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ON MODULAR FORMS
AND THE INVERSE GALOIS PROBLEM

LUIS DIEULEFAIT AND GABOR WIESE

ABSTRACT. In this article new cases of the inverse Galois problem are estab-
lished. The main result is that for a fixed integer n, there is a positive density
set of primes p such that PSLa(Fp» ) occurs as the Galois group of some finite
extension of the rational numbers. These groups are obtained as projective
images of residual modular Galois representations. Moreover, families of mod-
ular forms are constructed such that the images of all their residual Galois
representations are as large as a priori possible. Both results essentially use
Khare’s and Wintenberger’s notion of good-dihedral primes. Particular care
is taken in order to exclude nontrivial inner twists.

1. INTRODUCTION

The inverse Galois problem asks whether any given finite group occurs as the
Galois group of some Galois extension K/Q.

For any newform f and any prime ¢, the projective image G of the mod ¢ Galois
representation attached to f is a Galois group over Q by Galois theory. If £ is a so-
called nonexceptional prime for f, then G is of the type PSLy(Fyn) or PGLo(Fyn).
If £ is exceptional, then GG is an abelian group, a dihedral group, or A4, Sy or As.

In this article we construct families of newforms without exceptional primes (see
Theorem [6.2]). This is achieved by exploiting the notion of tamely dihedral primes,
which are essentially the same as the good-dihedral primes introduced by Khare
and Wintenberger in their proof of Serre’s modularity conjecture [KW1]. All the
constructed newforms also enjoy the property that they do not have any nontrivial
inner twist and are not CM forms (see Section [2]).

These techniques, together with some other methods, are applied to the inverse
Galois problem for groups of the type PSLa(IFyn) and PGL2(Fyn). Our results on
that problem fall in two different categories, which we like to call the horizontal
direction and the wvertical direction. The terminology is explained by Figure [l
If a dot exists at position (¢,n) in the figure, then it is known that PSLy(Fsn)
is a Galois group over Q. Theorem 1.1 of [Wi] is the best result in the vertical
direction to this date. It says that in every column (i.e. for every prime ¢) there
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FIGURE 1. Schematic description of the proved cases of PSLa(Fyn )
occuring as a Galois group over Q

are infinitely many dots, i.e. there are infinitely many n such that PSLy(Fyn) is a
Galois group over Q. Except for finitely many columns, this result was reproved
in [Di2] by different methods. We also prove a similar (but slightly weaker) result
in this article (see Remark [6.3]), but we do so in a uniform way by using the families
without exceptional primes mentioned above. The vertical result has been vastly
generalized to many more groups by Khare, Larsen and Savin in [KLS|] and [KLS2].

There were several results for small n in the horizontal direction (see [R1], [RV],
[DV], [Dil]). The main result of this article is that in every row (i.e. for every n)
the set of primes £ such that PSLy(Fn) is a Galois group over @ has a positive
density. More precisely, we prove the following theorem.

Theorem 1.1. Let n be some integer. Then:

(a) There is a positive density set of primes £ such that PSLa(Fm) occurs as
the Galois group Gal(K/Q) for a number field K that ramifies at most at
£, 0o and two other primes for even n and three other primes for odd n.

(b) Assume that n is odd. There is a positive density set of primes { such that
PGL2(Fyn) occurs as the Galois group Gal(K/Q) for a number field K that

ramifies at most at £, co and two other primes.

We finish this introduction by pointing out that our method of obtaining groups
of the type PSLy(Fn) or PGLy(Fyn) as Galois groups over Q via newforms is very
general: if a group of this type occurs as the Galois group of a totally imaginary
extension of QQ, then it is the projective image of the Galois representation attached
to a newform by Serre’s modularity conjecture, which is now a theorem of Khare-
Wintenberger ([KW1], [KW2]; see also [Ki] and [Di3]).

Proposition 1.2. Let K/Q be a totally imaginary Galois extension with Galois
group G which is either PSLa(Fgn) or PGLy(Fyn). Then there exists a modular
form f such that its attached projective mod ¢ Galois representation cuts out the
field K.

Proof. We interpret the number field K as a projective Galois representation pP™ :
Gal(Q/Q) — PGLy(F4n). Now we lift the representation to a continuous represen-
tation 5 : Gal(Q/Q) — GLy(F,) (this is possible; see e.g. [Q]) and we observe that
the lift is necessarily odd. For, the image of complex conjugation in PGLg(Fn)
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ON MODULAR FORMS AND THE INVERSE GALOIS PROBLEM

being nontrivial, it follows that its image under p is a nonscalar involution. As
such, it has determinant —1. Finally, one invokes Serre’s modularity conjecture to

obtain the modularity.

Notation. Here we list some notation to be used throughout the article. We denote
by Sk(NV, x) the C-vector space of holomorphic cuspidal modular forms of level N,
weight k£ and Dirichlet character x. By xiriv we mean the trivial Dirichlet character;
instead of Sk (N, xtriv) We also write Si(To(N)). If K is a number field, we denote
by Ok its ring of integers and by O a its completion at a maximal ideal A <Ok .
For a prime ¢, we let D, stand for Gal(@q/(@q) and denote by I, C D, the inertia
group. By W, we denote the Weil group of Q. By ¢, for an integer n we always

denote a primitive n-th root of unity.

More notation will be introduced in the text.

