Travaux
mathematiques

Special issue

based on the

Winter School on Galois Theory
Luxembourg, February 2012
Volume |l

Editors

Sara Arias-de-Reyna
Lior Bary-Soroker
Gabor Wiese

Vol. XXIlIl, 2013

° Faculté des Sciences,
l"". “ de la Technologie
UNIVERSITE DU et de la Communication
LUXEMBOURG






Travaux
mathematiques

Volume XXIIil, 2013

Published by the
UNIVERSITY OF LUXEMBOURG

ISBN: 978-2-919940-09-7
ISSN: 1024-1833

UNIVERSITY OF LUXEMBOURG
Campus Kirchberg

Mathematics Research Unit

6, rue Richard Coudenhove-Kalergi
L-1359 Luxembourg

Grand-Duchy of Luxembourg

Phone: (+352) 466 644 6376
Fax: (+352) 466 644 6377
Email: carine.molitor@uni.lu,
norbert.poncin@uni.lu



Travaux mathématiques

Presentation

The journal Travaux mathématiques is published by the Mathematics
Research Unit of the University of Luxembourg. Even though the main
focus of the journal is on original research articles, surveys and historical
studies are also welcome.

Editors-in-Chief

Carine Molitor-Braun (University of Luxembourg)
Norbert Poncin (University of Luxembourg)

Address:

University of Luxembourg

Mathematics Research Unit

6, rue Coudenhove-Kalergi

L-1359 Luxembourg

Grand-Duchy of Luxembourg

Email: carine.molitor@uni.lu or norbert.poncin@uni.lu

Associate Editors

Jean Ludwig (University Paul Verlaine, Metz — University of Luxembourg)
Martin Olbrich (University of Luxembourg)

Martin Schlichenmaier (University of Luxembourg)

Anton Thalmaier (University of Luxembourg)

Editorial Board

Bachir Bekka (University of Rennes)

Lionel Bérard-Bergery (University H. Poincaré, Nancy)
Martin Bordemann (University of Haute Alsace, Mulhouse)
Johannes Huebschmann (University of Lille)

Pierre Lecomte (University of Liege)

Jiang-Hua Lu (University of Hong Kong)

Raymond Mortini (University Paul Verlaine, Metz)
Jean-Paul Pier (University of Luxembourg)

Claude Roger (University Claude Bernard, Lyon)

Izu Vaisman (University of Haifa)

Alain Valette (University of Neuchatel)

Robert Wolak (Jagiellonian University of Krakow)

Ping Xu (Penn State University)


mailto:poncin@cu.lu

Travaux
mathematiques

Special issue

based on the

Winter School on Galois Theory
Luxembourg, February 2012
Volume Il

Editors

Sara Arias-de-Reyna
Lior Bary-Soroker
Gabor Wiese

Vol. XXIlI, 2013

Faculté des Sciences,
de la Technologie
et de la Communication






Volume II of the
Proceedings of the

Winter School on

Galois Theory

15 — 24 February 2012

Université du Luxembourg

Luxembourg

Edited by

Sara Arias-de-Reyna
Lior Bary-Soroker
Gabor Wiese



Proceedings of the Winter School on Galois Theory (Volume II)

Université du Luxembourg, 15 — 24 February 2012
Luxembourg

Organisers

Sara Arias-de-Reyna
Lior Bary-Soroker
Gabor Wiese

Sponsors

Fonds National de la Recherche Luxembourg, Luxembourg
Foundation Compositio Mathematica, The Netherlands
DFG-Sonderforschungsbereich TRR 45, Germany

University of Luxembourg, Mathematics Research Unit, Luxembourg



Preface

The work of Evariste Galois (1811 — 1832), whose 200th birthday was recently
celebrated, is at the origin of a theory that plays a key role in many mathematical
disciplines, such as number theory, algebra, topology, and geometry.

From 15 until 24 February 2012 we organised a Winter School on Galois Theory
at the University of Luxembourg, which attracted almost 100 participants. In
the winter school two very important topics were united: on the one hand, in
recent years there have been tremendous developments in number theory, such
as the proofs of two famous conjectures: Serre’s Modularity Conjecture and the
Sato-Tate Conjecture. It is becoming clear that these are only some instances
of a bigger picture encompassed in new directions in the Langlands programme.
Galois representations are at the core of all of this.

On the other hand, in Galois field theory, motivated by the famous inverse
Galois problem first considered by Hilbert, the so-called regular inverse Galois
problem could be solved over various classes of fields. This has been done by
developing “patching”, an algebraic analog of the “cut-and-paste” constructions
in complex geometry. The method of patching has been further developed and ex-
panded and achieved results both in Galois theory and algebra, e.g., in differential
Galois theory, division algebras and quadratic forms.

The communities of people working on Galois representations and those work-
ing in Galois field theory currently only seem to be insufficiently interacting,
although for a large part they are studying the same kind of objects, namely
absolute Galois groups. One instance, where the possible connection was success-
fully exploited, is in the proof of potential modularity: a classical result of field
arithmetic on the field of all totally real numbers is essential.

Both groups use their own very advanced sets of tools. On the one hand, at the
winter school the statement of Serre’s Modularity Conjecture, some of the tools
involved in the proof of it, as well as some generalisations and connected open
problems were presented. On the other hand, several of the patching techniques
and various applications were explained.

The winter school consisted of three ‘preparatory days’, whose content was
accessible to Master students, whereas the main week of the school addressed
mainly PhD students or young postdocs. The current Volume II unites four sets
of lecture notes from the main week, two concerning Galois representations, two
about patching, and one research article.

Gebhard Bockle’s contribution is a quite comprehensive survey on Galois rep-
resentations, touching on as diverse subjects as class field theory, Galois rep-
resentations attached to automorphic forms, Hilbert modular forms, compatible
systems of Galois representations, Weil-Deligne representations, p-adic Hodge the-
ory, the Fontaine-Mazur Conjecture, the Sato-Tate Conjecture, modularity proofs
and Fermat’s Last Theorem, and many more. The survey focusses on the key



ideas and the long list of recommended references enables the reader to pursue
himself/herself any of the mentioned topics in greater depth.

Michael Schein’s notes sketch the proof due to Khare and Wintenberger (build-
ing on the work of many mathematicians) of one of the major theorems in arith-
metic algebraic geometry in recent years, namely Serre’s Modularity Conjecture.
It states a precise parametrisation of all Galois representations of a certain type
through modular forms. The notes also mention generalisations of Serre’s Mod-
ularity Conjecture to totally real fields and even contain a section on the mod-p
Langlands programme, which provides a natural framework for this kind of ques-
tions.

Moshe Jarden’s notes are based on his book on algebraic patching. They
develop the method of algebraic patching from scratch and give applications in
contemporary Galois theory. The notes start from the patching axioms, proceed
to examples of families of fields satisfying the axioms, like complete fields, fraction
fields of power series rings, and more generally ample fields, and finish with the
solution of the regular inverse Galois problem over such fields, and more generally
the solution of split embedding problems. The notes culminate in a proof of
a theorem of Pop saying that a Hilbertian pseudo algebraically closed field has
w-free absolute Galois group.

David Harbater’s notes are complementary to Jarden’s notes, and describe
recent applications of patching in other aspects of algebra, for example: differential
algebra, local-global principles, quadratic forms, and more. The notes (as well as
the lectures) focus on the big picture and on providing the reader with intuition.
The notes also contain a historical discussion on the development of patching,
surveying the connection between the different patching methods.

In their research article Wulf-Dieter Geyer and Moshe Jarden present a theo-
rem of Kolldr on the density property of valued pseudo algebraically closed fields
and a theorem of Abraham Robinson on the model completeness of the theory of
algebraically closed non-trivially valued fields. Then they prove that the theory
T of nontrivial valued fields in an appropriate first order language has a model
completion T and give an explicit algebraic presentation of T.

We wish to express our sincere gratitude to all speakers at the winter school for
their excellent lectures, and for having taken a lot of time and care in elaborating
their notes for these proceedings.

May the readers enjoy them and may they serve well!

The Editors

Sara Arias-de-Reyna
Lior Bary-Soroker
Gabor Wiese

July 2013
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Galois representations

by Gebhard Bockle

Abstract

The present notes develop some basic language on Galois representations
and strictly compatible families of such. As guiding examples we use elliptic
curves, (Hilbert) cusp forms and the (partially conjectural) relation between
the two. The notion of strict compatibility in families at ramified primes is
used to motivate Weil-Deligne representations and p-adic Hodge theory a
la Fontaine. The notes end with a rough sketch of how to use the concepts
presented to give a proof of the modularity of elliptic curves over Q. The
emphasis throughout the notes is to explain the interrelations and usefulness
of the concepts covered. Proofs are mostly omitted, but many references to
the (vast) literature are given.

These notes are a slightly expanded version of parts of a lecture series
at the Luxembourg Winter School 2012, organized by Gabor Wiese, Lior
Bary-Soroker and Sara Arias-de-Reyna. The notes claim no originality.

MSC (2010): 11F80, 11F33, 11F41, 11F85, 11G05, 11520, 11S37.
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1 Introduction

The main focus of the present notes are Galois representations, which are an
important tool in modern number theory: Galois representations provide a conve-
nient and concrete way to represent a geometric object over a number field. Via
these representations, the geometric object tells us much about quotients of the
absolute Galois group of its underlying number field. Moreover Galois representa-
tions provide one with a tool to compare geometric objects: in the simplest form,
such a comparison could be that two objects are related if they have isomorphic
Galois representations. Already this very basic notion has deep consequences, as
we shall see.

These notes do not wish to give an axiomatic treatment. They will not explain
what a general “geometric object” (a motive) could mean. They focus on exam-
ples, mainly those of elliptic curves and (Hilbert) modular forms. Each example
will provide us with a family of Galois representations, one member for each of
the primes of the coefficient field of the object. This motivates us not only to
describe the individual members, but also to place the families within the setting
of compatible systems of Galois representations. We proceed in several steps:

Section 2 locates Galois representations within number theory, indicates some
applications of Galois representation from automorphic forms, and fixes some no-
tation. In Section 3 we describe, following our two main examples, a notion of
compatible system that only uses unramified primes. This is enough to charac-
terize the representation up to isomorphism. In practice it is also very useful to
have a notion of compatibility at the ramified primes. This requires Weil-Deligne
representations, which we introduce in Section 4. After this, the only primes that
are not included into a notion of compatibility are those that divide the residue
characteristic of the coefficient field of the Galois representation. This needs p-adic
Hodge theory, of which we give some flavor in Section 5. The following Section 6
surveys some standard predictions of the Fontaine-Mazur conjectures which try to
answer the question which Galois representations one can hope to find in geome-
try. The final Section 7 indicates the role of Galois representations in modularity
proofs of elliptic curves — such as the proof of Fermat’s Last Theorem by Wiles and
Taylor-Wiles — a theme repeatedly discussed throughout the text. The material is
supplemented by an extensive bibliography, to which we give detailed references
in the main text.

Acknowledgements: Many thanks go to Sara Arias-de-Reyna, Hendrik Ver-
hoek, Gabor Wiese for comments, corrections and suggestions. I would also like
to thank the referee for many corrections and helpful suggestions.



8 Gebhard Béckle

2 Number theory and Galois representations

2.1 The absolute Galois group of a number field

Basic question: Describe all Galois extension of a number field of a certain type.
But this is too difficult!

Much of current day number theory is concerned with understanding exten-
sions E/F of a number field F' and their ramification properties. In applications
one is mostly concerned with the case that E/F is Galois. Since the absolute Ga-
lois group G'r = Gal(F/F) is profinite, it suffices to understand all finite Galois
extensions, although it is often useful to consider profinite extensions. To under-
stand the ramification properties it is also important to understand the absolute
Galois group of a local field. This is considerably simpler and for p > 2 it is
actually solved by Koch and Jannsen-Wingberg, see [JW82].

2.2 Abelian Class Field Theory versus the Langlands pro-
gram

The first main success in understanding Galois extensions of number fields is
abelian class field theory. It gives a complete classification of all abelian extensions
and their ramification properties.

Abelian class field theory by itself is rarely constructive. Over Q the cyclo-
tomic extensions generate Q*. Over CM fields one can consider CM abelian
varieties and the Galois representations attached to their torsion points. The the-
ory over quadratic imaginary fields can be found in [Si91]. For the general CM
case, see [Sh98]. Beyond this little is known. For certain conjectural constructions,
see [Da04].

Beginning in the late 1960’s, mainly due to Langlands a new approach de-
veloped. The abelian case was considered as the GL; case. Langlands idea was
to use automorphic forms and representations to develop a class field theory for
GL,. Automorphic representations for a reductive group G over F' should give
rise to Galois representations into the dual group of G and in a vague sense all
such Galois representations should come from automorphic representations and
thus from modular forms. In fact to get modular forms, one needs to require
some algebraicity of the automorphic representations. But this would get us too
far from the topic. The so far most successful case is the group GLs over totally
real fields. Other cases beyond these lectures are unitary groups (i.e., inner forms
of GL,,) and symplectic groups. References are [AEK03], [BC09], [La03].

The Langlands program is constructive whenever one has an algebraic theory
of automorphic forms. This seems to lead to a similar constraint as above: The
automorphic forms have to be defined over a totally real or a CM field.

Another important source of Galois representations is étale cohomology. In
fact, in all cases above, one uses étale cohomology to construct Galois represen-



Galois representations 9

tations from some geometric data. A priori étale cohomology seems to give much
more representations than the theory of automorphic forms. But in the end,
one might hope that all geometric semisimple Galois representations come from
automorphic forms; see [Bel09].

For time constraints, I shall say nothing about the automorphic side; local
Langlands correspondence, compatibilities, etc.

2.3 Applications of Galois representations from automor-
phic forms:

Much of the following developments go back to Wiles work on Fermat’s Last
theorem (FLT):

(a) The Taniyama-Shimura conjecture, which is a theorem by Breuil-Conrad-
Diamond-Taylor [BCDT], states that every elliptic curve over Q is modular.

(b) By results of Frey, Ribet and Serre [Ri90, Se87](proved in the 80’s) this
implies FLT.

(c¢) Wiles proof of FLT established sufficiently many cases of Taniyama-Shimura
to deduce FLT; [Wi95, TW95], of which good surveys are [DDT97] and
[CSS].

(d) For elliptic curves A over an arbitrary totally real number field F, it follows
that if they are modular, then their L-function has an entire continuation
to the complex plane. Using potential modularity, Taylor has proved results
that show in many cases that the L-function of A/F has a meromorphic
continuation to C. See for instance [Sn09, Tay06].

(e) If one could show that Sym™ A is modular for all n € N and all elliptic
curves A/F without CM, then the Sato-Tate conjecture on the deviation of
#A(k,) from #k, + 1 follows for A. One cannot quite show that. But one

can prove potential versions of this which suffice to prove the conjecture:
[BLGG, CHT, HSBT, Tay08].

Here is the heuristic for the Sato-Tate distribution: Let X be the set of conjugacy
classes of elements in SU,(C). A representative of a conjugacy class is of the form
( e:)e e_ow ) Therefore conjugacy classes can be considered as elements 6 € R/7Z.
Consider ‘
SU5(C) - X 2 [0,n] & [-1,1].

The pushforward of the measure of equi-distribution on SU,(C) yields the measure
with distribution 2 sin®#d6 on [0, 7], or 2v/1 — ¢2d¢ on [—1,1].

The ST-conjecture asserts that for £ — oo (or A — 00), the distribution of the
numbers

CLZ(A)
2V

e[-1,1]
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(for an elliptic curve A without complex multiplication), and of the numbers

ax(f)
NCE

(for a modular form f of weight k and without complex multiplication) converges
to a measure on [—1, 1] with the ST-distribution

2
—V1 —2dt.

™

In one lecture of the course notes [Ha07], by Michael Harris, on the proof of the
Sato-Tate conjecture by Clozel, Harris, Shepherd-Barron and Taylor, the rela-
tion between the Sato-Tate conjecture and the meromorphy of the L-function of

Sym"™ A, n € N is explained.

2.4 Some notation

(a) For a number field F' fix an algebraic closure F' = Q.

(b) For a place v, i.e., an equivalence class of norms on F, let F;, be the com-
pletion of F' at v and fix an algebraic closure F,.

(c) If v is non-archimedean, define O, as the ring of integers of F,, m, as a
uniformizer, k, as the residue field at v and ¢, := #k, is the order of k,.
(d) Fix an embedding (i.e., an F-algebra homomorphism) F' < F,. This yields
a homomorphism of Galois groups G, := G, — G (known to be injective)
from the diagram
F——=F,

Gal(F/F)=:Gp Gp,=:Gy

F——F,
(e) For a set of places S of F, denote by Grg the quotient of G that is the
Galois group of the maximal extension of F' in F' unramified outside S.

(f) For v a place not in S, fix a Frobenius automorphism Frob, € Gpg which
is unique up to conjugation. (The kernel of G, — Grg contains the in-
ertia subgroup of G, and G, /I, = Gy, which in turn is generated by the
Frobenius. We take the geometric Frobenius.)

3 L-functions and Galois representations

3.1 Elliptic curves

Let A be an elliptic curve over a number field F'.
Let N be the conductor of A. It is defined as a product of local conductors.
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The latter are 1 at every place of good reduction of A. If A does not have good
reduction at v, then the prime corresponding to v divides N.

Definition 3.1. (a) For a prime /, denote by Ta,(A) the G representation on
lim A[¢"](F) and write V;(A) for Ta,(A) ®z, Q;.
(b) The L-factor of A at v is L,(A,T) := det(1 — TFrob,|V,(A))~!
(¢) The L-function of A is

L(A,s) = [] Lo(A q,*) for R(s) > 0.

v finite

It is not clear that the L-factors are independent of ¢. So in principle ¢ should
oceur in the above notation. However part (b) of the following result clarifies this
problem and shows the independence of ¢, assuming that v { £.

Theorem 3.2 (see [Si85], [Si91]). (a) If vt ¥, then the representation Vy(A) is
ramified at v if and only if v divides the conductor N (Theorem of Néron-
Ogg-Shafarevich).

