9Mod.

R|

'] — Moo

LetV € Shy (R[] — Mod). Due to Proposition 5.1, Grothendieck’s theorem on spectral segsience
([15], Theorem 5.8.3) gives rise to the two spectral sequences

HP(T',HY(U,V)) = RPT(H(U, )" (V) (5.2)

and
HP(U,HY(T",V)) = RPTI(H(U, ") (V), (5.3)

where we write

HI(T, V) = RI(()D)(V).
This sheaf is called thgroup cohomology shea¥We now consider the following composite of edge
morphisms of the above spectral sequencesp farl

HP(L, H(U,V)) — RP(HO(U,-)")(V) — H(U,H* (T, V). (5.4)

Also by [15], Theorem 5.8.3, the edge morphisms are the natural mapg. df U is an open set,
then the restrictiomes, : V(U) — V(W) induces natural maps on each of the three objects, which
are also denoted hyesgv. It can be checked that the diagram

HP(T, HO(U,V)) — RP(H (U, -)")(V) —= H°(U,H"(,V))
rest, rest, resy,
HP(T, HY (W, V)) — RP(H(W,)")(V) ——= H (W, HP (T, V))
is commutative. In other words, the edge morphisms in/Eq. (5.4) give morpbigoesheaves
(U~ HP(T,H(U,V))) — (U — RP(H(U,)")(V)) —» HP(T, V).
We call the first presheaf ttigoup cohomology preshedfhis terminology is justified, as the sheafi-

fication coincides with the group cohomology sheaf in the cases of inters present context.
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5.2 Proposition. Assume thal' is of type(FP), over R (cf. [1], p. 6). The morphisms of presheaves
above become isomorphisms on the sheafification. In particulag fer X one hasH!(T', V), =
HYT,V,) forall i € N.

Proof. It follows directly from the definition that the second map is sheafificationledd, let
VY — Z°* be an injective resolution. Then

HP(L, V) = ker((ZP)" — (27" /im((@" )" — (I")")
is by definition the sheafification of
U — RP(HY(U, )" (V) = ker(ZP(U)F — 2°77HO)Y) /im(ZP~1(U)Y — ZP(U)Y).

As taking stalks is exact, we have fore X thatV, — Z7 is exact in the category aR[I']-
modules. We claim that this isl&acyclic resolution o/,.. By Proposition 5.1 (4) we know that for
allU c X openZ‘(U) is an injectiveR[I"]-module for alli > 0, and hence thaf¢(T", Z*(U)) = 0 for
all ¢ > 1. Under the assumption by [1], Proposition 2.4, we know that the furdétér, -) commutes
with direct limits, whence, indeed,

HYI,T) = li_r)nUaxHq(F,I"(U)) =0
forall¢ > 1 and alli > 0, as claimed. From this the particular statement follows directly, as the stalk
atx in the center equals the cohomologylaf — Z3, which by the preceding computation coincides
with H4(T',V,) = lim  HYT, H°(U,V)). As isomorphism of sheaves can be tested on the stalks,
the proposition follgwsa.z O

A spectral sequence for Hecke triangle surfaces

We again assume Notation 2.1 and wedet {H, H} andX = I'\C € {Yr, Xr}.

Let us recall some facts oH that we will use in the sequel. The topology Bihextends the
topology ofH and is obtained as follows. Using the action(eft suffices to give a system of open
neighborhoods of the cusp, which is provided by the setéy = {a +ib | b > T'} U {cc} for every
realT > 0. Clearly, the intersection with any open seftiris an open set iftl.

The G-orbit of everyxz € H is a discrete set. Around evenry ¢ H there even exists an open
setU such thatyU N U # () implies thatgr = z. Indeed, this holds ofil (by the existence of a
fundamental domain) and we only need to check it on the cuspsr ketr + iy with y > 1. By
looking at the standard fundamental domain we see that eithgr-)na= Im(7), implying goo = oo,
orIm(g7) < 1. Hence, withI" > 1 we have for any;, h € G thathUr NgUr = (), unlessgyoo = hoo.