2. COMPLEX MULTIPLICATION AND INNER TWISTS

In this section we review essential facts on complex multiplication and inner
twists. Let f be some cuspidal modular form of level IV, weight k and Dirichlet

n

character x with g-expansion ) -, an(f)¢™ (as usual, ¢ = ¢(7) = e

coefficient field of f is defined as Q; = Q(a,(f) : (n, N) = 1). It has the natural
subfield Fy = Q (M : (n,N) = 1), which we call the twist invariant coefficient

x(n)

field of f, since it is invariant under replacing the modular form f by any of its
twists. The behaviour of the Hecke operators under the Petersson scalar product

yields the formula
(2.1) ap(f) = x(0) " ap(f),

whence 22U — lap(f)|?>. Thus, Fy is totally real. It is well known that Qy is

x(p)

either a CM field or totally real. In particular, if f has trivial nebentype the latter

case occurs by equation (Z.1J).

The modular form f is said to have complex multiplication (CM) if there exists

a Dirichlet character e such that

(2.2) ap(f @ €) = ap(f)e(p) = ap(f)

for almost all primes p (i.e. all but finitely many).

A twist of f by a Dirichlet character € is said to be inner if there exists a field

automorphism o, : Q7 — Qy such that
(2.3) ap(f @ €) = ap(f)e(p) = oe(ap(f))

for almost all primes p.

For a discussion of inner twists we refer the reader to [R2] and |[R3]. Here we
content ourselves by listing some statements that will be needed for the sequel. For
the rest of this section we suppose that f does not have CM. Under this assumption
0. is unique (if it exists). Moreover, for two distinct inner twists € and d, the field

automorphism o is different from oy.
The inner twists and the Dirichlet character of f satisfy the relation

(2.4) €2 = oe(X).
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If x takes only real values (i.e. is trivial or quadratic), it follows that €2 = 1. This
in turn implies

a2(ap(f)) = oe(ap(f)e(p)) = oe(ap())e(p) = ap(f)e(p)* = ap(f),
whence o2 = 1.

The o, belonging to the inner twists of f form an abelian subgroup I' of the
automorphism group of Q. The field FY is the subfield of Qy fixed by I'. If the
nebentype of f only takes real values, it follows that I' is an elementary abelian
2-group and thus that [Qy : Fy] is a power of 2.

We define a number field Kt as follows. Consider the inner twists €1,...,€, as
characters of the absolute Galois group Gal(Q/Q). Let Kr be the minimal number
field on which all ¢; for 1 < i < r are trivial, i.e. the field such that its absolute
Galois group is the kernel of the map Gal(Q/Q) =2 C* x --- x C*.

3. ON THE IMAGES OF MODULAR (GALOIS REPRESENTATIONS

Let, as before, f = > > | a,q™ (with a, € C) be a cuspidal modular form of
level N, weight k and Dirichlet character y. We now assume that f is a Hecke
eigenform. Also, as before, let Qs be the coeflicient field of f; it is naturally a
subfield of C. By a construction of Shimura and Deligne and the local Langlands
correspondence for GLo one can attach to f a 2-dimensional compatible system of
Galois representations (py,) of Gal(Q/Q). We now describe this system, following
Khare and Wintenberger [KW0Q).

The compatible system (py,) consists of the data of:

(i) for each rational prime ¢ and each embedding ¢ : Q; < Q, a continuous
semisimple representation py, : Gal(Q/Q) — GL2(Qy),
(ii) for each rational prime g a Frobenius semisimple Weil-Deligne representa-
tion r, with values in GL2(Qy) such that
(a) 74 is unramified for all g outside a finite set,
(b) for each rational prime ¢, for each rational prime g # ¢ and for each
t : Q — Qy, the Frobenius semisimple Weil-Deligne representation
associated to py,|D, is conjugate to r, via the embedding ¢,

(iii) a third condition concerning ¢ = ¢ (which we do not need).

The system py, is attached to f in the sense that for each rational prime ¢ { N¢,
the characteristic polynomial of py ,(Frob,) is X2 — t(a,)X + t(x(q)g*1).

We also introduce a different description of the ps,, which we will often use
below. Let ¢ : Q; — @, be an embedding. Denote by Q;, the closure of t(Qy)
and by Oy, the closure of 1(Og,) in Q. Let () be the maximal ideal of the local
complete discrete valuation ring Oy,,. Then A := Og, Nt~ *((7)) is a maximal ideal
of Og, above £ and Qg , can be identified with Qy , the completion of Q; at A. To
simplify notation, we denote by O a the integers of Qs 5. Thus, we can identify
Pf.u with

PFA - Gal(@/@) — GL2(0f7A).

More precisely, the composition of psa with the natural inclusion Oy — Q,
equals py,.

In this article, we shall mostly be concerned with the reduction of these repre-
sentations ‘modulo £, by which we mean the following. Let p; 5 be the semisimpli-

fication of the reduction of py n modulo A and let ﬁ?fX‘i be its projective quotient,
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ON MODULAR FORMS AND THE INVERSE GALOIS PROBLEM 4573

i.e. py o composed with the natural projection GLa(IFy) — PGL2(FFa), where we
write Fy = Og, /A for the residue field of A.