(b) If v JNC, then Ly(A,T)™ =1 — a,(A)T + q,T? where Ly(A, 1)"! = #A(k,)
defines a,(A).

(¢) If v divides N but not ¢, then L,(A,T) can be computed by Tate’s Algorithm.

(d) The L-function defined above converges for all s € C with R(s) > 3/2.

(e) The representation Vy(A) is semisimple.

3.2 On traces and characteristic polynomials

Lemma 3.3. Let I be a profinite group, let F C II be a subset such that II is the
topological closure of the conjugacy classes of F, and fix a positive integer n. Then
any continuous semi-simple representation p: 11 — GL,, (L) where L € {C,Fy, Q¢}
is uniquely determined by the characteristic polynomials charpol(p(g)) € L[T] for
geF.

For C this is classical representation theory, for Iﬁ‘igthis follows from the theorem
of Brauer-Nesbitt, see [CR62, 30.16]. A proof for Qy is in [Tay91].

Theorem 3.4. Given E/Qy finite and V a finite dimensional continuous linear
G representation over E. Let kg be the residue field of E, i.e. kg = Og/mg.

(a) If V is semisimple, then there is a set S of density zero outside of which V
is unramified.

(b) In the situation of (a), one has det(1 — TFrob,|V) € Og[T] for allv ¢ S

and p is completely determined by these characteristic polynomials, or even
the traces of p(Frob,), v ¢ S.
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(¢c) There exists a unique continuous semisimple G p-representation V with

det(1 — TFrob,|V) = det(1 — TFrob,|V) mod mg in kg[T] Yo ¢ S.

Proof. (a) See [KRO1]. (b) Follows from the existence of a G p-stable lattice (which
is deduced from the compactness of Gr) and Lemma 3.3. (c¢) One reduces the
lattice from (b), semisimplifies the reduction and applies Lemma 3.3. O

Corollary 3.5. Let A/F be an elliptic curve. Then Vi(A) is completely char-
acterized by the condition Trace(Frob,|Vy(A)) = a,(A) for all finite places v not
dividing N/

3.3 Hilbert modular forms

The following definitions are from [Tay89]. General texts on Hilbert modular
forms are [BGHZ], [Fr90], [Go02], [Hi06] and references therein.

Let F be a totally real number field. Let I be the set of embeddings F' — R.
Denote by Ap the adele ring of F. Write Ap = Ay x A, for the decomposition
into the finite and infinite adeles. Fix k = (k) € Z! such that k, > 2 for
each component. and suppose that all components have the same parity.! Set
t=(1,...,1) € Z!, and set m = k—2t. Also choose v € Z! such that each v, > 0,
some v, = 0 and m + 2v = pt for some p € Zsg. Set h:={z € C|J(z) > 0}.

For f: GLy(Ap) — C and u = usus € G§ X Goo = GLy(AF) define

(fleu) (@) = j(uoo, 1)~ det(uoe) ™" f(zu™")

where:

«i= (VT .J/T)eb
o 5: Gt = (@) () () o) = et do)rer

o (o)) :=T[ ., a for (a,) € (C*)! and (n,) € Z'.

Definition 3.6. For U C Gy a compact open subgroup one defines the space
of Hilbert modular cusp forms Si(U) of level U and weight k to be the set of
functions f: GLy(F)\GLa(Ar) — C satisfying the following conditions:

(a) fleu = f for all u € UZ,, where Zy, = (R* - SO5(R))" C Gy
(b) for all z € G, the function f,: h" — C defined by

U2y — J(Uso, 20)F det (uog ) ™7 F f (zu)

for u € G is well-defined and holomorphic;

n [Hi06], Hida explains after formula (2.3.9) why without the parity condition, the space
of Hilbert modular forms is zero — he uses a different but equivalent formalism, in which this
statement can be formulated more meaningfully.
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(c) IAF/Ff(<(1) T)x)da = 0 for all z € GLy(Ar) and da an additive Haar
measure on Ap/F.

Depending on the choice of level, one can also talk about a nebentype character.
In any case, up to conjugation of U, there is a largest ideal N of Op such that
U>{g9eGslg=1 (mod N)}. We call N the level.

Definition 3.7. For © € G one defines the Hecke operator [UzU] for a function
f: GLa(Ap) — C as

UU)f =3 Al

where UzU = [[, Uz;. This assignment is well defined for f € Si(U) and defines
an endomorphism in End¢(Sg(U)).

In the special case = ( 7 U ) with v not a divisor of N, one abbreviates
T, = [UzU].
For z = (3 2) with @ = (73"*®), for a fractional ideal a of F prime to N

one calls S, the diamond operator for a. If a is a prime ideal corresponding to the
place v we simply write .S,,.

Moreover, we define Ty (U) as the Z-subalgebra of Endc(Sk(U)) generated by
the T, and S, for all v/ N.

A cusp form f of weight k and level U is called an eigenform for Ty (U) if it is
a simultaneous eigenvector for all T,,, S, with v / N. The eigenvalues are denoted
by a,(f) and x,(f), respectively.

Since T (U) is commutative, eigenforms exist.

Theorem 3.8. Let f € Si(U) be a Hecke eigenform and write a,(f) for the
eigenvalue under T, for all v not dividing the level N of U.

(a) The coefficient field Ef := Q(a,(f) | vfN) is a finite extension of Q. All
a,(f), v/ N, are integral.

b) For any prime X of the ring of integers O of E;, there exists a unique?
f /
continuous representation Vy(f) (isomorphic to E} ), say

pra: Gr— GLa(Ef )
which is unramified outside N{ and satisfies
det(1 — TFrob,|[VA(f)) = 1 — a,(f)T + xo(f)@T? for all v | N

where  is the rational prime under A and Ey  is the completion of Ey at A.

2See Remark 3.3 and Theorem 3.10(d).
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Part (a) is due to Shimura; see [Sh71, Thm. 3.48] and [Hi06, (4.3.7)]. Part (b)
follows from work of Eichler-Shimura, Deligne, Ohta, Carayol, Taylor and Blasius-
Rogawski. If [F' : Q] is odd or if f has a supercuspidal prime, then the construction
takes place in the étale cohomology of a Shimura curve. Taylor’s argument for [F :
Q] even is via congruences and the Jacquet-Langlands correspondence for GLs.
See [Ca86, Tay89].

Definition 3.9. Let f be a cuspidal Hecke eigenform as in the previous theorem.

(a) The L-factor of f at v is L,(f,T) := det(1 — TFrob,|VA(f))~! where X is
any place of Ey such that v and A have different residue characteristics —
see Theorem 3.10(a).

(b) The L-function of f is
L(f.s) = [[ Lo(f. 4,) for R(s) > 0.

Theorem 3.10. Let ko := max{k, | 7 € I}. Then

(a) The local L-factors are independent of the choice of A (as long as v and A
are not above the same rational prime ).

(b) The poles of the local L-factor at v [N are algebraic integers of absolute

value qf,ko*l)/? (under any complex embedding), i.e. Weil numbers.

(¢) The L-function defined above converges for all s € C with R(s) > k. It
has an entire continuation to the complex plane and a functional equation
A(f, ko—s) = A(f, s) where A is obtained from L by multiplication by suitable
L-factors at oo — see the references.

(d) The representation Vi(f) is irreducible.

References: [RT11], [Sk09], [B106], [Saill, Thm 2], [Ri85] for part (d), case
of elliptic modular forms, [Tay97] for (d) for Hilbert modular forms.

Remark 3.11. The idea of [Ri85] is as follows: If the representation is reducible
get €2 &5 on the diagonal up to finite order with product 5?71 up to finite order
(by CFT). The Ramanujan-Petersson bound yields 2a = 2b = k — 1. Growth of
L-function at s = k gives two contradictory bounds (cusp form versus Eisenstein
series.)

3.4 Compatible systems of Galois representations I (see

[Se68])

Definition 3.12 (Weakly compatible system). Let £ be a number field and P
its set of finite places. Let Sy consist of the places v of F' such that v and X lie
over the same rational prime ¢. A family of n-dimensional continuous Galois rep-
resentations (p,\: Gp — GLn(EA)) is an E-rational weakly compatibly system
(with finite ramification set S) if

AEP
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(a) for all A € P, the representation p, is unramified outside S U Sy;

(b) for all finite places v of F not in S there exists a polynomial p,(T) € E[T)
such that

po(T) = det(1 — Tpx(Frob,)) € EA[T] VA such that v ¢ S,
where F is canonically a subfield of E), its completion at .

Example 3.13. Let py~ denote the set of /-power roots of unity in F for some
number field F. It is clearly stable under Gg. Define the ¢-adic cyclotomic
character ,: Gp — Aut(py=) = Zj by g — (¢ — Cefi@) for all n. (This
is independent of the choice of roots ({s).) Then (g,), forms a compatibly Q-
rational system with ramification set S = ().

Extending Definition 3.1, we shall write V;(A) for the rational ¢-adic Tate
module of any abelian variety A.

Theorem 3.14. (a) If A is an abelian variety over a number field F, then the
representations Vy(A) form a Q-rational weakly compatible system with ram-
ification set, the set of places of F' where A has bad reduction.

(b) If f is a Hilbert modular form over a totally real field F', then the representa-
tions VA(f) form an E;-rational weakly compatible system with ramification
set, the set of places of F dividing the (minimal) level N of f.

Part (a) is [ST68, Thm. 3]. Part (b) is immediate from Theorem 3.8.

Remark 3.15. Now we can meaningfully talk about the symmetric powers of an
elliptic curve A/F. Namely we can mean by this the weakly compatible Q-rational
family (Sym" V4(A)) of representations of dimension n + 1.

3.5 What does it mean for an elliptic curve A to be mod-
ular?

e A and f have the same L-function.
It is elementary to see that this implies a,(A) = a,(f) for all places of F at
which A has good reduction and which do not divide the level.
Converting this into a statement about Galois representations it follows that
Vi(A) = Vi(f) (and Ef = Q). Remembering that we defined L-factors at
bad (or at all places) via the Galois representation (and inertia invariants),
it follows that we must have equality of the remaining L-factors.

e The f-adic Tate module V;(A4) of A and the f-adic Galois representation
Vi(f) attached to f are isomorphic for one ¢ (or all £).
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e Even better: From f one can (often, and always if [F' : Q] is odd) construct
an elliptic curve Ay (in some jacobian of a modular/Shimura curve). Then
A being modular means that A is isogenous to some Ay.

The three notions above are equivalent, provided they all make sense — note that
Ay is not always defined. The proof is an instructive exercise. The following
remarks may be helpful.

Remark 3.16. (a) If two elliptic curves A and A’ are isogenous over F', then
they have the same Galois representation and thus the same L-function.
Consider the isogeny 0 — K — A — A’ — 0 with finite kernel K. Passing
to (*°-torsion points and Tate modules, we deduce

0 — K[>] — Ta,(A) — Ta,(A") — 0.
Tensoring with Q, over Z,, the left hand term disappears and the other two

become isomorphic.

(b) It is a deep theorem due to Faltings [Fa82], the semisimplicity conjecture
of Tate, that shows that for Galois representations of abelian varieties A, A’
over a number field F' we have that A and A’ are isogenous if and only if they
have isomorphic Galois representations. Faltings proves that the following
natural homomorphism is an isomorphism:

Hom(A, A') ®z Q, — Homg, (¢, (Ve(A), Vi(A4")).

rational isog. A— A’ G p—equiv. homom.

4 Weil-Deligne representations

The following is based on notes by T. Gee from the 2011 Winter School in Postech,
Korea. The ultimate source for this is the important article [Tat79].

Question: Can one define a refined notion of compatible system that also takes
ramified primes into account?

Answer: Yes, by introducing Weil-Deligne representations.

Question: Can one refine the notion of compatible system even further to also
include primes above the residue characteristic of the representation?

Answer: Yes (later), via Fontaine’s p-adic Hodge theory — and again Weil-Deligne
representations.
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4.1 Galois representations of local fields

The Weil group

Let K/Q, be a finite extension, O its ring of integers, m its uniformizer,
k = kg its residue field of cardinality qx. Let vig: K* — Z be the normalized
additive valuation and | |x the multiplicative valuation with |mg|x = ql}l.

Every element g of Gx = Gal(K/K) preserves O and induces an automor-
phism of the residue field k& of Og. The kernel of the induced homomorphism
Gk — Gy is the inertia subgroup I.

Denote by Frobg the canonical topological generator of Gy, the geometric
Frobenius, i.e., the inverse automorphism to k& — k : z — 29 . Pullback of
1 — Ix — Gxg — G — 1 along (Frobg) — Gy, defines the Weil group Wi in the
S.e.8.

0 — Ix — Wg — (Frobg) — 0.

Here Wy is a topological group by taking the neighborhoods of I (under the
profinite topology of Gk ) as a neighborhood basis of the identity.
The inertia subgroup

Define K™ as K'%. Then K™ = U,K((n_;) and Gal(K™/K) — Gy is an
isom.
Define K'™° := Uyeqnp)=1 K™ (71/"). By Kummer theory K'¢/K is Galois and

Gal(K'™™/K) =~ Gal(K'™/K™) x Gal(K™ /K) ~ 7/ x Z

with Z' = [],.., Ze.

Kummer theory says that g € Gal(K*™¢/K™) maps to Z'. Explicitly: choose
a compatible system of roots of unity ¢ := ((u)nprimetop C K™. Define for g € I
a sequence t,(g) in the inverse limit Z’ by g(x/")/x'/" = (i@ The t, define
a surjective homomorphism t; : Ix — Z'. Denote by tc¢ the composite of ¢,
with the projection Z' — Z;. The kernel of Gyn — Gal(K™™¢/K™) is the wild
ramification subgroup Pg. It is the pro-p-Sylow subgroup of Ik.

Let £x: Wi — (Frobx) — Z be character defined by Frobg +— 1.Then one
has

(4.1) te(g7g™") = g, Wte(7)
for 7 € Iy and g € Wk

Theorem 4.1 (Main Thm of local CFT). Let W2 denote the group

Wi /Wi, Wk]. Then there is a unique system of isomorphisms (for all extensions

of Qp)

Artg @ K* — Wb

such that
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(a) if K'/K is a finite extension and wgr /i : Wb =5 WP, then mgr 0 Art e =
AI‘tK ONK’/K7

(b) and we have a commutative square

K* AriK R W[aéb
VK l x \Lcan T g—3g
Z a—Frobf <FrObK>

Definition 4.2 (Weil and Weil-Deligne representations). Let L be a field of char-
acteristic zero.

A representation of Wi over a field L (on a finite dimensional vector space over
L) is a representation which is continuous with respect to the discrete topology
on L and the one defined above for Wg.

A Weil-Deligne representation of Wi on a finite dimensional L-vector space V'
is a pair (r, N) (or a triple (V;7; N)) where r is a representation of Wx on V' and
N is in End(V) such that for all 0 € W one has the following analog of (4.1)

(4.2) r(o)Nr(o) ™' = ¢, ¢<@N.

Remark 4.3. For r as above the image r([f) is finite. Moreover by considering
the eigenvalues of N it easily follows that N is nilpotent. Finally, the relation
(4.2) is equivalent to r(0)N = N7 (o) for all o € I and 7(¢)Nr(¢)~! = ¢ N for
¢ € Wi a lift of the geometric Frobenius Froby.

The conductor of a WD-representation is

c(r,N) := ¢(r) + dim V% — dim(Ker(N : V — V)Ix)

where ¢(r) is the usual Artin conductor of a discrete representation in characteris-
tic zero. The Artin conductor of ¢(r) can be defined as the Artin conductor ¢(r”)
of the finite image representation ' from part (f) of the following exercise — 7’ is
a twist of r by an unramified character.

Exercise 4.4. (a) For a representation (V;r) of Wx and m > 1, define Sp,,(r)

as the triple
( D v P r-|Art;<1|z—i,N>

1=1,....m 1=1,....m

with NNV restricted to the i-th component V' that is acted on by r - |Art;<1|§<
being the isomorphism to the i 4+ 1-th component acted on by r - [Art,' 33!

Then this defines a WD-representation.

(b) Every WD representation is isomorphic to a direct sum of representations

Spy (7).
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(c) If (r; V; N) is a WD representation of Wy and K'/K is a finite extension,
then the restriction (r|g,,;V; N) is a WD representation of Wi

(d) If r is a representation of Wi, then there exists a finite index subgroup H
such that r(H) lies in Z(r(Wk)). In particular, the projective representation
induced from r has finite image.

(e) There exists a representation " of G (of finite image) such that r and /|y,
have the same projective image, and in particular any Weil representation
is a twist of a representation of Gk (of finite order) by character of Wyg.
(Hint: [Se77, Cor. of Thm. 4].)

(f) There exists a representation 1’ of Gk (of finite image) and an unramified
character y of Wy such that r = xy @ 1.

(g) Let o be in Wi \ I. Then for any 7 € Wi there exist n in Z and m € Z~q
such that r(c™) = (7).

(h) For a representation r of Wi the following conditions are equivalent: (a) r
is semisimple. (b) r(o) is semisimple for all ¢ € Wx. (¢) (o) is semisimple
for some o ¢ I.

(i) If (r; N) is a Weil-Deligne representation of Wy, then (r, N)F'=5 := (5, N)
is a WD-representation of Wi.

Note that by r*° we mean the following semisimplification: suppose the « is any
automorphism of a vector space over a field L. Then « can be written in a unique
way as a = a® - a™P for commuting endomorphisms a® and o*™™P such that o
is semisimple, i.e., it is diagonalizable over L2, and o™ is unipotent, i.e., all of
its eigenvalues are one. Now one defines % to mean that for any g € Wk, one
sets r(g) := (r(g))™ in the sense just described. Note that since Ix has finite
image under r, all elements in r(Ix) are semisimple.

Definition 4.5. A WD-representation (r, V) is Frobenius semisimple if 7 is semi-
simple. (i.e. 7(¢) is semisimple as an endom.)

Definition 4.6. Let L be an algebraic extension of Q, with ¢ # p.