Next, we claim thaH is simply connected. It suffices to show that any ldogtarting and ending
in oo is contractible. We may assume that it does not pass through any othgotuspvise, we cut
the loop into several loops each one meeting only one cusp). The followmgtopy works
L@ it s £ 0andL(z) # oo,

g:00,1] x [0,1] - H, (s,2) — ¢ °
00 otherwise.
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The maypy is continuous, as the preimageldf is [0, 1] x [0, 1] N {(s, z)|[Im(L(z)) > sT'}, and, thus,
is open in[0, 1] x [0, 1]. Clearly,g(0, z) is the constant path fromo to oo, whereag)(1,z) = L(x)
is the loop we started with.

Denote byl the constant sheaf ahassociated with together with its naturdr-action, i.e. for
an open sel/ C C we letV (U) = Homs (U, V) (equippingV” with the discrete topology) together
with isomorphismsp, : .V — V for eachg € I" which onU are given by

Homcts(g_lU, V) — Homes(U, V), fr (ur— gf(g_lu) Yu € U).
We have thair.V is in &b x (R[] — Mo0).

5.3 Lemma. For any pointy € C and any sheafr € &h.(R — 2Mod) taking disjoint unions into
products there is an isomorphism

(" Fay = [ Fow
Y€EL/Ty

of R-modules. In particularr, is an exact functor and for afl > 0
HY(C,F) = H'(X,n.F).
Moreover, there is an isomorphism
(V) n(y) = Coindg, V

of R[I']-modules.

Proof. This follows from the fact that around any< C there is an open séf such that for any
v € I' the intersection U N U is empty, unlessz = x. O

5.4 Corollary. LetF € Sh (R[] — Mod) and supposél‘ (X, F) = 0 forall i > 1. Then
HY(T, H°(X, F)) = RI(H (X, )")(F)
forall ¢ > 0 and, in particular,
HYT, V)= RIHX, ) (mV).

Proof. The assumptions mean that the spectral sequence in Eq. (5.2) degenkerde special
case this is true sincH*(X, 7.V) = HY(C,V) = 0 for all i > 1 by Lemma 5.3 and the fact thatis
simply connected and is constant. o

5.5 Corollary. The stalk int € X of the group cohomology shebdf!(I", 7,.V') is H4(T",,, V') for any
y € Cwith7(y) = z. In particular, H4(T", 7..V) is a skyscraper sheaf o for all ¢ > 1.
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Proof. The groupT is of type (FP).. Indeed, by [1], Proposition 2.13 we know that free
products of groups of typ&'P), are of type(FP)... As finite groups are clearlgf'P)., (see [1],
Example 2.6), it follows that7 is. Finally, by [1], Proposition 2.5, subgroups of finite index in groups
of type (FP), are(FP).,, whencel is.

Thus, we may apply Proposition 5.2. The first statement now follows fromnha 5.3 and
Shapirao’s lemma. The special case is a consequence of the fact thanthevially stabilized points
of C for the action ofl” are discrete. O

Let us note as a consequence of the egase0 that the sheafr, V)" is locally constant onX if
andonly ifVTv = V forall y € C.

5.6 Lemma. The composition of the edge morphisms in Eq. (5.4pfor1
HP(I',V) — RP(HY(X, )" (n.V) — HY(X, HP([', 7, V))

is the restriction map from the theory of group cohomology, when we idehfifyx, 7 (I", 7,.V/) with
[L.cx HP(Ly,, V) for achoice ofy, € C with7(y,) = .

Proof. A reformulation of Corollary 5.5 is tha? (", w. V), = HP(F,CoindFyI V). The com-
posite edge morphism is given as follows. Choose injective resolufioig)(X) = V — *
in R[T] — Moo and .V — Z° in Shy(R[I'] — Mod), so that by the proof of Proposition 5.2
and LemmﬁSCoindFyIV = (mV), — 7;, is aI'-acyclic resolution. Then the edge mor-
phism followed by the identification in the statement is induced from the restrictiap on the
sheaveq.V)(X) — (m.V)., which is the diagonal map” — Coind?ymv. On group coho-
mology the map in question is hence the natural homomorpiggi', V) — HP(T, Coindgng V).
Composing it with the isomorphism from Shapiro’s lemma we obtain the groupedtieoestriction
HP(T,V) — HP(T,,,V). O

We have now established the following theorem.