Theorem 3.1 (Ribet). Suppose that f does not have CM and that k > 2. Then
for almost all maximal ideals A of Og, (equivalently, for almost all v as above), the

image ﬁfyA(Gal(@/Kp)) is conjugate to

{g € GLy(Fy) : det(g) € F* M1,

where Kt s the field defined in Section B, Fy is the prime field of Fy and Fy is the
residue field of Fy at A\ = AN Fy, i.e. Fx = Op, /).

Proof. Tt suffices to take Ribet [R3, Thm. 3.1] mod A. O

Corollary 3.2. Under the assumptions of Theorem 3.1}, for almost all A the image
ﬁ?fXJ(Gal(@/Q)) is either PSLo(Fy) or PGLa(Fy).

Proof. Let H := p; ,(Gal(Q/Kr)) and G := p; ,(Gal(Q/Q)). As H is a normal

subgroup of G, it follows that H/(HOFZ) is a normal subgroup of G/(GQEX ). By
the classification of finite subgroups of PGLo(IF,), it follows for almost all A that
H is either PSLy(Fy) or PGLy(F») and that G is either PSLy(F) or PGLo(FF) for
some extension F/Fy. As PSLy(F) is simple (for #F > 5), F = F) follows. O

Definition 3.3. Keep the assumptions of Theorem 3.1l A maximal ideal A of Og,
is called exceptional if ﬁ?ij((}al(@/@)) is neither PSLy(FFy) nor PGLy(Fy).

By Corollary 3.2, every form f without CM only has finitely many exceptional
primes. The classification of finite subgroups of PGL; (F¢) yields that the group
ﬁ?ij (Gal(Q/Q)) is either abelian, dihedral, A4, Sy or A5 for an exceptional prime A.

4. TAMELY DIHEDRAL REPRESENTATIONS

It was observed by Khare and Wintenberger ([KW1]) that exceptional primes
smaller than a given bound can be avoided by imposing a certain local ramification
behaviour of the Galois representation. We shall use this idea in order to exclude
CM and inner twists.

We will formulate the crucial definition in terms of Weil-Deligne representations.
As a reference for these, we use [T], Section 4. Let K be a finite extension of Q,
(with ¢ a prime) and E a number field (later E = Q). A 2-dimensional Weil-
Deligne representation of K with values in E can be described as a pair (p, N ) (we
use tildes in order to avoid any possible confusion with Galois representations and
levels of modular forms), where p: Wx — GLy(FE) is a continuous representation
of the Weil group of K for the discrete topology on GLy(F) and Nis a nilpotent
endomorphism of E? satisfying a certain commutativity relation with p.

Definition 4.1. Let Q2 be the unique unramified degree 2 extension of Q,. Denote
by W, and W2 the Weil group of Q, and Q,2, respectively.

A 2-dimensional Weil-Deligne representation r, = (p, N ) of Q, with values in E
is called tamely dihedral of order n if N = 0, and there is a tame character i :
Wy2 — E* whose restriction to the inertia group I, (which is naturally a subgroup
of W2) is of niveau 2 (i.e. it factors over IF‘qX2 and not over IF¥) and of order n > 2

such that p = Ind%f2 ().
q
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4574 LUIS DIEULEFAIT AND GABOR WIESE

We say that a Hecke eigenform f is tamely dihedral of order n at the prime ¢ if
the Weil-Deligne representation r, at ¢ belonging to the compatible system (py,,)
is tamely dihedral of order n.

If the compatible system (py,) is tamely dihedral of order n at ¢, then (e.g. by
[T], 4.2.1) for all v : Qf — Q, with £ # g, the restriction of py, to D is of the form

Gal(@q/Qq)
Ind(}al(@q/Qq2) -
is of the very same form, i.e. if ¢, denotes the reduction of ¢ modulo A, which is
a character of the same order if A and n are coprime, then

(t o). The point in our application is that the reduction modulo ¢

Gal(Q,/Qq)

Gal(Q,/Q,2) (®a)-

Moreover, if n = p" for some odd prime p, then ¢ = —1 mod p, since the charac-
ter is of niveau 2. Conversely, if we take ¢ to be a totally ramified character of
Gal(Q,/Qg2) of order n such that n divides ¢ + 1 and (n,q(¢ — 1)) = 1, then this
automatically ensures that 1) is of niveau 2.

We also mention that the image of p as in Definition 1] is isomorphic as an
abstract group to the dihedral group D,, of order 2n if v is totally ramified and
(n,q(q¢ — 1)) = 1. This is due to the fact that this condition forces the restriction
of the determinant to Gal(Q,/Qy2) to be trivial.

A tamely dihedral prime ¢ is called a good-dihedral prime by Khare and Win-
tenberger [KWI] if some additional properties (of a different nature) are satisfied.
Good-dihedral primes play an important role in Khare and Wintenberger’s proof
of Serre’s conjecture.

We now collect some very simple lemmas that will be applied afterwards in order
to exclude nontrivial inner twists.

Pyalp, =Ind

Lemma 4.2. Let K be a topological field, q a prime and n > 2 an integer coprime
to q(q—1). Lete: Gal(Q,/Qq) — K* and¢,v’ : Gal(Q/Q,2) — K* be characters.
Suppose that 1 and 1)’ are both of order n.

If Indgz2 () = Indgz2 (') ® ¢, then € is unramified.