(a) Ae GL,(L) is bounded if det A lies in OF and det(1 — T A) in OL[T].
(b) A representation r of Wy is bounded if (o) is bounded for all ¢ in W

Remark 4.7. (i) In (a), the matrix A is bounded if it stabilizes an Oy, lattice
in L™

(ii) In (b), the representation r is bounded if and only if r(o) is bounded for
some o & Ig.
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Theorem 4.8 (Grothendieck’s Monodromy Theorem, [Tat79, Cor. (4.2.2)]). Sup-
pose | # p, K/Q, is finite, L/Qy is finite and V is a finite dimensional L-vector
space. Fiz a lift € Wi of Frobg and a compatible system ¢ = ((,) of roots of
unity in K®&. (This defines a unique tce: Ix — Zg for all € # p.)

For any continuous representation p : Gx — GL(V), there exists a finite
extension K' of K such that p(Ix:) =1 mod 2¢ for an Op-lattice of V' stabilized
by G and there exists a unique nilpotent endomorphism N of V' such that for all
o € Ix: one has (o) = exp(Nt¢o(0)).

Moreover if r : Wi — GL(V) is defined by

r(0) = p(o) exp(Nt (¢~ Vo)),

then (r,N) =: WD(p) defines a WD-representation of Wx. The functor WD =
WDy ¢ defines an equivalence of categories from continuous representations p to
bounded WD-representations (r, N).

Finally for any choices (¢,¢) and (¢', (') there is a natural isomorphism

WD¢>’< — WD¢/A’</ .

Proof. Exercise: The main tool needed is the existence of an f-adic logarithm.
This is ensured by the condition that p on Ixs has pro-¢ image and that the
matrices of this image are congruent to 1 mod 2¢. Then the usual series for the
log converges. O

Remark 4.9. Suppose p : Gxg — Aut(V) is unramified. Then N = 0 and
r(Ig) = {1} for (r,N) = WD(V). Thus r is completely determined by p(¢)
for a lift ¢ of Frobg. In other words, WD(p) depends on the conjugacy class
of p(¢), i.e., its rational canonical form. If one passes to WD(p)' =, then the
isomorphism type of the latter is completely determined by the characteristic
polynomial det(1 — TFrobg|V).

4.2 Compatible systems II

Definition 4.10 (Strictly compatible system). Let E be a number field and P
its set of finite places. For A € P let Sy denote the set of places v of a number
field F' such that v and A lie over the same rational prime ¢. A family of n-
dimensional continuous Galois representations (Vy)xep of Gp is an E-rational
strongly compatibly system (with finite ramification set S) if

(a) for all A € P, the representation V) is unramified outside S U Sj;

(b) for all finite places v of I not in S there exists a polynomial p,(T") € E[T]
such that

po(T) = det(1 — TFrob,|V)) € E\[T] VA such that v ¢ Sj;
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(c) for all finite places v in S there exists an Frobenius semisimple WD-repre-
sentation (r,, N,) of F, such that

WD(Vilgp, )¥ % = (ry, N,) VA such that v ¢ S).

Conjecture 4.11 (Fontaine, Serre, Deligne). If V' is a representation that occurs
in the L-adic étale cohomology of a smooth proper variety over a local field, then
its associated Weil-Deligne representation is Frobenius semisimple. Moreover the
Weil-Deligne representation is independent of . See [Tat79], [Fo94c, Section
2.4.], [Sed1, §811,12].

Theorem 4.12 (Carayol, Eichler-Shimura, Langlands, Deligne, see [Ca86]). For
v a Hilbert modular eigenform, the family (Vi(f)) is a strongly compatible E;-
rational system;

Theorem 4.13. Suppose A/F is an abelian variety. Then (V,(A)) is a strongly
compatible system.

I could not find a reference for Theorem 4.13 as stated. Strict compatibility
at places of good reduction is standard. The case of semistable reduction can be
deduced from the thesis of A. Laskar from 2011 (Strasbourg). According to private
communication with Fontaine, the result as stated has the status of a theorem. It
can be deduced from Raynaud’s rigid analytic models for abelian varieties with
semistable reduction. Apparently the finite Galois action of a Galois extension
over which semistable or good reduction is acquired poses no problems. But a
reference for the general case seems to be absent from the literature.

5 How to deal with primes above /(7

5.1 An example

Given A/F an elliptic curve, ¢ a rational prime, v a place of F' above £ and with
residue field k,. What do we know about V,(A) restricted to a decomposition
group at v?

e good reduction at v. If A/F, has good reduction, then A/k, is an elliptic
curve and there is a short exact sequence

0 — A[(>](F,) — A[*](F,) — A[e*](k,) — 0

where A°[¢*°]](F,) is given by a formal group of dimension 1 and height
1 (ordinary case) or height 2 (supersingular case) and A[(*](k,) is either
isomorphic to Q,/Z, if A/F, is ordinary or trivial if A/F,, is supersingular.
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— ordinary subcase. Here V;(A)|q, is an extension of two 1-dimensional
representations and thus of the form

P Gy — GLo(Qy) : g — (”(Q%X(g) X*Y(g) )

with respect to a suitable basis and where ¢, is the ¢-adic cyclotomic
character and y is an unramified character. Due to the Weil-paring,
the determinant must be ;. Note the ¢, is infinitely wildly ramified —
so that there is no associated WD-representation.

— supersingular subcase. Now V;(A4)|q, need not have a filtration.
If Endg, (A/F,) is 2-dimensional then the formal group is given by two
conjugate Lubin-Tate characters and easy to describe via local class
field theory. In general, the representation is absolutely irreducible
and remains so over any finite index subgroup H of G,. The mod ¢
reduction is rather special as can be seen from analyzing the ¢-torsion
group via the formal group law of A/F,. The representation is infinitely
ramified and again there is no direct way to get a WD representation.

Exercise 5.1. Suppose A has good reduction and 7 denotes the Frobenius endo-
morphism on A/k,, so that 7 satisfies the quadratic polynomial p,(T) = T?*—a, T+
¢, with integer coefficients, where #A(k,) = ¢, — a,(a) + 1. Let a, 3 € Z be the
roots of p, so that vy, (af) = 1. It is also standard that #A(k})) = ¢! —a"—["+1
for k7' the unique extension of the finite field k, of degree n. Show that A/k, is
supersingular if and only if v, (a), vy, () > 0, if and only if v, () = v, (8) = 1/2.
If A, is ordinary, then without loss of generality vy, (o) = 0. Show that x ' (Frob,)
acts on the p™ torsion points in the same way as 7 and that x~!(Frob,) = a.

e semistable reduction at v (here only split multiplicative reduction).
Here one uses the Tate curve of A/F,. It shows that the Galois action on
the £>-torsion points is given by the Galois action on F*/¢” for ¢ € F* an
element of valuation strictly less than one. The ¢ torsion points are given
by the set {¢/*" an | i,j € Z}. This describes an infinite Kummer extension
of F,. The corresponding Galois extension is of the form

po: Gy — GLa(Qy) 1 g — (Eéég) T)

e potentially good or potentially semistable reduction (or non-split
multiplicative reduction).
The representation is as above after one restricts Gp, to a suitable open
subgroup (coming from the field over which good or semistable reduction is
acquired).
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Comparison to ¢'-adic data.
If one looks at the #'-power torsion, then the above cases correspond to unramified,
unramified, semistable (N # 0) WD-representations or the general case of a WD-
representation.

For the representations that arise from modular forms one has a similar be-
havior. The solution of the puzzle:

5.2 Fontaine’s mysterious functors

References are [Ber02, Ber10, Berl12], [CB09], [Fo94a, Fo94b], [FO09], [GMO09].
Let K be a finite extension of Q, and K, the subfield of K that is maximal
unramified over Q,. Fontaine defines functors D,, * € {HT,dR, cris, st} from

{p: Gk — GL,(Q,) | p is COHt.}

to modules over K, ®q, Q; for K, = K, K, Ky, or Ky, respectively, with some
additional structure coming from some rings B, of Fontaine with B, C Bg C
Bar and Byr is the graded ring associated to Byr. The structures are a continuous
action of G and

(a) a graduation,
(b) a filtration,
(c)

()

a filtration and a semilinear endomorphism ¢ (Frobenius)

a filtration and two endomorphisms ¢, N — for more, see 5.3.

The rings B, also satisfy Bé%* = K,. One calls a representation p to be * (=
Hodge-Tate, de Rham, crystalline, semistable) if

(V(p)) ®q, B.)9" is free over K, ®g, Q, of rank equal to dimg V(p).

In all cases one has < for the rank.

The ring Byt attaches the HT-weights (in Z) to a representation. The ring
Bgg carries a Z-graded filtration. The property of being Hodge-Tate or de Rham
is invariant under finite extensions E/K. The property of being cris and st are
not invariant under such extensions. So one also has the notions of potentially
crystalline and potentially semistable; for instance p is potentially crystalline if
there exists a finite extension E/K such that p|q,, is crystalline. The implications
for a representation V' are described in the following diagram

V' is cris =———=1V is semist.

V' is pot. cris=——=1V is pot. semist. 2B KN V is d(R=—=1V is HT.

The proof of Fontaine’s conjecture that the notions de Rham and potentially
semistable are equivalent, due to A=I. André, B=L. Berger, K=K. Kedlaya, M=Z.
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Mebkhout, is described by Colmez in [Co03]. Berger proves that Crew’s conjec-
ture is equivalent to the conjecture of Fontaine, and the three other authors,
independently, give a proof of Crew’s conjecture.

5.3 The WD-representation of a potentially semistable
V =V(p) of rank d (after Fontaine)

Let K,V be as above and suppose K'/K is a ﬁnitg Galois extension such that
V\G'K is semistable. Then Dy (Vlg,,) = (D, ®, N, Fil') where

(a) D is a free K} ®g, Q, module of rank d.

(b) ¢p: D — D is 0 ®id linear with o: K — K|, the Frobenius in Gal(K]/Q,),
(¢) Np: D — D an K{®g, Q,-linear endomorphism such that Np¢p = pgpNp,
(d) a decreasing, separating, exhausting filtration Fil’ of (D ® K, K'),

and the quadruple is equipped with an action of Gal(K’/K), i.e., an action
Gal(K'/K) — Aut(D, ¢p, Np, Fil*).

If the representation is semistable, one has K’ = K, if it is potentially crystalline,
then N = 0 (and vice versa).

Remark 5.2. The quadruple (D, ¢p, Np, Fil’) is weakly admissible - which is a
characterization of the image of the mysterious functor; it means that ¢ty (D) =
ty(D) and ty(D') < ty(D') for all stable (but not necessarily free) subobjects D’
of D. Here tg(D) is the index of the unique jump of the filtration of the induced
filtration Fil’ /\d D and ty is the slope of /\d op.

The associated WD-representation to p is basically obtained by forgetting the
filtration, see [GMO09] and [Sav05, Def. 2.15] for K = Q,: Observe that

K(/) ®Qp @P = @ QTP
T: Ké*}@

Correspondingly one has

D =D ®e5 K0, G = P D

T: K[']—>(QTP
with suitable components D, of D. One verifies that ¢£:I)<{):Qp] induces an isomor-

phism of the D, since it is K{ ®g, Q,-linear. Fix 7y among the 7.

Definition 5.3. Let K,V, K’, D be as above and let ¢ € Wy be a lift of Frobg.
Then the WD-representation WD(V') is the triple (U, r, N) where
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(a) U is the Q, vector space D,
(b) r: Wi — Autg;(U) is the Weil representation determined by

(i) defining r|s, as the restriction of the Ky ®g, Qp-linear action Ix —
Gal(K'/K) on D to the invariant subspace D,

(ii) and having ¢ act as ¢;'¢; on D, where ¢, is the action of ¢ via
Gal(K'/K) and ¢, is the action ¢!5°%! both times on D and then
restricted to the invariant subspace D,

(¢) N is the restriction of the endomorphism Np from D to its invariant sub-
space D, .

In the case where K = Q, and K’/ K is totally ramified, so that K, = K, = Q,,
the vector space U is simply equal to D and ¢ is the inverse of ¢p (and N = Np).

Note: The eigenvalues of r(¢) to the power [K| : K] are those of QSB[K‘(’:QP].
Hence their p-adic valuations are up to the scalar K, : Q,] the slopes (= p-adic
valuations) of the eigenvalues of ¢p. In particular they are typically not units, and
thus r is typically unbounded. This is therefore different from the case where K
and L have different residue characteristic.

5.4 Continuation of Example 5.1 of an elliptic curve A/F,

(a) If A has ordinary reduction, one has a short exact sequence
0— Dcris(Zl(EZX)) - Dcris(‘/é(A)) - Dcris(ZZ<X_l)) —0

where the outer modules have underlying D of rank 1. Thus Ds(Vz(A)) is
reducible.

(b) If A has supersingular reduction, then either D;s(Vz(A)) is a simple object
and remains so after base change to any finite extension E/F,, or there is
an extension F/F, of degree at most 2 over which Dq,;s(V;(A)) becomes the
sum of two 1-dimensional subobjects.

(c) If A has semistable but non-good reduction, then N = (é %), Dy (Ve(A))

has rank 2 and is reducible while D.s(V;(A)) has rank 1 only; see [Ber(2,
p. 18].

5.5 Compatible systems III

Definition 5.4 (Strictly compatible system, strong sense). Let E be a number
field and P its set of finite places. For A € P, and F' a number field, let Sy denote
the places v of S such that v and X lie over the same rational prime /.

A family of n-dimensional continuous Galois representations (Vy)xep of Gp is
an E-rational strictly compatibly system in the strong sense, (with finite ramifica-
tion set S) if



26 Gebhard Béckle

(a) for all A € P, the representation V, is unramified outside S U S, and poten-
tially semistable at the places in Sy;

(b) for all finite places v of F there exists a Frobenius semisimple WD-repre-
sentation (r,, N,) of F, such that

WD(VA\G%)F*SS = (ry, Ny) VA€EP.

Remark 5.5. As remarked earlier, if v is not in S, then (r,, N,) is simply
(p(Frob, )™, 0) — this is also true for places v in Sy \ S (so that V) is crystalline
locally at v). In particular, at v ¢ S U .Sy it suffices to require a compatibility of
characteristic polynomials

po(T) = det(1 — TFrob,|Vy) € EA[T] VA such that v ¢ Sy;

Remark 5.6. One can add further conditions on compatible systems: For in-
stance a purity of weight condition: All roots of all characteristic polynomials are
Weil-number of the same weight. Etc.

Theorem 5.7 (Faltings, see [Fa87]). For a cuspidal Hecke eigenform f the rep-
resentations (Vi(f))x are semistable of HT-weights (0,k —1).

Remark 5.8. The HT weights of V;(A) for an abelian variety A over a number
field F' are 0 and 1 equally distributed over all places v of F' above ¢ and all
embeddings F, — Q. A proof in other language is contained in [Tat67].

Theorem 5.9 (T. Saito, see [Saill]). For a cuspidal Hilbert modular Hecke eigen-
form f the system (Vy(f))x is strictly compatible in the strong sense.

Question 5.10. Is it known that for an abelian variety A over number field F
the family (Vy(A)), is strictly compatible in the strong sense? (The HT-weights
are 0 and 1 each with multiplicity dim A.)

5.6 A refinement: Fontaine Laffaille theory

The above is not the end of the story of understanding f-adic Galois represen-
tations of ¢-adic fields. One also needs integral information on V(p). Fontaine’s
theory above only contributes to f-adic information, but does not help if one
studies the mod ¢-reduction. One theory that achieves this is due to Fontaine and
Laffaille from [FL82].

Let K(/Q, be unramified (there are slight extensions which shall not bother
us) with ring of integers W, the ring of Witt vectors of the residue field of K.

Definition 5.11. A strongly divisible module is a free W-module M of finite
type equipped with a decreasing filtration by sub-W-modules (FiliM )iez such
that Fil’M = M, Fil'M = 0 for i > 0, each subquotient M/Fil'M free over W
and one has a semilinear, i.e., a o-linear, endomorphism ¢: M — M such that
G(FiI'M) C p'Fil'M and M = 3", p~*p(Fil' M).
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Theorem 5.12 (Fontaine-Laffaille). If M is a strongly divisible module, then
M ®z, Q, is admissible, i.e., equal to Des(V') for some ranky M dimensional
(crystalline) representation of G, .

Suppose conversely that V' is a crystalline representation of G, of HT weights
between 0 and p — 2 and with Q,-coefficients. Then Deis(V) contains a strongly
divisible module. (Hard part.)

Let A be a W-algebra. (e.g. W or W/pW or a finite W-algebra, or ...)

Definition 5.13. A Fontaine-Laffaille module over A is a finitely generated
W ® A-module M equipped with a decreasing filtration by sub-W ® A-modules
(Fil'M);cz such that Fil’M = M, Fil'M = 0 for i > p— 1, and with a semilinear,
i.e., a 0 ® ids-linear, endomorphism ¢': Fil'M — M such that ¢|pyi,, = ¢ and
M = Zz‘zo ¢ (Fil'M).

Define a torsion crystalline representation of weight k (k € N) to be any finite
representation of G, that can be written as T'/T" where T is a Galois stable lattice
in a crystalline representation of G, with Hodge-Tate weights in {0,...,k} and
T’ C T is a Galois stable sublattice. This yields a category of crystalline torsion
modules.

Theorem 5.14 (Fontaine-Laffaille). Suppose A is a finite W-algebra. If M is a
Fontaine-Laffaille-module over A, then under the integral version Teys of Deis the
module M is the image of the crystalline torsion A-module.

Conversely, if M is a torsion crystalline representation over A of weight k < p—2,
then the image under Ty is a Fontaine-Laffaille-module M over A.

Special case (we still assume that K/Q, is unramified):

Theorem 5.15 (Fontaine-Laffaille + Raynaud). Let MF},, be the category of
Fontaine-Laffaille torsion modules over W with Fil> = 0 and suppose p > 2.

Then there are equivalences of abelian categories:

MF!

tor

% { finite flat group schemes/W'} Ri> { flat repns. of G, }-
ay.

The latter applies in particular to modular forms of weigh 2 and abelian vari-
eties (with level prime to p or conductor not divisible by p, respectively). Refer-
ences are [Ra74] and [FL82].

It is possible to describe finite flat group schemes over finite extensions K/Q,.
For this rather deep theory, we refer to [Ki09b].