5.7 Theorem. In Notation/ 2.1 withC € {H,H} and X = I'\C € {Yr, X}, there is a spectral
sequence
H? (X, HY(T, 7. V)) = HPTYT, V),

in which the edge morphisms (fpr> 1)
HP(T,V) — H°(X,HP(T', 7.V))
become the group theoretic restriction map under the identification

HO(X, 1D, mV) = [] HU(T,,.V)
zeX

for a choice ofy, € C with7(y,) = «.
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Explicit description

We keep assuming Notation 2.1. L¥tbe a sheaf ofk-modules onYr. From the Leray spectral
sequence associatedjto Yr — X1 we get the exact sequence

0 — HY(Xr,j.V) — H'(Yr,V) — H(Xr, R'j,.V)
— H*(Xr,jV) = H*(Yr,V). (5.5)

The parabolic cohomology group (forr and V) is image of the magié(Yr, V) — H'(Yr, V). It
is denoted by!, (Y1, V). Moreover, we callf’(Xt, R'j.V) theboundary cohomology group (for
Yr andV).

5.8 Proposition. There is a natural isomorphism &-modulesH, (Y, V) = HY(Xr, j. V).

par

Proof. We consider the exact sequence of sheaveXen
0—jV—j5V—-C—0,

in which C' is defined as the cokernel. It is a skyscraper sheaf, as it is only gedpmn the cusps.
Hence,H!(Xr, C) = 0 and the long exact sequence associated to the short exact seqlsmeaves
above yields that the horizontal map is surjective in the commutative diagram

H!(Yp,V) = HY (X1, j.V)

T~

Hl(YFvv)a

in which the vertical map comes from the Leray sequence Eq. (5.5). As jeidtie, the proposition
follows. .
We can now prove the principal result of this section.

5.9 Theorem. Recall that we are assuming Notation 2.1. et denote the coinduced module
Coind§'V. The following explicit descriptions hold:

H' Ve, (mV)0) = M/ (M) + M)

and
HE (Ve (m )T 2 ker (M/(M) + M) 225 M/(1 - T)M).

par

Proof. We first use that any non-trivially stabilized pointof H is conjugate by some € G to
eitheri, ¢;, or co. The respective stabilizer groups @e= (o), Gy, = (1) andG = (T'). Hence,
from Mackey'’s formula (Corollary 2.5) we obtain

II #*(ry,. V) = H((0), M) © H((7), M)
€YD
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and
[I #*(Ty,. V)= HP((0), M) ® HP((7), M) & HP((T), M),
zeXp
where againy, € H with 7(y,) = z. From the spectral sequence from Theorem 5.7 we now get the
exact sequences

0— H'(Yp, (mV)") — H'(T,V) — H'((0), M) & H'((7), M)
and
0— H'(Xp,(mV)") = H'(,V) = H'((0), M) & H'((r), M) & H'((T), M).

Using Proposition 5/8 and comparing with the Mayer-Vietoris exact segu@toposition 2.2) yields
the theorem. O

5.10 Remark. A study of the homology of modular curves (as Riemann surfaces) fobgaip
I' < PSLy(Z) =: G of finite index was carried out by Merel in [10], also in order to compute
modular forms. His result [10], Proposition 4,

Hy(Xr, cusps, R) = M/(M‘?) + M)

with M = Coind¥V andcusps = I'\G(c0) is a special case of ours, as one can see as follows.

The general duality theorem (see [5], Proposition VIII.7.2; note that in taseCech cohomol-
ogy coincides with singular cohomology (see e.qg. [5], Proposition VIIRY gives an isomorphism
Hi(Xr, cusps, R) = H'(Yr, R), so that we may apply Theorem5.9.

5.11 Remark. The spectral sequence from Theorem 5.7 has a geometric interpretatterms of
analytic modular stacks (see [16], I1.3). Due to the lack of suitable refegs for stacks we avoid
their use here and just state the result:

There is an analytic stack, denot@d\H] together with a projection in the category of analytic
stacksf : [['\H] — Yr. The projection mayg : H — [I"\H] allows one to define the she@t.})! on
the analytic stacks, in analogy to the above treatment. The derived fun¢tommiogy for the functor
taking global sections coincides with that of group cohomology, i.e.