Proof. Tt directly follows that the order of 6|Ga1(@ /Q.5) divides n. If € were ramified,
q q

then the order of € restricted to the inertia group at ¢ would divide ¢ — 1 times a
power of q. But this is precisely excluded in the assumption. ([

Lemma 4.3. Let K be a topological field. Let g > 2 be a prime, € : Gal(@q/(@q) —
K> a quadratic character and p,p’ : Gal(@q/(@q) — GLa(K) representations such
that p' = p@e. If p(1,) and p'(I1;) can be conjugated to lie in the upper triangular
matrices such that all elements on the diagonal have odd order, then € is unramified.

Proof. The oddness of the order of the elements on the diagonal forces the quadratic
character € to be unramified. (]

Lemma 4.4. Let K be a topological field. Let q be a prime, € : Gal(@q/(@q) — K%
be a character and p : Gal(Q,/Qq) — GL2(K) be a representation. If the conductors
of p and of p ® € both divide q, then € or edet(p) is unramified.

Proof. By the definition of the conductor, p restricted to the inertia group I is of
the form (§ ;) with § = det(p)|7,. Consequently, the restriction to I, of p® e looks
like (§ &). Again by the definition of the conductor, either the restriction of € to
1, or the restriction of € is trivial. O
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ON MODULAR FORMS AND THE INVERSE GALOIS PROBLEM 4575

Our main result for controlling inner twists and CM is the following theorem.

Theorem 4.5. Let f € Si(N,x) be a normalized Hecke eigenform. Then:

(a) If x only takes real values, then any inner twist of f is at most tamely
ramified at any odd prime.

(b) Suppose x = Xiriv- Let ¢ | N be a prime such that for some ¢ : Q; — Q,
with £ # q the image py (1) can be conjugated to lie in the upper triangular
matrices such that the diagonal elements have odd order. Then any inner
twist of f is unramified at q.

(c) Let q || N be a prime and suppose that x is unramified at q. Then any
inner twist of f is unramified at q.

(d) Let q be a prime such that ¢*> || N and f is tamely dihedral at q of odd
order n > 3 such that n and q(q — 1) are coprime. Then any inner twist
of f is unramified at q.

Proof. (a) If x only takes real values, any inner twist is necessarily quadratic (see
Section [2]), whence it is at most tamely ramified away from 2.

For (a)—(c) we let € be an inner twist with corresponding field automorphism
o : Qf — Q. We include the case ¢ = id, when € comes from CM. For all
t:Qp — Qy, we then have

Pfe®EZPf oo,
since the traces of any Frobenius element at any unramified prime p are equal:

tr((py,. © €)(Froby)) = w(ap(f)e(p)) = tlo(ap(f))) = tr(py,i00 (Frobp)).

(b) If ps.(I4) can be conjugated into the upper triangular matrices such that
the diagonal elements have odd order, then it follows that the Weil-Deligne repre-
sentation r, = (p, N) (in the terminology of [T], 4.1.2) is such that p can also be
conjugated into the upper triangular matrices with only odd order elements on the
diagonal. Hence, this property also holds for pf (). Consequently, Lemma F.3]
yields the statement, as € again has to be at most quadratic in this case.

(¢) The conductors at ¢ of both py, and ps e divide g. From Lemma 7] it
hence follows that € is unramified at ¢, since the determinant of the representation
is unramified at q.

(d) If rq is tamely dihedral of order n as in the assumption, the restriction of py,

to Dy is of the form Indg:igggqi)(e o1), and similarly for pf,0,. By Lemma @2, e

is unramified at q. O

Corollary 4.6. Let f € Si(N, Xtriv) be a Hecke eigenform such that for all primes
q| N
e gl|| N, or
e ¢* || N and f is tamely dihedral at q of some order n > 3 such that (n,q(q—
1))=1, or
e pr.(Iy) can be conjugated into the upper triangular matrices such that all
the elements on the diagonal have odd order for some ¢ : Qp — Q, with
{#£q.

Then f does not have any nontrivial inner twists and no CM.

Proof. By Theorem 5] any inner twist (or character corresponding to CM) is
everywhere unramified, and hence trivial. O
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4576 LUIS DIEULEFAIT AND GABOR WIESE

The next proposition will be essential in the application of modular forms to the
inverse Galois problem in the horizontal direction.

Proposition 4.7. Let f € Sp(Ng?,x) be a Hecke eigenform which is tamely di-
hedral of some order n > 2 at q such that (n,q(q — 1)) = 1. Then Fy contains

Q(Cn + Cn)-

Proof. Let Kt be the field defined in Section 2l From Theorem it follows that
all inner twists are unramified at ¢. Hence, the inertia group I, can be considered
as a subgroup of Gal(Q/Kr). Let A be any prime of Ogq; not dividing ng. By

assumption, the image ps 4 (I,) contains an element of the form (%‘ Ci) By The-

orem B} Fy x contains its trace, i.e. {, +(,, where A\ = AN F¢. This immediately
implies that the field extension F((, + (n)/ Fy is of degree 1, as almost all primes
are completely split in it.

Alternatively, one could also derive this proposition by similar arguments directly
from the Weil-Deligne representation 7, at g. O

5. CONSTRUCTIONS OF NEWFORMS THAT ARE TAMELY DIHEDRAL
AT SOME PRIME

In this section we collect tools for constructing newforms and consequently Galois
representations which are tamely dihedral at some prime.