6 The Fontaine Mazur conjecture

The Fontaine-Mazur conjecture is the following statement:
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Conjecture 6.1 ([FM95]). Let F' be a number field and S a finite set of places
of F. Suppose that p: Grs — GL,(Qy) is continuous and irreducible and that
pla, is de Rham for all v|¢. Then p comes from geometry, i.e., there exists a

smooth projective variety X over F such that p is a subquotient of some (-adic
cohomology H (X5, Qy).

In special cases, the conjecture can be phrased in a more concrete form, in the
sense that a recipe is given where in geometry one can find the representation:

Conjecture 6.2. Let S be a finite set of places of Q. Suppose that p: Gg,s —
GL»(Qy) is continuous and irreducible. Suppose further that plc, is de Rham with
HT weights 0,w > 1. Then there exists an elliptic cuspidal Hecke eigenform f
and a place X of the coefficient field E¢ of f such that V(p) = VA(f).

Under the hypothesis that p is odd, conjecture 6.2 is proved in the majority
of cases by Emerton and by Kisin, independently, in [Em11] and [Ki09a]. The
oddness does follow from the Fontaine-Mazur conjecture, but so far it remains a
technical hypothesis in basically all arguments.

A second special case is the following:

Conjecture 6.3. Let F' be o totally real number field. Suppose p: Gps —
GLy(Qy) is continuous, irreducible and of weight 2, i.e., it is de Rham at all places
above { with HT-weights (0,1) for all places v|¢ and all embeddings F,, — Q. Then
p arises from a Hilbert modular form of weight (2,...,2).

Conjecture 6.3 in the form stated is completely open — even if one assumes that
p is totally odd. All known results impose severe restrictions on the ramification
at places above £. A weaker assertion is given by the potential modularity results
of Taylor. We follow the cases given in [Sn09]:

Theorem 6.4 (Taylor,Diculefait (version of [Sn09])). Suppose p is as in conjecture
6.3 and that its reduction mod ¢ is absolutely irreducible, that ¢ > 3 and that for
{ =5 some extra hypotheses are satisfied. Then

(a) the L-function L(p, s) has a meromorphic continuation to C and the expected
functional equation;

(b) there exists a strictly compatibly system (in the strong sense) (pr: Gps —
GL,(E))a for some number field E and a place \g such that py, = p.

Note that the theorem applies in particular to elliptic curves over F'. The proof,
as a combination of Brauer’s theorem on characters and the potential modularity
result by Taylor; both ideas stem from [Tay06]. Dieulefait in [Die07] observed how
to deduce (b) from Taylor’s results. An excellent survey of potential modularity
and modularity lifting theorems is also [Bul0].
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7

How to prove that A/Q is modular?

Let N be the conductor of the elliptic curve A.

We search for a cuspidal Hecke eigenform of weight 2 because A has HT-
weights {0, 1}.

Choose a prime p > 2 (for simplicity) not dividing N for which A[p] is
absolutely irreducible and modular; the later means that Alp] = V,(f) for
some modular form f (any weight and level). [By Taylor, potentially, this is
always possible. Wiles in [Wi95] uses p = 3 (but has to deal with problems
coming from p|N) and results of Langlands and Tunnel.]

By the weight and level part of Serre’s conjecture: we can assume that f
has level dividing N and weight equal to 2.

Consider the Hecke-algebra To(I'g(N)) over Z, acting on Sa(I'g(NN)) gener-
ated by T; and S, for primes ¢ not dividing Np. Each Hecke-eigensystem of
some eigenform g € So(Iy(N)) yields a ring homomorphism Ty(I(N)) —
F, : T, = ay(f) mod mg . Let m; be the kernel for our fixed f. Then the
localization Tj := Ty(I'o(/N))m, is a local ring.

Proposition 7.1. (a) Homg;(T;, Q,) is in bijection with the set of cuspidal

(b)

Hecke newforms of level dividing N and weight 2 whose associated mod p
Galois representation is isomorphic to p. (Mod p means mod A for some A
over p.)

There exists a Galois representation p™%: Gg — GLa(T;) characterized
completely by

Trace p(Frob,) = T, (and det p(Frob,) =¢,) for allv}Np.

The proposition says that any Galois representation that arises from a level N
form g of weight 2 and that is congruent to f mod p is obtained from p°d by a
ring homomorphism T; — Q,. Let M; denote the set of these modular forms.

Proof. Part (a) is an elementary exercise. For (b), let O be the ring of integers of
a finite extension K of QQ, that contains all coefficients of all g € M. Then there
is a representation

p: Gg— GLy([] 0)

geM;p

with p(Frob,) = (a,(g))gens,. Observe that T; is a natural subring via the homo-
morphisms from (a) of [] ¢,,, O which contains all traces Trace(p(Frob,)) = T5.
(under the various embeddings, T}, maps to the tuple (a,(g))gen,.) Now there is
a theorem of Carayol [Ca94] and independently Serre that uses the hypothesis:
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(i) T5 is a complete noetherian local ring with finite residue field, (ii) the ring
[1,err, O is semilocal with finite residue fields and it contains T, (iii) all traces
of the representation p belong to the subring T, (iv) p is absolutely irreducible.
Then p is already defined over Tj, and this is exactly the claim of (b) O

So now that we have a universal Galois representation for cusp forms of level
N, weight 2 and fixed p, the idea is to compare it to a Galois theoretically defined
universal representation, that is hopefully of the same kind but defined abstractly
and made so that it ”contains” V,(A).

Define (R = Rj n2, pr) as the "universal deformation ring” that parameterizes
all 2-dimensional p-adic Galois representation whose mod p reduction is A[p],
which at primes ¢ | N have the same WD-representation type as A, which at
p are crystalline of weights 0,1 (flat)?, and which have the same determinant as
Vp(A) and are unramified at all primes not dividing Np. (By the Weil-paring the
latter determinant is a finite twist of the cyclotomic character.)
Such a ring was first defined and studied by Mazur. The main method to relate
such rings to Hecke algebras is due to Wiles.
From the universality of R and the construction of T; one deduces (elementary):

Proposition 7.2. There exists a unique surjective homomorphism a: R — T,
such that

conj.
mod ©O1) o pr.

In the above situation one has the following result:

Main Theorem 7.1 ([Wi95, TW95, BCDT]). The map a: R — T, is an iso-
morphism.

There are many refinements by Clozel, Harris, Khare-Wintenberger, Kisin,
Taylor and “his” school and others, of which some are listed in the bibliography,
e.g. [BLGG, CHT, KW09, Ki09a, Ki09b, Tay08].
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Patching in Algebra
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Abstract

Patching methods have been used in algebra to perform constructions
in Galois theory and related areas. More recently, this approach has also
been used to obtain local-global principles over function fields of arithmetic
curves. These in turn have applications to structures such as quadratic
forms and central simple algebras. This article surveys these developments
as well as giving background and examples.
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40 David Harbater

1 Introduction and motivation

This article corresponds to the lecture series given by the author at the Luxem-
bourg Winter School, on the topic of patching in algebra.

Those lectures were complementary to the ones delivered by Moshe Jarden.
His lectures focused on patching in Galois theory, whereas these focused more on
applications of patching in other aspects of algebra, including variants of Galois
theory.

This article is also complementary to the author’s long manuscript [Hrb03]
on patching and Galois theory. That manuscript focused on the approaches of
formal and rigid patching. In contrast, the Luxembourg lectures of Moshe Jarden
focused on the approach of algebraic patching, and the lectures presented here
focused on an approach called patching over fields.

The lectures presented here were informal in tone, emphasizing the ideas and
intuition, providing pictures, and sketching proofs in key cases, rather than seeking
generality and completeness. A similar approach is taken here. The presentation
draws heavily on [HH10|, [HHKO09|, and [HHK11a|, co-authored with Julia Hart-
mann and with Daniel Krashen. The reader is referred to those manuscripts for
more detail.

In the lectures, and in this manuscript, we describe patching for vector spaces
and related algebraic objects over function fields of curves that are defined over
complete discretely valued fields such as k((¢)). We give applications to inverse
Galois theory and related questions. After describing variants on the patching set-
up to allow greater generality and flexibility, we consider the problem of patching
torsors, which are useful in classifying many other types of algebraic objects.
We then build on the results about torsors to study the notion of local-global
principles. Such principles, which are analogous to classical results about global
fields, can be regarded in a sense as a complement to patching (studying given
global objects by looking locally, rather than constructing global objects by using
local ones). Applications are then given to quadratic forms and central simple
algebras.

First, we begin with a discussion of the historical background and context of
patching.

1.1 Patching in analysis

The idea for patching originated in analysis in the nineteenth century, to construct
global objects from local objects; i.e. from objects that are defined on subsets and
agree on overlaps. A typical situation is represented by this picture, where objects
over S; and S that agree over Sy = S; N .Sy are patched to yield an object over
S = 51 U SQI
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S=5US,

In the analytic situation, the sets S; could be open subsets of a complex man-
ifold. The objects to be patched might be vector bundles, or perhaps finite ex-
tensions of the fields of meromorphic functions on the sets S;.

An early application of this approach concerned Hilbert’s 21st problem, on the
existence of a linear linear differential equation having a prescribed monodromy
group. See Section 3.2 below for a further discussion of this, including more recent
algebraic generalizations.

1.2 From analysis to algebra

Serre’s paper GAGA [Ser56] made it possible to pass between complex algebraic
geometry (in which one uses classical metric open sets) and algebraic geometry
with respect to the Zariski topology. In particular, it showed that the cohomology
of a coherent sheaf on a complex projective algebraic variety agrees with the
cohomology of the induced sheaf in the analytic topology. As a result, one can,
for example, cite results in the text by Griffiths-Harris ([GH78]) in the context of
the text by Hartshorne ([Hts77]).

Serre’s result can be viewed as a form of patching that passes from analysis
to algebra. Namely, one can cover a complex algebraic variety V' by metric open
sets S;. GAGA says, for example, that giving holomorphic differential forms w;
on S; for all ¢, which agree on the overlaps 5; NS}, is equivalent to giving a regular
(algebraic) differential form w on V.

For a more detailed discussion of GAGA from the perspective of patching, see
Section 2 of [Hrb03].

1.3 Patching in algebra

The main difficulty in carrying over the patching approach to a more purely
algebraic situation is that non-empty Zariski open subsets are very large — in
fact, in an irreducible variety, they are dense, with the complement being of lower
dimension. Thus, for example, if the objects to be patched are finite extensions
of the fields F; of rational functions on the sets S; C S, then the fields F; are
just isomorphic to the field F' of rational functions on the variety S itself, and
the procedure would not yield anything new. In order to be able to construct
new extensions of the field F' (e.g. for purposes of Galois theory), one would need
smaller sets S; to consider, whose function fields would strictly contain F'.
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Ironically, a way of dealing with the limitation of the Zariski topology is due
to Zariski himself. His approach used completions. As a first example, consider
the affine (z,t)-plane AZ = Spec(k[z,t]) over a field k. Viewing formal power
series as “functions defined near the origin,” we can take the ring k[[x,?]] and its
spectrum Spec(k[[x,t]]), viewing this as a small neighborhood of the origin. Here
the power series ring k[[x,t]] is the completion of the ring k[x,t] at the maximal
ideal m = (z,y) corresponding to the origin.

The corresponding picture is:

The function field of Spec(k[[z,¢]]) is the fraction field k((x,t)) of k[[z,t]], called
the field of Laurent series in x,t over k. (Note, though, that this fraction field is
not complete. Also, the elements in this field are not necessarily series in x and
t;eg 1/(z+1).)

As a more sophisticated example, we can consider a “small neighborhood” of
the x-axis in AZ. The z-axis is defined by the ideal (¢) in k[x,t]; and motivated
by the previous example we can take the t-adic completion of k[z,t¢]. This is
nlirrolo klxz,t]/(t") = k[z][[t]]. Tts spectrum can be viewed as a “tubular neighbor-

hood” of the z-axis in AZ, made up by a union of small neighborhoods of all the
closed points on the z-axis. Intuitively, this tubular neighborhood “pinches down”
near the point at infinity, since that point is not on the (affine) z-axis.

Note, for example, that the element x — t defines a curve in the affine (x,t)-
plane that meets this neighborhood non-trivially, intersecting the z-axis at the
origin; and correspondingly, (z — t) is a proper ideal in the ring k[z][[t]]. On the
other hand, the element 1 — xt defines a curve in the affine plane that does not
meet, this tubular neighborhood, since it approaches the z-axis at x = oo; and
indeed, (1 — xt) is the unit ideal in k[z][[t]].
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1.4 Formal patching

Grothendieck developed the above idea into the theory of formal schemes. Using
that theory, one can do formal patching. In this situation, one can regard a ring
like k[x][[t]] as analogous to the ring of holomorphic functions on a complex metric
open set; and by giving objects over such rings one can obtain a more global object.

The key theorem is a analog of Serre’s GAGA in the context of formal schemes.
It was referred to as GFGA in Grothendieck’s paper [Gro59] of the same name,
to emphasize the parallel and to explain that it related the formal and algebraic
contexts, just as Serre’s result related the analytic and algebraic contexts. This
result later came to be known as Grothendieck’s Existence Theorem. See [Gro61,
Corollaire 5.1.6].

Beginning the 1980’s, T used this approach in Galois theory, e.g. to realize all
finite groups as Galois groups over fields such as K(x) where K is the fraction
field of a complete local domain that is itself not a field (e.g. K = @, for some
prime p, or K = k((t)) for some field k). See [Hrb87]. Other results included the
freeness of the absolute Galois group of k(z) for k an arbitrary algebraically closed
field ([Hrb95]), and the proof of Abhyankar’s Conjecture on the Galois groups of
étale covers of affine curves in characteristic p ([Hrb94]). See Section 1.5 below for
a further discussion of such results and related work of others. Also see Section 3
of [Hrb03].

1.5 Rigid patching

Another form of patching is based on Tate’s theory of rigid analytic spaces (see
[Tat71]). This theory is modeled on that of complex analytic spaces, but with
differences to account for the fact that the topology induced by an ideal is totally
disconnected. These differences allow analytic continuation to be unique, as when
working over C, thereby leading to a “rigid” structure. (In contrast, a “floppy”
structure that would result from using a more naive construction in this totally
disconnected context.)

Rigid analytic spaces are phrased in terms of convergent power series in a non-
archimedean metric. For example, for the affine z-line over K = k((t)), the ring
K{x} of power series in K[[z]] that are convergent on the closed t-adic unit disc
turns out to be the same as the ring k[x][[t]][t"!], which is a localization of the
ring considered above. In fact, Raynaud later reinterpreted rigid analytic spaces in
terms of formal schemes, roughly giving a dictionary between the two frameworks
in the case that K is a complete discretely valued field. (See [Ray74].)

In the early 1990’s, Serre suggested that results in Galois theory could also
be obtained via rigid patching. Using this approach, results in [Hrb87] were then
reproved by Q. Liu in [Liu95]. Later, this approach was used to prove many other
results related to Galois theory. In [Ray94], M. Raynaud used rigid patching (and
other methods) to prove Abhyankar’s Conjecture in the case of the affine line;
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this was one of the ingredients in the proof of the general case in [Hrb94|. F. Pop
proved a number of results on the structure of absolute Galois groups of function
fields in a series of papers including [Pop94] and [Pop95], the latter of which gave a
rigid proof of the result proved at the same time in [Hrb95| using formal patching.
See Section 4 of [Hrb03] for more about the use of rigid patching in Galois theory.

1.6 Algebraic patching

In the mid to late 1990’s, another framework for patching was established, in
work of D. Haran, M. Jarden and H. Vélklein. This framework, called algebraic
patching, avoids the machinery of Grothendieck and Tate, and is designed to iso-
late what is needed for applications to Galois theory. As the name indicates, the
approach avoids mention of geometric objects, preferring to focus on the rings and
fields involved. Like rigid patching, it relies on convergent power series with re-
spect to a non-archimedean metric, but without mention of rigid analytic spaces.
Key ingredients include versions of Cartan’s Lemma and the Weierstrass Prepa-
ration Theorem.

Some of the results that had been shown by formal or rigid methods were
reproven in this framework, as well as additional results concerning the Galois
theory of function fields of curves. See [HV96] and [HJ98] for early papers in this
direction. See also the lecture notes of Moshe Jarden at the Luxembourg Winter
School, and also the volumes [Jar11] and [V5196].

1.7 Patching over fields

Beginning in 2006, a framework of patching over fields was developed by Julia
Hartmann and myself in [HH10], for the purpose of making patching more ap-
plicable to other algebraic contexts, and also to avoid heavy machinery. It uses
and emphasizes the fraction fields of the rings that appear in formal and rigid
approaches. In this way, the spaces that are used in those earlier approaches, and
sheaves of functions on those spaces, are replaced by fields and vector spaces over
them. As a consequence, this approach is more elementary in nature, but more
general in application, since it permits uses in situations in which the objects are
inherently defined over fields rather than rings or spaces.

Like algebraic patching, it relies on a form of Cartan’s Lemma, and it uses
a form of Weierstrass Preparation. But like formal patching, it relies on adic
completions of rings (e.g. formal power series) and their fraction fields, rather
than on convergent power series.

This approach is being used in work on quadratic forms, central simple al-
gebras, and analogs of Galois theory (Galois theory of differential equations and
Galois theory of division algebras). See in particular [HHK09| and [HHK11a],
written jointly with Julia Hartmann and Daniel Krashen.
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The remainder of this lecture series discusses this framework and some of its
uses.

2 Patching algebraic structures

We begin by describing patching over fields in a basic situation: where the objects
being patched are finite dimensional vector spaces. Afterwards we turn to other
types of algebraic structures.

2.1 Patching vector spaces over fields

Motivated by the ideas in Section 1, we consider four fields F, Fy, F», Fy that fit
into a commutative diagram

(2.1) Fy
e N

where the lines represent inclusions. We assume here that F is the intersection of
F| and F3; inside the common overfield Fj.