H'([C\H], (9.V)") = H'(T, V),
The spectral sequence from Theorem 5.7fetr H can be identified with the Leray spectral sequence
associated to the projection mgp
6 Comparison and computation of modular forms

In this section we compare the various objects discussed so far and bket¢hey can be used for
the computation of modular forms.
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Comparison

6.1 Theorem. We assume Notation 2.1. The following sequences are exact:

1. 0 — H'(Yp, (mV)F) — HYD, V) — ] HY(T,,,V)—0,

TEYTD

2.0 — HL (Y, (mV)F) = HY (D, V) = [Laey, HH(Ty,, V) =0,

par par
3. MG — [Ley. (Ve /Nr,. V) — Mg(,V) — H'(Yr, (m V) — 0,
4, MG — Hocer (VPW /Nr,, V) — CMpr(,V) — H;ar(Yp, (W*K)F) — 0,

where for allz € Y we have chosen, € H such thatr(y,) = =. As beforeM denotesCoind{V,
which we identify witind&V.

Proof. This follows from the explicit descriptions in Theorems|5.9 and 3.5 and RBitipas 4.1
and 4.3. O

6.2 Corollary. We use the Notation 2.1 witR = Z. TheZ-modulesH!(T', V), H*(Yr, (m.V)!)
and Mz(I, V) only differ by torsion. The same statement holds for ZamodulesH], (I, V),
HL (Y, (. V)V) andCMz(T, V).

par

6.3 Corollary. We assume Notation 2.1 and suppose that the ordér.aé invertible in R for all
x € H. Then there are isomorphisms

HYT,V) = HY Yy, (m V) = Mg(T, V)

and
H.\ (T, V) 2 HL (Ve (mV)F) 2 CMR(T, V).

The statements hold, in particular, for the grolip(/V) with N > 4.

Proof. This follows from Theorem 6/1. For the last part we use that under thditton N > 4
allT';(N), are trivial. O

We should not fail to recall the following well-known facts. The grdog(N)/(£1) can only
contain stabilizer groups of ordéror 3. It contains no stabilizer of even order if and onlyNf is
divisible by a primeg which is3 modulo4 or by 4. Furthermore, it does not contain any stabilizer
of order3 if and only if IV is divisible by a prime; which is2 modulo3 or by 9 (for a proof see e.g.
[16]). Let us also mention that there are techniques for computing the noo$ithe objects above
explicitly, see e.g! [16], Proposition 2.4.8, and [17], Proposition 2.6.
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Computing modular forms

We recall that a link between modular forms and the objects discussed inttbiis @restablished by
the Eichler-Shimura isomorphism

H oo (D, CIX, Y]i—2) = Sip(I) @ Si(T),

wherek > 2 is an integer,S;(I") is the space of holomorphic weight cusp forms forl" and
C[X,Y]x—2 is theC-vector space of homogeneous polynomials of degree2. This isomorphism
exists for any Fuchsian group of the first kind with parabolic elements[@e&heorem A, and the
discussion there).

If the group in question is a congruence subgrouplof(Z), there is a theory of Hecke operators
on modular forms and on the objects studied in this article. The Eichler-Shimuraiphism is
compatible with the Hecke action (see [4], Theorem 12.2.2). As is well kntvisican be used for
computing Hecke algebras and, hence, coefficients of modular formspaaking to the isomorphism

Homy,(T, C) I 2enza HTR) S(T") with the usual convention = ™7 for 7 € H.

For, the compatibility of the Hecke operators with the Eichler-Shimura isomarpinigplies that
the Hecke algebra of; ("), i.e. the algebra generated by the Hecke operators inside the endomor-
phism ring of Si(T"), is isomorphic to the Hecke algebra &, (T, C[X,Y]._2), and by Corol-

lary(6.2, also to the Hecke algebra@i (T, C[X, Y];_2) and?[éar(Yp, (m.C[X,Y]x_2)"). These
Hecke algebras are finite dimensional, their dimensions are known and-tadlessh Sturm bounds
provide explicit bounds3 such that the Hecke operatdfs, 15, . .., Tp generate the Hecke algebra
(seel[14]).

It should be stressed that the torsion-free quotiedf bf. (I', Z[ X, Y]_») is a naturalZ-structure
in Hgar(l“, C[X,Y]x—2) (and similarly for the other objects of this article). As the Hecke operators
are already defined on thstructure, computations can be done in the integers. We also obtain that
the eigenvalues of the Hecke operators are algebraic integers.

In the article [17] cases are described in which one mayHise(I', F[X, Y];_») with a finite

fieldsIF for computing Hecke algebras of Katz modular forms dver
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