Theorem 5.1 (Diamond, Taylor: Level Raising). Let N € N, k > 2 and let
p > k+ 1 be a prime not dividing N. Let f € Sp(N,x) be a newform such that
Py ts irreducible with Og, > B | p. Furthermore, let gt N be a prime such that
q = —1modp and tr(psq(Froby)) = 0.

Then there exists a newform g € Sp(Nq?,X) such that

(i) Pgp = Py for some prime p | p of Og, .
ii) g is tamely dihedral of order p” for some r > 0 at q.
i 3 ly dihedral der p” 0

Proof. This is easily deduced from Theorem A of [DT], using the local Langlands
correspondence. For details see Corollary 2.6 of [Wil. g

A very elaborate possibility of prescribing a tamely dihedral prime is Theo-
rem 5.1.4 of [KW1], which does not need the modularity assumption.

To our knowledge, the best result for prescribing the local behaviour at ramified
primes for modular Galois representations is the following theorem by Jared Wein-
stein, which actually holds for Hilbert modular forms. We only formulate it over Q.
A global inertial type 7 is a collection of local inertial types (7,,), (or equivalently
- by the local Langlands correspondence - inertial Weil-Deligne parameters) for v
running through the places of Q. For the precise definitions we refer to [We]. We
just say that the local inertial type at a finite place v determines the restriction of
any A-adic representation to the inertia group at v uniquely for Og, > A { v. Any
newform f uniquely determines a global inertial type, which we denote by 7(f).

Theorem 5.2 (Weinstein). Up to twisting by one-dimensional characters, the set
of global inertial types T for which there is no newform f with T = 7(f) is finite.

Proof. [We], Corollary 1.2. O
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This means that by making the weight large enough, for any global inertial
type 7 there is some newform f with 7 = 7(f). Alternatively, there is always some
newform f of a chosen weight with 7 = 7(f) if enough primes ramify. Weinstein’s
result is extremely strong and could be used in several places in this article. We,
however, chose more classical arguments like level raising.

For the construction of tamely dihedral modular forms via level raising we need
the following lemma.

Lemma 5.3. Let p1,...,p, be primes and let p be a prime different from all the
p; such that p = 1mod4. Let ﬁgr"j : Gal(Q/Q) — PGLa(F,) be an odd Galois
representation with image PSLa(Fy:) or PGLy(Fpe) such that the image of any
complex conjugation is contained in PSLa(Fp:).

The set of primes q such that

(i) ¢=p— 1modp?,
(ii) q splits in Q(i,/p1,. .., +/Pr) and
(iii) ﬁg“’j (Frobg) lies in the same conjugacy class as ﬁgmj(c), where ¢ is any
complex conjugation,

has a positive density.

Proof. The proof is adapted from [KW1], Lemma 8.2, and closely follows the proof
of Lemma 3.2 of [Wi|. Let L := Q((p2,,/p1,--.,+/Pr) and let K/Q be such that
Gal(Q/K) = ker(ﬁgroj). Conditions (i) and (ii) must be imposed on the field L and
condition (iii) on K. If Gal(K/Q) is PSLy(F,s), then the lemma follows directly
from Chebotarev’s density theorem, as the intersection LN K is Q, since PSLy(Fs)
is a simple group. If Gal(K/Q) is PGLy(F- ), the intersection L N K = M is either
trivial or an extension of Q of degree 2. By assumption the image of any complex
conjugation lies in Gal(K /M) = PSLs(F,:). Hence any ¢ satisfying condition (iii)
is split in M/Q. As p = 1mod4, complex conjugation fixes the quadratic subfield
of Q(¢p2), whence any prime ¢ satisfying conditions (i) and (ii) is also split in
M/Q. Hence, we may again appeal to Chebotarev’s density theorem, proving the
lemma. (]

In the next proposition we show that in certain cases we can ‘add’ tamely dihedral
primes to newforms in such a way that all the local behaviours at the primes dividing
the conductor remain essentially the same. The idea behind this proposition is that
for a given newform f we choose a newform g such that the compatible systems
of Galois representations of f and g are linked mod p for a prime p that is large
enough to preserve all essential local properties.

Proposition 5.4. Let f € Sp(N, xuiv) be a newform with odd N such that for all
LN
(i) || N or
(ii) 2 || N and f is tamely dihedral at ¢ of order ny > 2 or
(iii) €% | N and ps,,(De) can be conjugated to lie in the upper triangular matrices
such that the elements on the diagonal all have odd order for some ¢ : Qp —
Q, with a primes s # L.
Let {p1,...,pr} be any finite set of primes.
Then for almost all primes p = 1 mod 4 there is a set S of primes of positive
density which are completely split in Q(i,/p1,...,/Pr) such that for all ¢ € S
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there is a newform g € Sk(NG?, Xtriv) which is tamely dihedral at q of order p and
for all ¢ | N we have

(ii) €2 || N and g is tamely dihedral at £ of order ny > 2 or

(ili) pg,.(De) can be conjugated to lie in the upper triangular matrices such that
the elements on the diagonal all have odd order for some ¢ : Qg — Q, with
a prime s # L.

Moreover, f and g do not have any nontrivial inner twists and no CM.

Proof. By Theorem 5] f does not have any nontrivial inner twists and no CM.
For p we may choose any prime p = 1 mod4 which is larger than N, larger than
k + 1, coprime to all ny and such that there is P | p with the property that Prop is
irreducible (see Corollary B2]).