As an example, we may consider the situation discussed before: a space S is
covered by two subsets S7, S5; and Sy is the intersection of S;N.S,. In this context
we take F' to be the field of (rational or meromorphic) functions on S and we let
F; be the field of functions on S;, for ¢ = 0, 1,2. Given some structure over S; and
over S5, together with an isomorphism between their restrictions to Sy, we wish
to “patch” them together in order to obtain a structure over the full space S that
induces the given structures compatibly. From the algebraic point of view, given
structures over F, F5 with an isomorphism between the structures they induce
over Fy, we want to show that there is a unique structure over F' that induces
them compatibly.

To make this more precise, we need to interpret the notion of “structure”. As
a first case, take the structures to be finite dimensional vector spaces. Given a
field E, let Vect(E) be the category of finite dimensional vector spaces over E. If
E C F', there is a functor Vect(E) — Vect(E') given by V — V ®g E'. For a
diagram of four fields as in (2.1) above, there is a base change functor

(2.2) ® : Vect(F) — Vect(F1) Xveet(ry) Vect(F3),

where the objects in the right hand category consist of triples (Vi, V4, p), with V3
in Vect(F};) and with g an isomorphism of Fy-vector spaces Vi @ g, Fy — Va®p, Fo.
(This is roughly a fiber product of categories. Actually, because of the choice of
i, it is not exactly a fiber product, but rather a “2-fiber product”.) Objects in this
category will be called patching problems. The desired patching assertion is that
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the functor ® is an equivalence of categories. In particular, this says that every
patching problem has a solution; i.e. there is an object in Vect(F) that induces
it, up to isomorphism. While we refer here to finite dimensional vector spaces,
we will also later consider the corresponding situation for other interpretations of
“structure”; e.g. for finite dimensional associative algebras, or Galois extensions
with a given group, etc.

To be able to obtain an equivalence of categories as above, we need to choose
the fields F; appropriately. If we work classically (e.g. analytically, say with alge-
braic varieties over R or C), we can take the sets S; to be metric open sets, and
take F; to be the field of meromorphic or rational functions on S;. But if we work
with varieties over more general fields, there is the problem that the Zariski topol-
ogy is too coarse: all open sets in an irreducible variety have the same function
field. Our approach will be to consider varieties over fields K which (like R and
C) are complete with respect to a metric. Namely, we can take a base field K that
is a complete discretely valued field such as k((¢)) or Q,; i.e. the fraction field of
a complete discrete valuation ring T (in these two examples, k[[t]] and Z,).

2.2 Basic example: the line

As an example, let T = k[[t]] and K = k((¢)), and consider the T-curve X = PL,
the projective x-line over T'. There is then a structure morphism X — Spec(T),
where Spec(T') consists of two points: a closed point corresponding to the maximal
ideal (t) of T, and the generic point corresponding to the zero ideal of T. The
closed point is a copy of Spec(k), and the generic (open) point of Spec(T) is a
copy of Spec(K). We may view Spec(T) as a “small neighborhood” of the origin
in the t-line over k. The corresponding picture is:

X =PL Spec(T)

Here the fiber X of X over the closed point of Spec(T) is a copy of P}, and
the fiber over the generic point of Spec(T) is a copy of Pi.. The affine T-line
AL = Spec(k[[t]][z]) is a Zariski open subset of X, and its fibers over the closed
and generic points of Spec(T) are the affine lines over k and K, respectively.

Al Spec(T)
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The field of rational functions F on X is the same as the field of rational functions
on this open subset, viz. k((¢))(x) (this being the fraction field of k[[t]][x]).

We can instead consider the affine z-line over the base ring T' = Z, of p-adic
integers, with uniformizer ¢ := p. In this situation the residue field k is F, and
the fraction field K is Q,. The schematic pictures look the same as above, and
the above discussion carries over to this case, with k[[t]][z] replaced by Z,[z] and

k((t))(z) replaced by Q,(x).

2.3 Subsets and overfields

In general, consider a proper smooth curve X over Spec(T), with T a complete
discrete valuation ring having uniformizer ¢, and let F' be the field of rational
functions on X. Let X C X be the closed fiber. For any subset U C X that does
not contain all the closed points of X, let Ry be the ring of rational functions on
X that restrict to rational functions on X and which are regular at the points of
U. Let Ry be the t-adic completion of Ry. Note that if U contains at least one
closed point of X, then Ry and Ry are two-dimensional domains; whereas in the
case U = &, the rings Ry and Ry are discrete valuation rings. With U as above,
the fraction field Fy; of Ry is an overfield of F'. We also write Fx = F.

In the above example of the projective T-line, we can take the open set U; =
A} = Spec(k[z]), the affine z-line over the residue field k of 7. This is the
complement of the point * = co in X = P,. In the case that T = k[[t]], the
ring Ry, is the subring of F = k((¢))(x) consisting of rational functions f/g
where f,g € E[[t]][z] such that g does not vanish anywhere on U;. That is, the
reduction of g modulo ¢ is a unit in k[z], or equivalently a non-zero constant in
k. The t-adic completion Ry, is given by k[z][[t]]. Observe that this ring strictly
contains k[[¢]][z], the ring of regular functions on A}. For example, > 2%’ is
contained in the former, but not the latter. This inclusion of rings corresponds to a
morphism of their spectra in the other direction, viz. Spec(ﬁUl) — AL. Note that
Yoo a'tt = (1 —at)™' € k[z][[t]], and so (1 — at) is the unit ideal in k[z][[¢]], and
does not correspond to a point of Spec(ﬁUl). But (1 — «t) does generate a prime
ideal in k[[t]][z], and does define a non-empty closed set in Spec(k[[t]][x]) = Al
(Cf. the discussion in Section 1.3.)

locus of (1 — xt) N

i LU
1 J

Spec(EUl) AL

Similarly, the fraction field F = k((¢))(z) of k[[t]][z] is strictly contained in
the fraction field Fy, of Ry, = k[z][[t]], which is in fact transcendental over F.
Intuitively, we can regard Spec(Ry,) as an analytic open subset of the algebraic
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(Zariski) open subset AL C X; and regard k[z][[t] and its fraction field as con-
sisting of the holomorphic and meromorphic functions on this set.

In the above example, we can also consider the open set, Uy C X given by the
complement of the point = 0 on X = P}. This is another copy of the affine
line over k, with ring of functions k[z~!]. We then obtain Ry, = k[z~][[t]], with
fraction field Fy,. Let Uy = U; N Usy; this is the complement of the two points
2 =0,00 in X. We then have Ry = k[z, z72][[t]], with fraction field Fy.

1/ b AW \
JA A\ JA J
Spec(EUZ) Spec(]T?Uo)

If we take U to be the empty subset of X (or equivalently, the subset consisting
just of the generic point of X), then Ry = Ry = k(x)[[t]], which is a complete
discrete valuation ring (unlike the rings above, which were two dimensional). Its
quotient field is Fiy = k(z)((2)).

As in Section 2.2, we can instead consider the analogous case of the z-line
over T' = Z,. The schematic pictures are again the same as in the power series
case, though the rings are a bit more awkward to write down explicitly. With
U the affine line as above, the ring ﬁUl is the p-adic completion of Z,[z], i.e.
lim Z,[x]/(p"). For example 1 — px is a unit in this ring, with inverse Y ° p'z’.
On the other hand, the elements z, z—p, and p each define proper principal ideals,
corresponding to curves in Spec(Ry,). Similarly, if we let Uy be the complement
of 0o in PL and let Uy be the complement of the two points 0,00 in PL, then EUQ
and Ry, are the p-adic completions of Zy|z7'] and Z,[z,27']. Note also that in
this situation, Ry is the p-adic completion of the discrete valuation ring Z,[z] ()
Its fraction field Fy is the same as the completion of the field Q,(x) with respect
to the Gauss valuation; i.e. with respect to the metric induced on this field by the
ideal (p) C Zy[z](p)-

2.4 Solutions to patching problems

As the above pictures suggest, we can regard X as covered by the “analytic open
sets” Sp := Spec(Ry,) and Sy := Spec(Ry,), with Sy := Spec(Ry,) as the inter-
section of these sets. In fact, this can be made precise: the natural morphisms
Sop — S; — X (1 = 1,2) define injections on the underlying sets of points, with
the images of S; and S5 covering )A(, and with the image of Sy in X being the
intersection of those two images. Moreover, as we discuss below in Section 5, the
fields F and F; := Fy, (1 = 0,1,2) form a diagram of fields as in (2.1); and the
corresponding functor ® as in (2.2) turns out to be an equivalence of categories.
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More generally, let X be any smooth projective T-curve with function field F'
and closed fiber X, and let Uy, Uy be subsets of X with U;UU; = X. Suppose that
neither U; contains all the closed points of X. Write Uy = U; N U; and F; := Fy,.
Then the base change functor ® : Vect(F) — Vect(F1) Xveey(rmy) Vect([F?) is an
equivalence of categories. Thus given finite dimensional vector spaces V; over F;
(¢ = 1,2) and an Fj-isomorphism between the Fy-vector spaces V; ®p, Fy that
they induce, there is a unique finite dimensional F-vector space V inducing them
compatibly. Moreover, if we identify V; with its isomorphic image in V; ®p, Fp,
and if we identify Vi ®p, Fy with V := Vo ®p, Fp via the isomorphism p, then we
get that V' is equal to V4 N V4 inside V4. In particular, if we let n = dimp, (17)
(which is equal to dimp,(V2)), then dimg(V; N V3) is necessarily equal to n. See
Theorem 5.3 below.

2.5 Patching for other objects

While the above specifically concerns finite dimensional vector spaces, many alge-
braic objects over a field consist of a finite dimensional vector space together with
additional structure that is given by maps such that certain diagrams commute.

For example, consider finite dimensional associative algebras A over F. To give
A is to give a finite dimensional F-vector space A together with an F-vector space
homomorphism A ®p A — A such that a certain diagram commutes (correspond-
ing to the associative law). The above equivalence of categories for vector spaces
(which preserves tensor products), together with the assertion that V = V; NV,
yields the corresponding equivalence of categories for finite dimensional associative
algebras, again with inverse given by intersection.

As explained in [HH10, Section 7], some other examples of algebraic objects for
which equivalences of categories follow in this manner are these: finite dimensional
associative F-algebras with identity; finite dimensional separable F-algebras; cen-
tral simple F-algebras (i.e. the center is F and there are no non-trivial two-sided
ideals); differential F-modules (i.e. finite dimensional F-vector spaces together
with a derivation over F'); separable F-algebras (i.e. products of finitely many
finite separable field extensions of F'); and G-Galois (commutative) F-algebras
(for some finite group G).

An object of this last sort is by definition a separable F-algebra A of dimension
equal to |G| whose fixed field under G is F. These are of the form [] E, a product
of copies of a Galois field extension E/F of Galois group H C G, indexed by the
cosets of H in G. If H = @, this is the same as a G-Galois field extension. At
the other extreme, if H = 1, then A is a product of copies of F' indexed by and
permuted by G; this is called a trivial G-Galois F- algebra If E/F is any G-Galois
F—algebra then Bz = F Qp F is a G-Galois F- algebra for any field extension
F/F; and if F/F is sufficiently large (e.g. the separable closure of F), then the
G-Galois ﬁ—algebra E5 is trivial.
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3 Applications of patching

Using patching for algebraic structures as discussed above, one can obtain appli-
cations of various sorts. For example, using the category of G-Galois F-algebras,
one can obtain applications of patching to Galois theory. Using the category of
differential modules, one can obtain applications to differential Galois theory (the
Galois theory of linear differential equations). And using central simple algebras,
one can obtain an application to a division algebra analog of Galois theory. We
discuss these in turn below.

3.1 Applications to Galois theory

Suppose that we have a finite group G that we wish to realize as a Galois group
over F', the function field of a curve over a complete discretely valued field. We
can proceed inductively, generating G by two strictly smaller subgroups Hy, Hy C
G. Suppose that each H; is the Galois group of a Galois field extension F;/F;,
where the fields F; are overfields of F' as in (2.1). Suppose in addition that
such extensions can be found for which E; ®p, Fj is a trivial H;-Galois Fy-algebra.
Taking a product of finitely many copies of F;, indexed by the cosets of H; in G, we
obtain G-Galois Fj-algebras A; for ¢ = 1,2. But note that A; is not a field, because
the index (G : H;) is greater than one. Nevertheless, we can use these algebras to
obtain the desired field extension over F', using the composition p of isomorphisms
A1 ®p Fy = 1] Fo = Ay @p, Fy arising from the triviality of A; over F. Namely,
the algebras A; together with this isomorphism define a patching problem for
G-Galois algebras, i.e. an element of the category GAlg(F1) Xgaig(m) GAlg(F),
where GAlg denotes G-Galois algebras. By the equivalence of categories ®, this
is induced by an object A in GAlg(F), i.e. by a G-Galois F-algebra. Using the
fact that Hy, Hy generate G, together with the choice of patching isomorphism
i as above, one can show ([HH10, Section 7]) that A is actually a G-Galois field
extension of F'!

This strategy explains how to realize individual finite groups as Galois groups
over the field F', provided that the subgroups can themselves be realized. Since ev-
ery finite group is generated by cyclic subgroups (in fact, even by cyclic subgroups
of prime power order), it is sufficient to realize those, subject to the condition of
being trivial over Fy. This is easy to do by Kummer theory if F' has characteristic
zero and contains all roots of unity. More generally this strategy works provided
that G contains primitive n-th roots of unity (,, where n ranges over the orders
of the cyclic generating subgroups. Without this condition, if n is not divisible by
the characteristic of F', one can construct a suitable n-cyclic Galois extension of
F;(¢,) by Kummer theory such that it is induced by some n-cyclic Galois extension
of F;. Finally, if char(F') = p, then Artin-Schreier theory and Witt vectors can be
used to construct appropriate cyclic extensions of p-power order. As a result, it
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follows that every finite group is a Galois group over F. See [Hrb87|, where the
details of the construction of these cyclic building blocks is given, though in the
context of formal patching.

One can go further, by studying the absolute Galois group of F, viz. the
Galois group Gal(F') := Gal(F*P/F) over F of the separable closure F*P of
F. This profinite group is the inverse limit of the Galois groups of the finite
Galois extensions of F. So to understand the group Gal(F), it suffices to find all
the finite Galois groups over F' and how they fit together in an inverse system
(corresponding to the direct system of finite Galois extensions of F'). For this,
one wants to know when one can solve embedding problems. From the perspective
of fields, the question is this: Given a finite group G and a quotient group H,
and given an H-Galois field extension E/F, can E be embedded in a G-Galois
field extension of F'? Reinterpreting this in terms of groups, it asks: Given a
surjection 7 : G — H of finite groups, and a surjection f : Gal(F) — H, is there
a surjection f~ : Gal(F') — G such that 7rf~ = f?7 If the answer is always yes,
and if Gal(F’) is countably generated as a profinite group, then Gal(F') must be a
free profinite group, by a theorem of Iwasawa ([Iwab3, p.567]). A generalization
of this theorem, due to Melnikov and Chatzidakis, handles the uncountable case
[Jar95, Lemma 2.1].

Extending the patching strategy to this context has made it possible to show
that many embedding problems can be solved; and using those results, it has
been shown that the absolute Galois group of k(z) is free if k is an algebraically
closed field of arbitrary characteristic. (See [Hrb95|, [Pop95|, [HJ00]|, which re-
spectively describe this proof in terms of formal, rigid and algebraic patching.
This theorem had previously been shown just in characteristic zero, by relating &
to C; see [Dou64].) Note that k(z) is not a field of the form F considered above,
though k((¢))(z) is of that form. But it is possible to use results about embedding
problems over k((t))(x) to obtain such results over the field k(z), by passing to
a subfield of k((t))(z) of finite type and then using that a variety over an alge-
braically closed field £ has k-points. For more about this direction, see Section 5
of [Hrb03] and also the Luxembourg notes of Moshe Jarden.

3.2 Applications to differential algebra

Here we consider patching in the context of a differential field, i.e. a field F
together with a derivation 9. We assume that char(F') = 0, to avoid the unpleasant
situation in which d(a?) = 0. The field of constants in F is the subfield C'
of elements ¢ € F such that d(c) = 0. (For example, in the differential field
F = K(z) with derivation 0/0x, the constant field is K, using char(F) = 0.) A
differential module M over F' is a finite dimensional F-vector space together with
an F-derivation 0y; on M. That is, 9 : M — M is an additive map such that
Ou(fm) = 0(f)m + for(m) for f € F and m € M.
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We consider in particular a field F' as before, i.e. the field of rational functions
on a smooth projective curve X over a complete discretely valued field T. Let
Uy, Uy be subsets of the closed fiber X, such that X = U; U U, and neither U;
contains all the closed points of X, and let Uy = Uy NU,. Write F; = Fy, for each
i. Once we give F' the structure of a differential field whose constant field is the
fraction field K of T (e.g. taking 0 = 9/0x if X = PL), the overfields F; obtain
compatible structures as differential fields.

Write DiffMod(E) for the category of differential modules over a field E. As
noted in Section 2.5, in the above context the functor

(O3 leﬂ\/.[Od(F) — leﬂ\/IOd(Fl) XDifﬂV[Dd(Fg) leﬂVIOd(FQ),

is an equivalence of categories, and in particular every patching problem for dif-
ferential modules has a solution.

This can be used to prove the analog of the inverse Galois problem in the
context of differential algebra. Whereas ordinary Galois theory originated in the
study of polynomial equations, differential Galois theory over a differential field F’
originated in the study of linear differential equations, which give rise to differen-
tial modules. Given such an equation (or the associated differential module), there
is an analog of the splitting field of a polynomial, called the associated Picard-
Vessiot extension. This is a differential field extension E/F that is generated by
the solutions to the differential equation, and such that the field of constants of
FE is the same as the field of constants of F. It is known that a Picard-Vessiot
extension E exists and is unique if the constant field C' is algebraically closed
(unlike for the fields F' we have been considering above); for more general fields
there are additional subtleties. The associated differential Galois group is the au-
tomorphism group of E/F as an extension of differential fields. This is a linear
algebraic group, i.e. a (smooth) Zariski closed subgroup of GL, . See [MPO03,
Section 2| for more details.

The inverse differential Galois problem asks whether every linear algebraic
group over C' is a differential Galois group over F. The case that C' = C was
proven in [TT79], building on classical work of Plemelj on Hilbert’s 21st problem
concerning the realization of groups as monodromy groups of linear differential
equations. In [Hrt05], it was shown that if F = C(x) with C' any algebraically
closed of characteristic zero, then every linear algebraic group over C' is the dif-
ferential Galois group of some differential module. Using patching of differential
modules, it can be shown that the same is true if F' is instead a field as considered
in the general discussion above, viz. the function field of a curve over a complete
discretely valued field K of characteristic zero. (See [Hrt07].) Using this, it is pos-
sible to obtain another proof of the result for function fields over an algebraically
closed field of characteristic zero.

In connection with the above historical comments, it is worth mentioning that
the classical work of Plemelj, Birkhoff and others in this area relied on analytic
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patching methods (e.g. see [Birl7]). A key idea was the use of matrix factoriza-
tion. While the term “Riemann-Hilbert problem” was initially used to refer to
versions of Hilbert’s 21st problem, it has also come to mean problems related to
matrix factorization in an analytic context. In other contexts involving patching,
matrix factorization also plays a key role for related reasons, often under the name
“Cartan’s Lemma”. See [Hrb03, Section 2.2] for a discussion of its use in Serre’s
GAGA; [Hrb84, Section 2] for its use in formal patching; the Luxembourg lectures
of Moshe Jarden for its use in algebraic patching; and see Section 4 below for its
use in patching over fields.

3.3 Application to Galois theory of division algebras

Given a field F, a (central) division algebra A over F is a finite dimensional
associative F-algebra with identity such that A is a division ring and the center
of Ais equal to F. Two examples are the Hamilton quaternion algebra H over the
field R, and the n x n matrix algebra Mat,, (F") over any field F. The F-dimension
of A is necessarily a square d?, and d is called the degree of A as an F-algebra.
Every subfield E of A that contains F satisfies [E : F| < d, and moreover there
exists such a subfield E with [E : F| = d. Such a field E is called mazimal. If
such a maximal subfield E C A is Galois over F, say with Galois group G, then
the algebra structure of A can be described rather explicitly, and in these terms
A is called a crossed-product F-algebra for G. (For example, see [Pie82].)

In [Sch68], Schacher defined a finite group G to be admissible over a field F' if
there is an F-division algebra A that contains a maximal subfield F that is Galois
over F' with group G. Equivalently, the condition is that there is a crossed-product
F-algebra A for G. One can then ask the following analog of the inverse Galois
problem: Given a field F', which finite groups are admissible over F'?

Unlike the case of the usual inverse Galois problem, it is known that not every
finite group is admissible over Q. In [Sch68], Schacher showed that a necessary
condition for a group G to be admissible over QQ is that every Sylow subgroup
of G is metacyclic (i.e. the extension of a cyclic group by a cyclic group). He
conjectured that the converse should be true; but this remains open, although it
is known in the case that the group is solvable (|[Son83]). Work on this problem
has also been done more generally for global fields, i.e. fields F' that are finite
extensions of either Q or F,(x) for some prime p (e.g. see [Sch68, Corollary 10.3]
in the function field case).

Using patching, the admissibility problem can be studied in the case that the
field F is of the type that we have been considering in this manuscript, i.e. a finitely
generated field of transcendence degree one over a complete discretely valued field
K. In particular, in the case that K = C((t)), it was shown in [HHK11] via
patching over fields that a finite group G is admissible over F'if and only if every
Sylow subgroup of G is abelian metacyclic (or equivalently, a direct product of
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two cyclic groups). Here, the abelian condition is related to the fact that this
choice of K contains all the roots of unity.

4 Criterion for patching

We return to a more general situation, as at the beginning of Section 2, with four
fields forming a diagram of inclusions:

We will give a criterion for patching to hold for vector spaces over these fields, for
use in obtaining the type of results discussed above. That is, we give a necessary
and sufficient condition for the functor

® : Vect(F) — Vect(F1) Xveet(ry) Vect([F3),

to be an equivalence of categories.
To state this criterion, we consider two conditions:

Condition 4.1. Factorization property (“Cartan’s Lemma”): For every n > 1,
every matriz Ay € GL,,(Fo) can be factored as Ay As with A; € GL,(F}).

Condition 4.2. Intersection property: F = Fy N Fy C Fy.

As at the beginning of Section 2, Condition 4.2 is intuitively plausible if we
think of F' as the field of rational functions on a space S; Fi, Fy as the fields of
functions on two subspaces Si, S with S;USy = S; and Fj as the field of functions
on Sy = 57N S;5. Note also that one may write the factorization with one of the
factors A; replaced by A;!'; sometimes this is a more natural way to write it.

Theorem 4.3. ® is an equivalence of categories if and only if Conditions 4.1
and 4.2 hold.

Proof. For the reverse direction, the key assertion to show is that Conditions 4.1
and 4.2 imply that every patching problem has a solution. To do this, suppose
that we are given a vector space patching problem V for fields satisfying these
conditions. This patching problem consists of finite dimensional Fj-vector spaces
V; for i = 1,2, of a common dimension n, together with an isomorphism

w:Vi®p Iy — Vo®p o=V

of Fp-vector spaces. We may then identify V) @ p, Fy with Vj via u, and we can
thus view Vi, V5 as subsets of V4. With respect to these inclusions, we will show
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that the intersection V := V; N V,, viewed as a vector space over F, is a solution
to the given patching problem.

To do this, we will find a common basis B for Vi, V5 over the fields F, Fy
respectively, and will show that V is the F-span of B. First, let B; be any F;-
basis for V;, for ¢ = 1,2. Thus Bi, By are both Fy-bases of Vg, and there is a
transition matrix Ag € GL,(Fp) between them, satisfying By = Ay(B2).

Next, by Condition 4.1, we may write Ag = A; Ay with A; € GL,(F), i = 1,2.
Let B = Ay(Bsy) = A7'(By). Then B is also an Fj-basis of V;, for i = 0,1,2.
The intersection V' = Vi N V4 is thus the F-span of the common basis B, since
F = Fy N Fy by Condition 4.2.

The F-vector space V therefore induces V; and V5 with respect to the above
inclusions of Vi, V5 into Vj. This shows that V', together with the corresponding
isomorphisms, provides a solution to the patching problem. Equivalently, the
functor ® is essentially surjective, i.e. surjective on isomorphism classes.

To complete the proof in this direction, note that Condition 4.2 yields the
short exact sequence

(4.1) 0= FA5FxEF S EF—0

of F-vector spaces, where A is the diagonal inclusion and — is the subtraction
map. Tensoring over F' with Hom(V, W) yields the exact sequence

0 — Homp(V, W) 2 Homp, (Vi, W1) x Homp, (Va, Wa) = Homp, (Vo, W) — 0,

using that F; @ p Homp(V, W) = Homp, (V;, W;). This says that that the natural
map Hom(V, W) — Hom(®(V),®(W)) is a bijection, i.e. that the functor ® is
fully faithful. Thus it is an equivalence of categories, completing the proof of the
reverse direction.

For the forward direction, given a quadruple of fields as above, note that each
Ap € GL,(Fp) defines a patching problem with Ag the transition matrix between
given bases of the vector spaces over Fy, Fs. A basis for a solution to this patching
problem yields a factorization of Ag. So Condition 4.1 holds. Now let £ := FiNFy;
thus FF C F’. The reverse direction of the theorem (proven above) implies that
the base change functor Vect(F) — Vect(F”) is an equivalence of categories; and
this implies that F' = F' = F} N F5, giving Condition 4.2. U
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5 Satisfying the patching criterion

We would like to use Theorem 4.3 to show that patching holds for quadruples of
fields as in Section 2.4. That is, F'is the function field of a smooth projective T-
curve X having closed fiber X, where T is a complete discrete valuation ring with
fraction field K. We take subsets U;,Us C X, neither containing all the closed
points of X; and we write U = U; U U, and Uy = U; N Us. Consider the fraction
fields F; := Fy, of R = EUi. By Theorem 4.3, proving that patching holds
for the fields Fy C Fy, Fy C Fy is equivalent to proving that these fields satisfy
Conditions 4.1 and 4.2. (Recall that Fy = F' by definition, if U = X.) We will
describe the proof of patching in explicit examples, for simplicity of exposition.
For full proofs, see [HH10, Section 4].

We begin with the factorization property, and illustrate it for the example
of the quadruple considered in Sections 2.3 and 2.4 above. That is, we take
T = K[[t] and K = k((t)); we let X be the projective line Pk, with function
field F' = k((t))(z); and we take Uy, Us, Uy to be the complements in Pi of the
sets {oo}, {0}, {0, 00}, respectively. Thus Ry = k[z|[[t]], R, = k[z~1][[t]], and
Ro = kfe, 1]

We first explain why Condition 4.1 holds in the key case in which

(5.1) Ay € GL,(Ry) and Ag = I mod ¢.

In this situation we will obtain that in fact Ay = A; A4, where A; € GLR(E)
for i = 1,2. We will do this by constructing A;, A, modulo # inductively on 7,
thereby finding the successive coefficients of the powers of ¢ in the entries of the
matrices A;.

To start the inductive process, let A;, A; be congruent to I modulo ¢t. To do
the inductive step, we use that every element in k[x,27!] is the sum of elements
in k[z] and k[z~!]. As an example, take n = 1, and consider the 1 X 1 matrix

Ag= (14 (z+1+a2"t) € GLy(Ry) = Ry

Modulo ¢, the factorization is just 1-1. For the factorization modulo 2, we write
T+ 1+ 27! as the sum of z + 1 € k[z] and 7! € k[z™!], and obtain

Ay= 1+ (z+ D)1 +27') mod #.

The discrepancy between the left and right hand sides is (1 + 271)¢?, and so at
the next step we write

Ay=(1+ (@ +Dt =) (1 +27 -2 mod 3.

We continue in this way, and in the limit we get the desired matrices A;. The
same strategy handles the n x n case, again provided that Ay is in the above key
case.
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This approach can be also used if we take two more general sets Uy, Uy whose
union is P}, neither of which contains all the closed points of Pi. The inductive
procedure as above still works in the key case (5.1), since again we can write

every regular function on Uy := U; N Uy as a sum of regular functions on U
and U,, because of the partial fractions decomposition. For example, if U; is the
complement of the point x = 1 and U, is the complement of x+ = —1, and if

Ao = (1 + —t), then we can write (x—1)1(m+1) = 2(;_1) - 2(;4_1), and proceed as
before in order to factor Ay. (This works even if Uy, Us are not necessarily Zariski
open; e.g. if U; is a closed point of P; and U, is its complement.) In this way, we
see that Condition 4.1 holds in the key case (5.1). The approach also works for a
more general choice of complete discrete valuation ring T

Before turning to the general case, we observe an important consequence of

Condition 4.1 under (5.1), taking n = 1:

Theorem 5.1 (Weierstrass Preparation Theorem). If U is an open subset of the
closed fiber X, then every f € Fy can be written in the form [ = au with a € F
and u € R.

Proof. For simplicity of exposition, we explain the proof in the special case that

= K[[t]], with X = P, and U = A}, the affine z-line over k. Since Fy is the
fractlon field of Ry, we may assume that f lies in Ry = E[z][[t]]. Let fo € k[z] be
the constant term of f, viewing f as a power series in t. Thus f/fo € k(z)((t)),
and f/fo =1 mod t. Writing U; = {o0} and U, = U, Condition 4.1 under (5.1)
with n = 1 asserts that f/fo = fifs for some f; € GL;(R;) = R for i = 1,2.
But fofi = ff; ', where the left hand side lies in R;[z] = klz~" -1 [[t][«] and
the right hand side lies in Ry = k[z][[t]]. Since the left hand side has bounded
degree in z, and the right hand side has no 2! terms, this common element lies
in k[[t]][x] C F. So we may take a = fof; and u = fo. O

In the case that X = P4, this is equivalent to the classical Weierstrass Prepa-
ration Theorem (see [Bou72], Proposition VII.3.8.6).

Corollary 5.2. Let Uy, Uy be open subsets of the closed fiber X, let Uy = Uy NUs,
and write U = Uy UUs and F; = Fy,. Then Fy = FiNFy C FO

Proof. For simplicity, we take the special case of T' = k[[t]]; X = PL; U; is the
complementAof the point 0; and U, is the complement of the point_oco. Here
U; = Spec(R;) with Ry = k[z7'][[t]] and Ry = k[z][[t]]. Write R’ = Ry[z] N Ry.
Thus R’ = k[[t]][x], with fraction field equal to F.

Say f € Fi1 N Fy. By Theorem 5.1, we may write f = fiuy = foup with f; € F
and u; € R). Since F is the fraction field of R, we can write f; = a;/b; with
a;,b; € R'. So f = ajuy /by = agus/by. The common element aibou; = asbyusg lies
in R, since the left hand side lies in R/EX C El[ | and the right hand side lies in
R’R2 Rg Therefore f = a1bauy /b1bs lies in F', being the ratio of two elements
of R [
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Using this, we obtain that the criterion of Section 4 is satisfied for our fields,
and hence patching holds.

Theorem 5.3. Let Uy, Uy be subsets of the closed fiber X of )?, and write U =
UrUU; and Uy = Uy NUsy. Write F; = Fy,. Then the four fields Fy C Fy, Fy C Fy
satisfy Conditions 4.1 and 4.2, and hence the base change functor ® of (2.2) is
an equivalence of categories. That is, patching holds for finite dimensional vector
spaces over these fields.

Proof. Condition 4.2 follows from Corollary 5.2, and the last part of the assertion
follows from the first part together with Theorem 4.3. So it remains to show that
Condition 4.1 holds.

For this, one first reduces to the case that U; and Us are disjoint. This is done
by applying the disjoint case to an invertible matrix over Fy C Fy, with respect
to the fields Fy and Fj, where Fy = Fy; with Uy the complement of Uy in Us.
One checks that the second factor is an invertible matrix over F5, by applying
Corollary 5.2 to get Fy N Fy = Fy.

In the disjoint case, we are given Ay € GL,(Fy); after multiplying by a power
of £, we may assume that Ay is a matrix over the complete discrete valuation ring
Ry. By the t-adic density of Ry C F C Fy in Ry, there is a matrix C' over Ry
such that AgC' = I mod t. We then conclude by using that Condition 4.1 holds
in the Key Case (5.1). O

As in Section 2.5, in our geometric situation we then have patching for many
other algebraic objects, which consist of finite dimensional vector spaces with
additional structure. And as in Section 3, various applications then follow.

6 Variants on the patching set-up

6.1 Using more than two open sets

Rather than covering a subset U of the closed fiber X with just two proper subsets,
it is possible to use a larger number of subsets. This can be useful in constructions,
e.g. in the situations described in Section 3. Namely, suppose that U C X is the

union of subsets U;, for ¢ = 1,...,n. For simplicity we assume that all double
intersections U; N U; are equal to a common set Uy, for ¢ # j. Suppose we
are given finite dimensional vector spaces V; over each F; := Fy, together with
isomorphisms v; : V;®g Fy — Vpfori =1,...,n. Then the arguments in Section 5
can be generalized to show that there is a unique choice of a finite dimensional
Fy-vector space V' together with isomorphisms «; : V®@p, F; — Vifori=0,...,n
such that v;0(o; ® Fy) = o for i = 1,...,n. Moreover this defines an equivalence

between the category Vect(Fy;) and the category of patching problems that consist
of data (V;,1;); as above. This equivalence of categories can be proven from the
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equivalence with two open sets via induction. See [HH10, Theorem 4.14] for
details.

Since the above functor is an equivalence of categories and preserves tensor
products, it carries over from finite dimensional vector spaces to other categories
of objects that consist of such vector spaces together with additional structure,
as in the situation of Section 2.5. As a result, applications can be obtained in a
single step, rather than building up object inductively as in Section 3.1. In that
situation, a finite group G can be generated by cyclic subgroups G; fori =1,..., n.
By covering X by n open subsets U; as above, and building a G;-Galois extension
of F; for each i (e.g. by Kummer theory), one can then obtain a G-Galois extension
of F. The agreement over Fy can be achieved by choosing the cyclic extensions
of the field F; each to induce trivial extensions over the field Fj.

6.2 Using a point and a complement

Additional flexibility in constructions can be obtained by allowing patches that
come from points, rather than from subsets of the closed fiber X. R

For any point P € X, let Rp be the local ring of X at P, and let Rp be
the completion of this local ring at its maximal ideal mp. This is a domain, and
its fraction field will be denoted by Fp. (Note that although Rp = Rypy, the
completions ﬁp and R{p} are different, the former being the mp-adic completion
and the latter being the ¢-adic completion. Thus Fp and Fypy are also different,
with the former containing the latter.)

For example, if T = k[[t] and X = P, we may consider the point P where
x =t=0. Then Rp = k[[z,]] and Fp is the fraction field k((z,t)) of k[[z,]].
Taking U to be the complement of P in the closed fiber X = P}, so that EU =
k[z~'][[t]], we obtain the following picture:

H O

Spec(Ry) Spec(Rp)

Patching can then be carried out using the fields Fp and Fy; in place of the two
fields Fy, and Fy, of Section 2. To do this, we also need to take an appropriate
overfield of F; and Fp, which will take the place of the field Fy;, in Section 2. In
the above example, we will take the field Fy := k((x))((¢)), which is the fraction
field of the domain Ry := k((z))[[t]. Note that Ry is t-adically complete, and
contains the rings EU and ]SLP; and similarly F{ contains Fy and Fp. This choice
of Ry makes sense intuitively, because Spec(U) is the complement of the point
(z = 0) in X, while Spec(k[[z]]) can be viewed as a small neighborhood of this
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point in X, so that Spec(k((z))) can be viewed as the corresponding punctured
neighborhood (since k((z)) = k[[z]][z71]).

More generally, if T is a complete discrete valuation ring and X is a smooth
projective T-curve, then we may pick a closed point P on the closed fiber X of
X, and consider the ring Rp and its fraction field Fp. The complement U of
P in X is a smooth affine curve, and we may also consider the ring Ry and its
fraction field Fy;. Let 7 € Rp be an element whose reduction is a uniformizer of
the complete local ring of X at P. We then take Ry to be the t-adic completion
of Rp[r~!], and Fj to be its fraction field.