As S we take the set provided by Lemma 5.3l Note that the assumptions of the
lemma are satisfied, as complex conjugation necessarily lies in PSLy, as there are
no nontrivial inner twists and —1 is a square in ;.

For any q € S, Theorem [5.1] provides us with a newform g € Si(Ngq?, x) which
is tamely dihedral at g of order p” > 1. In fact, r = 1 and ¥ = Xuiv. For, as p?
does not divide ¢? — 1, it follows that there is no niveau 1 or niveau 2 character
of the inertia group I, of order p?. That y is unramified at ¢ is clear, since the
determinant of the restriction to inertia at g is ¥¢? = p~! = 1 (see also the
discussion following Definition [1]). Hence, x is a character (Z/NZ)* — C*. As
there is a prime Og, &> p | p such that Pryp = Pg,p» the order of x is a power of p.
As p is larger than N, it can only be the trivial character.

Next we check that conditions (ii) and (iii) persist for g. This follows again from
Pry = Dg.p» since p is ‘large enough’. More precisely, we argue as follows. Let ¢ | N
be a prime and denote by (py, N +) the Weil-Deligne representation attached to f
at /.

We now assume that the order of py(I,) is divisible by an odd prime. Note that
this condition is satisfied at all primes ¢ in (ii) and (iii). We first claim that p¢.q|p,
is irreducible if and only if p; o1 |p, is irreducible. Since the other direction is trivial,
we now assume that prq|p, is irreducible. This implies that the representation py
of the Weil group of QQ is also irreducible and consequently N ¢ = 0. It follows
that the projectivization of pyq|p, is Ind%Z () with K/Qy of degree 2 and ¢ a
nontrivial character of Gal(Q,/K), which is different from its conjugate by the
nontrivial element in Gal(K/Qy). Our assumption now means that the order of ¢
restricted to I is divisible by an odd prime. Moreover, local class field theory
yields that this prime divides £(¢?> — 1) and is thus different from p, since p > N.
This implies that the projectivization of p; q|p,, which is Ind% (¥) (with 1 the
reduction of 1) modulo ), is actually isomorphic to the projectivization of ps g |p, .
Consequently, ﬁf,%| D, is irreducible, as claimed.

Now we consider a prime ¢ satisfying (ii). In that case we have that p; =2
Ind%ﬁ2 (¥), where 1 is a niveau 2 character of Gal(Q,/Q¢) of order n,. Hence,

ﬁj’,&‘p|De = Ind%iz (E) = ﬁg,p‘Dea
with 1 the reduction of ¢ modulo B. Consequently, we find for the Weil-Deligne
representation (pg, Ny) of g that p, = Ind%ﬁ2 (') and N, = 0, where ¢ is a
character of Gal(Q,/Qy2) reducing to ¥ modulo p. This means that ¢/ = 1a with
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some character a of order a power of p. As p does not divide £(¢? — 1), it follows
that o is unramified and hence is already a character of Gal(Q,/Qy). It follows that
= Indvvgjz (¥) ® a. As, however, f and g both have trivial nebentype and the
same weight, the determinant of p, is the same as the determinant of p; and thus
a? = 1, whence « is the trivial character. Consequently, pr = pg, proving that g
is tamely dihedral at ¢ of the same order as f. We have thus actually proved that
the Weil-Deligne representations of f and g at ¢ are the same.

Now we consider a prime ¢ | N in case (iii). As pyq|p, can be conjugated to lie
in the upper triangular matrices, the same holds for py ,|p, by the above discussion
on the irreducibility. Let (41, ¢2) and (¢01,12) be the characters on the diagonal of
pt|p, and pgulp,, respectively. As under reduction modulo B (respectively, p)
only p-power orders vanish, it follows from the orders of ¢; and ¢2 being odd that
this is also the case for ¥, and .

That g does not have any nontrivial inner twists and no CM again follows from
Theorem O

Remark 5.5. At two places in the proof of Theorem 1.1 of [Wi| it is implicitly
used that the newforms f and g do not have any nontrivial inner twists, namely
for having py,(c) € PSLy(Fyr) (in Lemma 3.2) and for pp')” (Frob,,) € PSLy(F¢)
(the next-to-the last line in the proof of Theorem 1.1). This is easily remedied by
excluding inner twists with the help of Proposition 5.4l and a suitable choice of the
starting form f. If ¢ & {3,5,7,13}, we can just take f € S3(To(£)). In the other
cases we choose f of level a suitable power of ¢ such that ps,(D;) can be conjugated
into the upper triangular matrices such that the elements on the diagonal all have
odd order.

6. CONSTRUCTION OF EIGENFORMS WITHOUT EXCEPTIONAL PRIMES

The aim of this section is to construct families of Hecke eigenforms without ex-
ceptional primes and without nontrivial inner twists. They also give a uniform way
of reproving (a slightly weaker form of) the main result of [Wil, i.e. an application
of modular forms to the inverse Galois problem in the vertical direction.

Proposition 6.1. Let p,q,t, and u be distinct odd primes and let N be an integer
coprime to pqtu. Let py,...,pm be the prime divisors of 6N. Let f € So(Nq?u?,x)
be a Hecke eigenform without CM which is tamely dihedral of order p" > 5 at q
and tamely dihedral of order t° > 5 at u. Assume that q and u are completely

split in Q(i, \/p1,-..,+/Pm) and that (%) =1 (and, hence, (%) =1 by quadratic
reciprocity).

Then f does mot have any exceptional primes, i.e. for all mazimal ideals A

of Oq,, the image of py 5 is PSLa(Fy) or PGLa(Fy) in the notation of Theorem [B.11

Proof. The argument is similar to that used in [Wi], Theorem 1.1, and was inspired
by [KWI]. Let A be any maximal ideal of Oq,, and suppose it lies over the rational
prime £. Due to the tamely dihedral behaviour, p; , is irreducible. For, if £ € {p, q},
then already p; »|p, is irreducible. If £ € {p, ¢}, then £ & {t,u}, and already p; »|p,
is irreducible.

We now suppose that the projective image is a dihedral group, i.e. it is the

induction of a character of a quadratic extension R/Q, i.e. p} ' = Ind%(a) for
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some character o of Gal(Q/R). A priori we know from the ramification of 5, , that

R C Q(i, VI, /Gty \/P1s - - -, \/Pr)-

Assume first that ¢ € {p, ¢}. In that case we have
—proj ~ Qq ~ Qq
71, = Id2, () ~ ndf, (o)

for some prime Og > Q | ¢, where 1 is a niveau 2 character of order p”. From this
it follows that ¢ is inert in R. By assumption, ¢ is split in Q(7, /u, \/p1,- -, /Pm)-
whence R € {Q(v¥),Q(v/—)} and £ { 6Nu. As ¢ is larger than 3 and does not
divide the level of f and as the weight is 2, the field R cannot ramify at ¢ either.
This was proved by Ribet (see the proof of Proposition 2.2 in [R4]), using results of
Raynaud implying that the Serre weight is 2 and thus that the projective image of
inertia I, is cyclic of order £ 4 1 or £ — 1. We thus obtain a contradiction showing
that ¢ € {p,q}. In particular, £ & {t,u}. Exchanging the roles ¢ +> u, p <> t and
r <> s, the very same arguments again lead to a contradiction. Thus, the projective
image of py 5 is not a dihedral group.

By the classification of the finite subgroups of PGLy(F,), it remains to exclude
Ay, Sy and As as projective images. This, however, is clear, since there is an
element of order larger than 5 in the projective image. O

Theorem 6.2. There exist eigenforms (fn)nen of weight 2 with trivial nebentype
and without nontrivial inner twists and without CM such that

(i) for alln and all mazimal ideals A, <Oy, , the residual Galois representation
Pt..A, 18 nonexceptional and

(ii) for fized prime £, the size of the image of py A, for Oq, > A, | € is
unbounded for running n.

Proof. Start with some newform f € So(I'g(NN)) for squarefree level N. It does not
have any nontrivial inner twists and no CM by Corollary Let p1,...,pm be the
prime divisors of 6/V.

Let B > 0 be any bound. Let p be any prime larger than B provided by Propo-
sition [5.4] applied to f and the set {p1,...,pm}, so that we get g € S2(Ng?, Xtriv)
which is tamely dihedral at ¢ of order p and which does not have any nontrivial
inner twists and no CM, for some choice of q. Now we apply Proposition [5.4] to g
and the set {q,p1,...,pm}, and we obtain a prime ¢ > B different from ¢t and
some h € Sa(Nq?u?, xuriv), which is tamely dihedral at u or order ¢ and which is
again without nontrivial inner twists and without CM, for some choice of u. By
Proposition [6.1] the form h does not have any exceptional primes.

We obtain the family (f,)nen by increasing the bound B step by step, so that
elements of larger and larger orders appear in the inertia images. O

Remark 6.3. Theorem specializes to the following slightly weaker version of
Theorem 1.1 of [Wi|] concerning the vertical direction of the inverse Galois problem
for projective linear groups:

For every prime /, there is an infinite set of natural numbers r such
that PSLy(Fyr) or PGLo(Fyr) occurs as a Galois group over Q.
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The new part here is that the same family (f,,)nen can be used for all primes /.
Theorem 1.1 of [Wi| is stronger in the sense that it only concerns PSLy and that it
contains a ramification statement.

Remark 6.4. Note that many choices were made in Theorem and that one can
imagine many variations in the proof, resulting in many different families.

7. APPLICATION TO THE INVERSE (GALOIS PROBLEM

In this section we prove our main result in the horizontal direction, i.e. The-
orem [[LTT We make use of the only way known to us to impose some condition
on the coefficient field of a newform, namely, by prescribing certain local ramifica-
tion conditions. They allow us to have a suitable real cyclotomic field inside the
twist invariant coefficient field. Such a result is provided by Proposition .7 when
there exists a tamely dihedral prime. Another such theorem is the following one by
Brumer. In [Di2] the first author already observed its usefulness in applications to
the inverse Galois problem.

Theorem 7.1 (Brumer). Let f € So(N,x) be a newform without CM. If p™ || N,
let s, be the least integer larger than or equal to

Tp 1
L R
2 p—1
Then Q((pevr + Cpor) is a subfield of Fy.
Proof. [B], Theorem 5.5 (b), and the introduction. O

We could also give a straightforward argument for r, = 3 along the lines of the
proof of Proposition .7l The existence of a real cyclotomic field inside the twist
invariant coefficient field will allow the application of the following proposition.

Proposition 7.2. Let F/Q be a finite field extension which contains a cyclic field
K/Q of degree n. Then the set of primes £ such that there is an ideal X <1 Op
dividing £ of residue degree n has a positive density.