In this situation, the strategy of Section 4 can be carried over, to show that
Conditions 4.1 and 4.2 hold. As a result, the corresponding base change functor

P : Vect(F) — Vect(Fy) Xvect(r,) Vect(Fp),

is an equivalence of categories. (For details, see [HH10, Theorem 5.9]. There is also
a generalization that allows more than one point P; see [HH10, Theorem 5.10].)

This approach is useful for certain applications, such as split embedding prob-
lems in Galois theory. In such a problem, one is given a surjection of finite groups
f : G — H together with a section s : H — G of f, and also an H-Galois field
extension E£/F. The problem is then to embed E into a G-Galois field extension
E'/F, such that the Galois correspondence associates the inclusion E <— E’ to
the surjection f. (See the discussion in Section 3.1, where no splitting condition
was assumed.) The difficulty with using just the fields Fy; is that the extension
E/F does not in general become trivial over any Fyy. But E/F will become trivial
over Fp if P is unramified and split in F/F. This approach has been used to ob-
tain a variety of results about embedding problems in Galois theory, and those in
turn have been used to obtain information about the structure of absolute Galois
groups (e.g. as discussed in Sections 1.4-1.6 above).

6.3 Patching over singular curves

Until now, we have considered smooth projective T-curves X. But given a function
field I of transcendence degree one over the fraction field K of a complete discrete
valuation ring 7', there need not be a smooth model X of I’ over T'. That is, there
need not be a smooth projective T-curve X whose function field is the K-algebra
F. For greater generality, we will now permit projective T-curves X that are
merely assumed to be normal as schemes, i.e. the local rings are integrally closed
domains. Given any function field F' of transcendence degree one over K, one can
easily obtain a normal projective model X, e.g. by writing F as a finite extension
of K(z), and then taking the normalization of P} in F. (In fact, by [Abh69]
and [Lip75], for each such F' there even exist regular projective models X over
T, i.e. ones for which every local ring O)?,P is a regular local ring. These can
be obtained by starting with any projective model and then applying a suitable
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combination of normalization and blowing up. Such regular models, however, still
need not be smooth, the latter condition being equivalent to the closed fiber being
smooth over the residue field k of T'.)

Typically, the closed fiber X of a normal projective model X of F over T will
have several irreducible components, which will meet at several closed points. Let
P be a non-empty finite set of closed points of X that contains all of these inter-
section points, and let U be the set of irreducible components of the complement
of P in X. For each P € P we can consider the complete local ring Rp of X at P,
and its fraction field Fip. For each U € U we can consider the ¢-adic completion
Ry of the ring Ry of rational functions that are regular on U; and take Fy to
be the fraction field of this domain. We then have a set-up that combines the
situations of the previous two subsections, using fields both of the types Fy and
Fp, and typically using more than two fields in total. R

For example, the following picture illustrates a choice of X in which the closed
fiber X has irreducible components X7, X5, X3, where X5 meets each of the other
two components at a single point ( Py, P, respectively). The open subsets Uy, Us, Us
of X are the connected components of X \ {P;, P,}, with U; being a Zariski open
dense subset of X;. Thus U; (resp. Uy, resp. Us) is the complement of P; (resp.
Py and Py, resp. P) in X (resp. Xa, resp. X3). The picture also illustrates the
spectrum of épi for i = 1,2, as a small neighborhood of P;. (The spectrum of
EUH for i = 1,2,3, could similarly be illustrated as a neighborhood of U; in )?;
but for visual clarity these spectra are not shown.)

U, P, U

Uy B

As in Section 6.2, we need to define overfields for the fields Fp (P € P) and
Fy (U € U). But unlike Section 6.1, there is no common overfield for all these
fields. Instead, we define an overfield for Fyy and Fp only if P and U are incident;
i.e. if P is a point in the closure of U.

Thus in the above example, there will be four overfields, arising the pairs
(Uh, Py), (Ua, Pr), (U, Py), (Us, P2). The overfield arising from a pair (U;, P;) will
contain the fields Fy, and Fp,.

Moreover, this will be done in a way that if the closed fiber is smooth (and
therefore irreducible) and there is just one point P chosen, the resulting overfield
will be the same as the overfield Fy that was considered in Section 6.1. Finally, and
most crucially, the fields Fy;, Fp, and these overfields will satisfy a generalization
of Conditions 4.1 and 4.2; and as a result, the associated base change functor ®
(as in (2.2)) will be an equivalence of categories.

To define these overfields, we use the notion of branches. To illustrate, consider
the affine curve C in the x,y-plane given by y? = 3 + 22. This is shaped like
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the letter «, with the node at the origin O. The curve C is irreducible, and so
the local ring O¢ o is a domain (with fraction field equal to the function field of
(). But the completion (50,0 of the local ring is not a domain. Explicitly, the
completion is isomorphic to the ring k|[z, z]] /(2> —x?), via the isomorphism taking
y to zf, where f = (1+z)"/2 € k[[z]]. Geometrically, the spectrum of O has
two irreducible components, corresponding to the two “branches” of C' at O. They
are respectively defined by the two minimal primes p; = (2 — z), g2 = (2 + x) of
@C’,O- This observation can be used to motivate the formal definition: a branch
of a variety V at a point P is a minimal prime of @Mp.

Returning to our situation, for each P € P and for each branch of X at P, we
wish to associate an overfield of Fp; this should also be an overfield of Fy;, where
U € U is the unique element on whose closure U the branch lies (i.e. such that
it is a branch of U at P). To illustrate, in the example with the reduced closed
fiber pictured above, there will be two branches of X at P; (along the closures of
Up and Uy) and two at P, (along the closures of Us and Us); these four branches
will correspond to the four desired overfields.

For P € P, the inclusion X — X induces a surjection Rp = O)?P — OXP
whose kernel is the radical of (¢). By taking inverse images under this surjection,
the minimal primes of @X p can then be identified with the height one primes of
Rp that contain ¢. Thus we may regard each of these height one primes p as a
branch of X at P. Viewed as a point of Spec(Rp) the image of p in X lies on
X, and in fact is the generic point of an irreducible component of X. We regard
this as the component on which the branch lies; and the unique U € U that is
contained in this component is an open set that is incident to P. In this situation,
we can now define an overfield Fy, of Fy; and Fp, associated to this branch.

Namely, for p a height one prime of ﬁp that contains ¢, let R, be the local
ring of EpAat p. This is a discrete valuation ring, with ¢ lying in its maximal
ideal. Let R, be its completion; this is a complete discrete valuation ring, whose
fraction field will be denoted by F|,. This is the desired overfield of Iy and Fp,
where @ is a branch on the closure of U.

We then have a finite inverse system of fields Fy, Fp, F,, indexed by the disjoint
union U UP U B, where B is the set of branches of X at the points of P. Here we
have inclusions of Fyy and Fp into F|, if p is a branch of X at the point P lying
on the closure of U. In the special case of Section 6.2, there is just one branch g
to consider, viz. the unique branch of X at P; this lies on U. The associated field
g is then the same as the field F considered in that section. As another example,
suppose that the closed fiber X is irreducible but singular, and is isomorphic to
the nodal curve C discussed above. Taking P to consist just of the nodal point
P, the set U will then consist just of the complement U := X ~ P. But there
will be two branches g1, po of X at P, both lying on the closure of U. Thus in
this case we have two overfields F|, , F|,, in the inverse system, and we will need
to consider both.
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In general in the above situation, it can be shown that the inverse limit of
the fields Fy, Fp, Fy, is just the field F', which is a subfield of each of them. In
the special case of Section 6.2, this is another way of asserting that F' is the
intersection of Fyy and Fp inside Fy = F|,. Thus this inverse limit property is a
way of generalizing the intersection Condition 4.2 to the case of singular curves,
where there may be multiple patching fields Fy;, Fp and multiple overfields F,.
(See [HH10, Proposition 6.3] for details. There this was shown by reducing to the
case of PL with P = {0}, by choosing a finite morphism X — PL.)

The factorization Condition 4.1 can also be generalized to the current situation.
The condition then becomes a simultaneous factorization property. That is, given
elements A, € GL,(F,,) for each p € B, there exist elements Ay € GL,,(Fy,) for
each U € U and elements Ap € GL,(Fp) for each P € P, satisfying the following
condition: For each triple U, P, p with p a branch at P lying on the closure of U,
the identity A, = Ay Ap holds in GL,(F,,). Here we regard Fy;, Fpp as subfields of
F,,. In the above situation, this property always holds. (Again, this can be shown
by reducing to the case of P} with P = {oo}, which was discussed in Section 6.2.
A stronger result was proven this way in [HHKO09, Theorem 3.6].)

Consider, for example, the model X displayed in the picture above. There
are four branches @1, o, 3, 04, Which are respectively associated to the four
pairs (U, P1), (Ua, Pr), (Us, P2), (Us, P,). Suppose we are given elements A, €
GL,(F},) for i = 1,2,3,4. The simultaneous factorization property asserts that
there exist elements Ay, € GL,(Fy,) for j = 1,2,3, and elements Ap, € GL,,(Fp,)
for ¢ = 1,2, such that A, = Ay Ap, Ay, = Ay, Ap,, A,y = Ay, Ap,, and
A,, = Ay, Ap,, in the respective groups GL,(F,,).

The analog of Theorem 4.3 also holds in the current situation; i.e. the base
change functor is an equivalence of categories if and only if the simultaneous
factorization and inverse limit properties hold. (This can be shown by replacing
the fields Fy, F5, Iy in Theorem 4.3 by the F-algebras [[ Fp, [] Fu,[] F,, and
proceeding as before.) As a consequence, patching holds for finite dimensional
vector spaces in this situation. More precisely, we have the following (see also
[HH10, Theorem 6.4]):

Theorem 6.1. Given a projective normal curve X over T, with P,U, B as above,
the associated base change functor

P : Vect(F) — lim Vect(Fy)

is an equivalence of categories, where & ranges over P UU U B.

Thus if we are given finite dimensional vector spaces over the fields Fy; and
Fp, together with isomorphisms between the vector spaces that they induce over
the overlap fields F{,, then there is a unique vector space over F' that induces all
of them compatibly; and this is an equivalence of categories. This assertion auto-
matically carries over to other algebraic objects that consist of finite dimensional
vector spaces with additional structure, as in Section 2.5.
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7 Patching torsors

Until now, we have been patching structures that consist of finite dimensional
vector spaces with additional structure (i.e. such that some diagrams commute).
For example, G-Galois F-algebras are finite dimensional because the group G is
finite. But what if we allow infinite dimensional vector spaces? For example, can
we generalize G-Galois F-algebras to infinite groups G, such as matrix groups?
To consider this, we introduce the notion of torsors.

7.1 Introduction to torsors

Say G is a linear algebraic group over a field F', i.e. a smooth Zariski closed
subgroup of GL, for some n. Here G need not be connected, and in particular
all ordinary finite groups G are linear algebraic groups (as groups of permutation
matrices). A G-torsor over F is a principal homogeneous G-space over F. That
is, it is an F-variety H together with a (right) G-action « : H x G — H that
is simply transitive. To be more precise, this simple transitivity property asserts
that the morphism (pry,«) : H x G — H x H is an isomorphism of F-schemes,
where pr; is the first projection map. So intuitively, given two points of H, there
is a unique element of G taking one to the other.

A G-torsor H is trivial if it is F-isomorphic to G, with the G-action being given
by right multiplication, with respect to this isomorphism. Note that a G-torsor
H is trivial if and only if it has an F-point. Namely, in the forward direction, the
identity element of GG corresponds to an F-point of H; and in the reverse direction,
by sending an F-point of H to the identity of G we obtain a unique isomorphism
H — G that is compatible with the right G-actions. Thus if F' is algebraically
closed, then every G-torsor is trivial, since it automatically has an F-point.

Torsors are important in part because they classify various algebraic objects.
For example, torsors for the orthogonal group O(n) classify quadratic forms in n
variables over F, provided that char(F) # 2 (see [KMRT98, (29.28)]).

In the case that G is a finite group in the classical sense, if we regard G as
a torsor over F, then G-torsors are of the form Spec(A), where A is a G-Galois
F-algebra. (Note that G acts on A on the left, since it acts on the torsor on
the right.) So in this case, the theory of G-torsors is just the theory of G-Galois
F-algebras. At one extreme, if A is a G-Galois field extension E/F, then Spec(A)
consists of just one point, viz. Spec(F). At the other extreme, if A is a product
of copies of F indexed by the elements of G, then Spec(A) consists of |G| copies
of Spec(F), again indexed by G. This is a trivial G-torsor.
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7.2 Torsors and cohomology

It is convenient to study torsors in terms of Galois cohomology. Say G is a linear
algebraic group over a field F. Consider maps x : Gal(F) — G(F*P) such that

x(o71) = x(0)o(x(r)) for all o,7 € Gal(F).

Such maps x are called 1-cocycles for Gal(F) in G(F®P). Two 1-cocycles x, ' are
called cohomologous if there is a g € G(F"P) such that

x(o) =g 'Y (0)o(g) for all o € Gal(F).

The set of cohomology classes of 1-cocycles is denoted by H'(F,G). This is
the first Galois cohomology set of F with coefficients in G. It is a group if G
is commutative; otherwise it is just a pointed set (whose distinguished element
corresponds to the trivial cocycle ).

The key point is that there is a natural bijection

(7.1) {isomorphism classes of G—torsors over F'} « H'(F,G).

Namely, given a G-torsor H, pick a point P € H(F*P). For each o € Gal(F),
we have the two points P,o(P) € H(F*P). By the torsor property, there is a
unique element g € G(F*P) such that o(P) = Pg. Write x(¢) = g. Then the
map x : Gal(F) — G(F*P) is a 1-cocycle. It depends on the choice of P; but it is
straightforward to check that changing P does not change the equivalence class of
X- Thus we have a well-defined element [x] of H'(F,G) that is associated to the
G-torsor H. One can then check that the association H +— [y] defines a bijection
as in (7.1). (Note also that this bijection parallels the fact in topology that the
principal G-bundles over a space X are classified by H'(X,G).)

One can also define H"(F,G) for other values of n, though for n > 1 one
requires G to be commutative. In particular, H°(F,G) is just G(F). Moreover
H°(F,E/J) can also be defined for any subgroup J C E of a group E; this is the
set of Gal(F)-invariant cosets eJpseo of Jpsep, with e € E(F=P).

See [Ser00, I, Section 5] for more about non-abelian Galois cohomology.

7.3 Torsors and patching

We now return to the question of patching. As in Section 3.1, it is possible in
the context of our fields to patch G-Galois F-algebras, or equivalently G-torsors,
where G is a finite group. More generally, let G be a linear algebraic group over
F. If G is infinite, then any G-torsor is of the form H = Spec(A), where A is an
F-algebra that is infinite dimensional over F. It turns out that it is still possible
to patch G-torsors!

To see this, we first relate torsors to matrices. View G C GL,, over F. For
h € GL,(F*P), consider the translate (or equivalently, coset) hG C GL,. If
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h € GL,(F), then via left multiplication by h (which is an F-isomorphism), hG
is isomorphic to the trivial G-torsor hG = G. If h ¢ GL,(F), then the translate
hG need not be defined over F'; but if it is, then it defines a G-torsor that will
in general be non-trivial. To say that hG is defined over F' is equivalent to the
condition that for every o € Gal(F), hG = (hG)? = h?G} i.e. that h? € hG.

As an example, let F' = R, let G be the orthogonal group O(2), and let h be
the matrix (§?). Then hG defines a non-trivial G-torsor over R.

The above construction in fact gives rise to all torsors; i.e. every G-torsor over
F' arises from a translate hG as above. This follows from the exact sequence
(7.2)

1 — H°F,G) — H°(F,GL,) — H°(F,GL, /G) — H*(F,G) — H'(F,GL,)

(see [Ser00, 1.5.4, Proposition 36]) and the fact that H'(F,GL,) is trivial by
Hilbert’s Theorem 90 ([KMRT98, Theorem 9.2]). In fact this shows that there is
a bijection of pointed sets GL,(F)\H°(F,GL, /G) — H(F,G), which classifies
G-torsors over F'.

So we can study torsors by studying matrices. Using this approach, one can
show in an abstract context:

Theorem 7.1. Given a finite inverse system of fields, if patching holds for finite
dimensional vector spaces, then patching also holds for G-torsors, for all linear
algebraic groups G.

That is, if F' is the inverse limit of a finite inverse system of fields (F¢)ees, and if
the base change functor

P : Vect(F) — lim Vect(Fy)
on vector spaces is an equivalence of categories, then so is the base change functor
P : GTors(F) — lim GTors(Fy)

for any linear algebraic group G over F', where GTors denotes the category of
G-torsors over the given field.

We explain the proof in the basic context of four fields as in (2.1) and (2.2).
Suppose that these fields F' C F, F, C Fj satisfy patching for finite dimensional
vector spaces. By Theorem 4.3, the factorization Condition 4.1 and the inter-
section Condition 4.2 hold for these fields. Suppose we are given G-torsors H;
over F; for ¢ = 1,2, together with an isomorphism over Fy. By the above dis-
cussion, we may write H; = h;G, with h; € GL,(F*"); and we are given an
Fo-isomorphism hoG — hyG. This map is defined by left multiplication by some
go € GL,(Fp). Thus hG = gohoG. Applying Condition 4.1 to gog, we obtain ele-
ments g; € GL,(F}) for i = 1,2 such that g; ‘g, = go. Let h} = g;h; € GL,(F*P)
for i = 1,2. Thus h|G = hLG over F,. That is, the translates h.G, for i = 1,2,
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define the same Fy-point on the quotient GL, /G, which is an F-variety (e.g.
see [Bor91, Theorem II.6.8]). This point of GL, /G is then defined over both F;
and Fy, and hence over F' by Condition 4.2. The point thus defines an element of
H°(F,GL, /G), and hence a G-torsor defined over F', by the above exact sequence
(7.2).

Essentially the same argument holds for a more complicated finite inverse
system of fields. We thus obtain that patching for finite dimensional vector spaces
implies patching for torsors.