This proposition follows very easily from the following well-known number the-
oretic statement.

Proposition 7.3. Let G be the Galois group of a normal extension L/k of number
fields, £ be a prime in Ok which is unramified in Or, ¢ be any Frobenius automor-
phism of £ in G, H be an arbitrary subgroup of G, and F be the subfield of L fized
by H. Suppose that the right action of the cyclic subgroup (¢) of G partitions the
set H\G of right cosets of H into r orbits with f1,..., f. cosets, respectively. Then
¢ splits into v primes \; in Op, for which the residual degrees f(\;/€) are given by
the numbers f;.

Proof. [Ml, Theorem 33, p. 111]. O

Proof of Proposition [[2l Let L be the Galois closure of F over Q with Galois
group G. Let H be the subgroup of G such that F = L¥. By assumption, there is
a surjection of groups G = Z/nZ such that H is contained in ker(r).
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Let g € G be any element such that 7(g) = 1 € Z/nZ and let r > 1 be the
minimum integer such that ¢" € H. Then {Hg' | i € N} C H\G consists of r
elements. Moreover, as g" € H C ker(n), it follows that 0 = n(¢") = r € Z/nZ,
whence n | r, say, r = nm. Put ¢ = ¢"™. Then the minimum s > 1 such that
#* € H is equal to n. Consequently, the set {H¢' | i € N} C H\G consists of n
elements.

By Chebotarev’s density theorem, the set of primes ¢ such that the conjugacy
class of the Frobenius elements at ¢ is in the conjugacy class of ¢ in G has a
positive density. By Proposition [Z.3], every such ¢ has the property that there is an
ideal A <1 O dividing ¢ of residue degree n, as desired. O

Proof of Theorem [[Il We first prove (a) for even n and (b) for odd n together.
Then we prove (a) for odd n.

We choose a prime p which is 1 mod 2n. We also choose an auxiliary prime N >
13 different from p. By Proposition [£.4] there exists a prime ¢ (in fact, ¢ can
be chosen from a set of primes of positive density) such that there is a newform
f € S2(To(Ng?)) without CM and without nontrivial inner twists which is tamely
dihedral of order p > 1 at g. Further, by Proposition @7} the field F'y = Q; contains
the maximal totally real subfield of the cyclotomic field Q((p).

As p = 1mod 2n, the number of elements in the group Gal(Q(¢, + (,)/Q) =
(Z/pZ)* /{£1} is divisible by n. Hence, there exists a Galois extension K/Q with
Galois group Z/nZ such that K C Fy = Qy.

By Proposition [C2] the set of primes ¢ such that there is A < O, dividing £ of
residue degree n has a positive density. For almost all such A, Ribet’s large image
theorem (Corollary B.2)) now implies that the projective image of the residual Galois
representation p; y is equal to PSLy(Fn) or PGLa(Fen).

Assuming that n is even, every determinant (an element of F/) is a square in
F¢n. Consequently, the projective image is equal to PSLy(F¢n), proving (a) for
even n. Assuming, on the other hand, that n is odd, the same reason shows that
the projective image is PGLy(F¢n), proving (b).

Now we prove (a) for odd n. We choose a prime N = 1 mod 2n. We also choose an
auxiliary prime ¢; # N and an auxiliary prime go = 3 mod 4 different from ¢;. Let
X : (Z/q2Z)* — {#£1} be the unique odd Dirichlet character. Let f € S3(q1g2 N3, x)
be a newform (the space is nonempty, as one can deduce from dimension formulae).
The auxiliary prime ¢; ensures that f does not have CM. For, by the definition of
the conductor, the image of inertia ps s (4, ) contains (after conjugation) an element
of the form (} %) with b # 0. Moreover, we know that [Qy : F] is a power of 2, as
x only takes real values (see Section [2).

By Theorem [Z]] the maximal totally real subfield of Q({x) is contained in F.
As above, this implies that there is a field K C Fy C Q; such that K/Q is a cyclic
extension of order n. This time we apply Proposition [7.2] with the field Q;. We get
that the set of primes ¢ such that there is A < Og, dividing ¢ of residue degree n
has a positive density. Note that the residual degree of A = AN Fy is also equal
to n due to the oddness of n. For almost all such A\, Ribet’s large image theorem
(Corollary B.2) yields that the image of the residual Galois representation p; 5 is
equal to PSLy(Fyn) or PGLg(Fyn ).

Note that all determinants are of the form :I:IFZXQ. Hence, in order to obtain
PSLo(Fy») as a projective image, it suffices, and we need to impose ¢ = 1mod 4.
This is possible. For, if Q(7) is disjoint from the Galois closure of Q; over Q, the
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condition on A is independent from ¢ = 1mod4. If, however, Q(¢) is contained in
the Galois closure of Q¢ over QQ, then Qf contains . As n is odd, any ¢ such that
there is A | £ of odd residue degree must be = 1 mod 4. (]

Remark 7.4. We point out that in the proof of Theorem [[.Tlwe made many choices.
By varying these choices, the density of the set ¢ such that PSLy(Fyn) occurs as
a Galois group over Q will certainly increase. Up to this point, however, we were
unable to prove a nontrivial result in this direction.

Moreover, by Weinstein’s Theorem, Theorem [£.2] the auxiliary prime N in (a)
for even n is not necessary.
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