In the context of one-variable function fields F" over a complete discretely val-
ued field K, with a normal projective model X and sets P,U, B as before, patching
for finite dimensional vector spaces holds by Theorem 6.1. Hence Theorem 7.1
yields:

Corollary 7.2. In the situation of Section 6.3, patching for G-torsors holds with
respect to the index set P UU U B, for any linear algebraic group G over F'.

8 Local-global principles

Patching for torsors can be used to study local-global principles for algebraic
objects. For example, using torsors under the orthogonal group O(n), local-global
principles can be obtained for quadratic forms.

The most classical local-global principle, in fact, concerns quadratic forms,
though over a different type of field. The Hasse-Minkowski theorem states that
a quadratic form over Q is isotropic (i.e. has a non-trivial zero) if and only if it
is isotropic over each field @, and also over R. More generally, the analogous
assertion holds for any global field K, with respect to its completions K, with
respect to the absolute values v on K. In the case of equal characteristic global
fields (i.e. function fields of curves over a finite field), this is equivalent to taking
the completions at the closed points of the associated smooth projective curve.

A related classical local-global principle is the theorem of Albert, Brauer,
Hasse, and Noether. That theorem concerns central simple algebras over global
fields. Tt says that such an algebra is split (i.e. is isomorphic to a matrix algebra
over the given field) if and only it is split over each completion.

Local-global principles can typically be rephrased in terms of the existence of
rational points on varieties. For example, in the context of the Hasse-Minkowski
theorem, let ¢ be a quadratic form over a global field K. If ¢ is a form in n
variables, then it defines a quadric hypersurface @) in P}‘(_l; and ¢ is isotropic over
K if and only if @) has a K-point. From this point of view, local-global principles
assert that a variety has a point over K if and only if it has a point over each
completion of K.

To go beyond the context of global fields, we broaden the notion of a local-
global principle: it is an assertion that a given property (such as the presence of
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points on varieties) holds over a given field F' if and only if it holds over each of
a given set of overfields F¢ of F, where £ ranges over some index set [.

In the situation of torsors, we can consider the following local-global principle:
A G-torsor H over F is trivial (or equivalently, has an F-point) if and only if the
induced torsor H¢ := H xp Fg is trivial over F¢ for each { € I. This assertion
can rephrased in terms of Galois cohomology, since the G-torsors over F' are
classified by H'(F,G). Namely, there is a natural local-global map H'(F,G) —
[ H'(F¢, Q) of pointed sets (or of groups, if G is commutative). The local-global
principle then states that the kernel of this map is trivial; i.e. that only the trivial
element of H'(F,G) maps to the trivial element in the product. This need not
always hold, however; and a related problem is then to determine the kernel of this
map, and in particular to determine whether it is finite (even if not necessarily
trivial).

An important classical example considers a global field K and its completions
K,, along with an abelian variety A over K (e.g. an elliptic curve over K). In this
case the local-global map is a group homomorphism, and its kernel is a group,
called the Tate-Shafarevich group III(K, A). A major open question is whether
its order is necessarily finite. In fact, its order has been conjectured in the case of
elliptic curves, in terms of special values of L-functions; this is the conjecture of
Birch and Swinnerton-Dyer.

In the case that G is a linear algebraic group over a number field K, it was
shown by Borel and Serre ([BS64]) that III(K,G) is finite. (Here we again take
the local-global map with respect to the set of absolute values on K.) For the
analogous problem in the function field case of global fields, the finiteness of
(K, G) was shown by Brian Conrad ([Conl2]).

9 Local-global principles in the patching context

In our context, we will take F' to be the function field of a projective normal curve
X over a complete discrete valuation ring 7', and we will let F; range over a finite
set of overfields corresponding to patches F; and Fp as in Section 6.3. Note that
this involves using just a finite collection of overfields, unlike the classical situation
in which infinitely many overfields are considered. The local-global principle for
torsors then says that a G-torsor H over [ is trivial if and only if H, is trivial
over F¢ for each £ € PUU. Equivalently, it says that the kernel of the local-global
map
HY(F,G) — [[ H'(Fr.G) x [ H'(Fv.G)
Pep veu

is trivial. The kernel of this map will be denoted by Hl)?,P(Fv G), where P deter-

mines U. If the model X of F is understood, we will simply write HIp(F, G).
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For example, suppose that F' = K(z), where as before K is the fraction field
of T, and take X = PL. Let P consist just of the point P = oo on the closed
fiber X = P}, so that U consists just of the single open set U = A}. In this
case Ip(F, G) is the kernel of H'(F,G) — H'(Fp,G) x H'(Fy,G). Let o be the
unique branch of X at P. Using the fact that patching holds for finite dimensional
vector spaces in this context, one then obtains the following Mayer-Vietoris type
exact sequence (see [HHK11a, Theorem 3.5]):

Theorem 9.1. There is an exact sequence of pointed sets
1— H%(F,G) — H°(Fp,G) x H*(Fy,G) — H"(F,,,G)

5 J
(

HY(F,G) —= H'(Fp,G) x H\(Fy;,G) —= H'(F,, G).

Proof. Define the maps on H'(F,G) to be the diagonal inclusions. Define the
last arrow on the first line as the quotient i[}lip of the inclusion maps from the
factors in the middle term to the group H°(F,,G). (This quotient map is not in
general a group homomorphism.) The two arrows at the end of second line are
the maps arising from the inclusions of Fp, Fi; into F{,. Exactness at the middle
term of that line means that the equalizer of these two maps is equal to the image
of H'(F,G). (If G is commutative then H'(F,,G) is a group and we could take
the corresponding quotient instead of using a double arrow.)

The coboundary map ¢ is defined as follows: Take trivial G-torsors Hp, Hy
over Fp, Fyy with rational points zp,zy. Given g, € H°(F,,G), we have an
isomorphism

Hp X Fp Fp — HU X Fy Fp

of trivial G-torsors over F, taking xp to xyg,. This defines a patching problem
for G-torsors. By Corollary 7.2, there is a solution H to this patching problem,
viz. a G-torsor H over F corresponding to an element of H'(F,G). This element
is then defined to be d(g,,).

With the above maps, one can then check that the sequence is exact. O

In the example of the line, exactness implies that IIp(F, Q) is the cokernel
of the last map of H° terms, i.e. G(Fp) x G(Fy) — G(F,), given by (gp, gu) —
g gp, where we regard G(Fp), G(Fy) as contained in G(F,)). But the surjectivity
of this map is equivalent to the factorization property for the group G. (Note
that until now we have considered factorization only for the groups GL,, not for
other linear algebraic groups G.) Hence the local-global principle for G-torsors is
equivalent to the factorization property for the group G.

While the above is for the example of the line and with P = {oo}, Theorem 9.1
carries over to arbitrary normal T-curves X together with P C X. (See [HHK11a,
Theorem 3.5].) There the middle and last terms on each line of the Mayer-Vietoris
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exact sequence are replaced by products, where P, U, p respectively range over P,
U, B. Just as the simultaneous factorization property for GL, was considered in
Section 6.3, one can also consider this property for an arbitrary linear algebraic
group GG. We then obtain:

Corollary 9.2. In the situation of Section 6.3, if G is a linear algebraic group over
F, then the local-global principle for G-torsors is equivalent to the simultaneous
factorization property for the group G.

10 Obstructions to local-global principles

In the previous section, local-global principles for torsors in the context of patches
were reformulated in terms of factorization. Using this, we can now examine when
such principles hold, and whether the obstruction IIp(F,G) is finite even if not
necessarily trivial.

10.1 Case of rational connected groups

As we discuss below, simultaneous factorization holds for G, and hence IIIp(F, G)
vanishes, provided that the group G is connected and rational (i.e. rational as
an F-variety, meaning that it is birationally isomorphic to A% for some n). For
example, the special orthogonal group SO(n) is a connected rational group, by
the Cayley parametrization. In fact many connected linear algebraic groups are
known to be rational; and over an algebraically closed field it is known that every
linear algebraic group is rational.

We describe the idea of the proof, and to simplify the discussion we again
return to the example of the projective line and P = {oco}. As in the case of
proving factorization for the group GL,,, we will construct the factors inductively,
modulo successive powers of the uniformizer ¢ of 7. But unlike in the GL,, case,
we have to be careful to ensure that the limit of these inductive sequences of mod
t! factors will itself lie in the group G. (This was automatic for GL,, since any
matrix that is congruent to the identity modulo ¢ will lie in GL,,.) To do this, we
will use the rationality of the group G.

Specifically, since G is a connected rational variety, say of dimension m, there
are Zariski open neighborhoods N € G and N’ C A™ of 1 € G and 0 € A™,
respectively, together with an isomorphism of F-varieties n : N — N’. The
multiplication map p : G X G — G on G, restricted to an open neighborhood of
(1,1) in N x N, corresponds under 7 to a map f : N’ — N’, where N’ is an open
dense subset of N/ x N’ that contains the origin. By an inductive construction
that generalizes the factorization construction for GL,, we can show that for
some open neighborhood M’ of the origin in N', every By € M'(F,,) is of the form
f(Bu, Bp), for some By € N'(Fy) and Bp € N'(Fp) with (By, Bp) € N'. Now
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take any Ay € G(F,) that we wish to factor. After translation, we may assume
that Ay € N(F},) and that By := n(A4y) € M'(F,). Taking By, Bp as above,
the elements Ay := n~'(By) € G(Fy) and Ap :=n~'(Bp) € G(Fp) then satisfy
ApAp = Ay, as desired. (See [HHKO09], Theorems 3.2 and 3.4, for more details.)

In the more general situation, where P, U, and B can each have more than
one element, one can generalize this and prove simultaneous factorization for col-
lections of elements of G(F,,), p € B. (See [HHKO09|, Theorem 3.6.) By Corol-
lary 9.2, it follows that the local-global principle holds for G-torsors, or equiva-
lently IIIp(F,G), where G is any rational connected linear algebraic group over
F.

10.2 Case of finite groups

Above, the groups considered were connected. This leaves open the question of
what happens if the group is disconnected. For example, suppose that G is an
ordinary finite group, viewed as a finite linear algebraic group. As discussed in
Section 7, G-torsors over F' are then just the spectra of G-Galois F-algebras. For
such an F-algebra A, we can take the normalization of X in A, and obtain a G-
Galois branched cover ¥ — X whose corresponding extension of F' is A. (Here,
the normalization is obtained by taking the integral closure S of R in A for every
Zariski affine open subset Spec(R) C )?; and then taking Y to be the union of

~

the affine schemes Spec(S). More formally, Y = Spec(S), where S is the integral

closure of the structure sheaf O in A.) Here Y is connected (in fact irreducible)
if and only if A is a field.

Thus H'(F,G) is in bijection with the set of isomorphism classes of G-Galois
branched covers of X. The subset IIIp(F,G) C H'(F,G) corresponds to those
covers that are trivial over each Fp and each Fyy. Covers of that type, which we
call split covers, are necessarily unramified over X, since they are unramified (in
fact, trivial) locally.

As we will discuss, the local-global principle for G can fail in this situation.
But the obstruction IIIp(F, G) is finite, and can be computed in terms of a graph
T that is associated to the closed fiber X of X. Namely, T' can be regarded as
a topological space, and IIIp(F,G) can be described in terms of its fundamental
group.

This graph, called the reduction graph, is easiest to describe in the special case
that there are exactly two branches of X at each point of P, and that these two
branches lie on distinct irreducible components of X. In this case, we can use
the definition given in [DM69, p. 86]: the vertices of the graph correspond to the
irreducible components of X, the edges correspond to the (singular) points that
lie on two distinct components, and the vertices of a given edge correspond to the
two components on which the corresponding point lies.
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For example, the graph associated to the configuration pictured in Section 6.3
is as follows:

U1 Pl U2 P2 U3

In the case that more than two components of X can meet at a point, the
above definition does not apply. But one can instead consider a modified version,
which in the above special case gives the barycentric subdivision of the graph as
described above. This graph will then be homotopic to the graph above, and that
will suffice for our purposes (for which only the homotopy class of the graph will
be relevant).

Namely, we construct a bipartite graph, i.e. a graph whose vertex set V is
partitioned into two subsets Vi, Vs such that every edge connects a vertex in V; to
one in V,. Choose a non-empty finite subset P of X that contains all the points
where the closed fiber X has more than one branch. (This contains in particular
all the points where distinct irreducible components of X meet.) Let U consist
of the connected components of X ~ P; its elements U are in bijection with the
irreducible components of X, by taking Zariski closures. We also obtain a set B,
consisting of the branches of X at the points of P; each branch lies on the closure
of a unique U € Y. For the bipartite graph, let V; =P and V, = U. The edges of
the graph correspond to the branches of X at the points of P, with the vertices
of a branch corresponding to the associated point P € P and element U € U.

As an example, consider the situation of a closed fiber X consisting of three
components X7, Xo, X3 that all meet at two points P, P,. Thus U; = X;
{Py, P,}. There are six branches 1, ..., s on X at the points of P, one for each
pair (P, U;). This configuration can be pictured as follows:

Uy
£ 6o Us p@4
P, Us ol 2

The associated bipartite graph is then as follows, where the five vertices cor-
respond to P LIU and the six edges correspond to the six branches g;.
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U
£ 4
o2 U ps
Py Py
3 £6
3

In general, if we enlarge P by adding an additional closed point (and shrinking
the corresponding set U € U by deleting that point), then the homotopy class of

the graph is unchanged. The same is true if we blow up X at a regular point
PeP.

Coming back to local-global principles, consider a finite group G, which we
can also consider as a finite torsor over F. An element of IIp(F,G) induces a
G-Galois covering space of the associated reduction graph I', as follows. This
covering space is locally trivial over a neighborhood of each vertex, including the
adjacent open edges. The local covers are glued over the overlaps, according to the
patching data of the given element of IIlp(F,G) C H'(F,G). This data consists
of the given F|,-isomorphisms of the trivial G-torsors over Fyy and Fp that are
obtained via base change from the given torsor over F. (These base changes
are trivial G-torsors because the given torsor lies in Illp(F, G).) Conversely, a
covering space of T" induces an element of IIlp(F, G), by patching.

Thus the elements of IIIp(F, G) are classified by Hom(m(T), G)/ ~, where ~
is the equivalence relation given by conjugating maps by elements of G. This is
because this set classifies the (possibly disconnected) G-Galois covering spaces of
the graph T'. (If we instead classified pointed G-Galois covering spaces of ', we
would not need to mod out by this equivalence relation.)

Given X and P, we can find I explicitly, and then compute

UIp(F,G) = Hom(m (1), G)/ ~,

which is a finite set. Namely, m1(T) is a free group of some finite rank r, where
r is the “number of loops in I”. We can then identify Hom(m(T"), G) with G".
Thus HIp(F, G) can be identified with G"/G, where the action of G on G" is by
uniform conjugation.

Note that this description of IIp(F,G) is independent of the choice of P
and of X (which can be varied by blowing up), since the homotopy class of T is
independent of these choices. Note also, for G # 1, that IIIp(F, G) vanishes (or
equivalently, the local-global principle holds) if and only if T is a tree.
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10.3 Disconnected rational groups

We have considered the obstructions IIp(F, G) to local-global principles in the
special cases that G is a rational connected group, or if G arises from a finite
group. Here we turn to linear algebraic groups such as O(n) that are at neither
of those two extremes.

We say that a (not necessarily connected) linear algebraic group G is ratio-
nal if each connected component of the F-variety G is a rational F-variety. An
equivalent characterization is that the identity component G° of G is a rational
connected group and that each connected component of G has an F-point. An-
other equivalent characterization is that G is a rational connected group and the
quotient G := G /G is a finite constant group scheme (i.e. arises from an ordinary
finite group) such that G(F) — G(F) is surjective.

For such a group G, we have a short exact sequence

1-G'—-G—>G—1

of groups, with G° connected and G a finite constant group. Associated to this
is a long exact cohomology sequence, which involves just H° and H! if G is not
commutative (see [Ser00, 1.5.5, Proposition 38]). Combining that with the Mayer-
Vietoris sequence in Theorem 9.1, one obtains a short exact sequence of pointed
sets (and of groups, if G is commutative):

1— ]—H'P(F7GO> - HIP(FJG> - HIP(F,G_’> — L

(See Corollary 2.6 of [HHK11a].) Here the first term vanishes, as discussed in
Section 10.1; and the third term is given by Hom(m(T),G)/ ~), as in Section 10.2.
We then obtain the following description of the obstruction IIp(F,G) to the
local-global principle for G-torsors (where some extra work is needed if G is not
commutative):

Theorem 10.1. Let X be a normal projective model of a field F' of transcendence
degree one over a complete discretely valued field. Let P be a mon-empty finite
subset of the closed fiber X that contains all the points where X has more than one
branch. Let G be a rational linear algebraic group over F, and write G = G/G°.
Then

Iy (F,G) = Hom(m (T),G)/ ~ .

As a consequence, IIIp(F, G) is finite, and its order can be explicitly computed,
for G rational. Moreover we obtain the precise condition for the local-global
principle to hold:

Corollary 10.2. With F' as above and G a rational linear algebraic group over
F, the local-global principle for G-torsors holds if and only if either G is connected
or the reduction graph is a tree.
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Namely, these are precisely the conditions under which Hom (7 (T), G), and hence
also Hom(m(T), G)/ ~, is trivial.

The above discussion answers the question of whether there is a local-global
principle, and more generally what the obstruction is to such a principle, in the
case of torsors for rational groups. But the question remains about local-global
principles for other homogeneous spaces for such groups.

To be more precise, consider an F-variety H together with a right G-action
a: HxG — H. We say that G acts transitively on H if for every field extension
E/F, the action of G(E) on H(E) is transitive. Every torsor has this property;
but not conversely, since transitive actions can have stabilizers.

We can then show:

Proposition 10.3. Let G be a linear algebraic group over a field F as above. If the
local-global principle holds for G-torsors, then it also holds for all F-varieties H on
which G acts transitively. FEquivalently, the simultaneous factorization condition
for G implies that local-global principles hold for all transitive G-varieties.

Proof. The first part follows from the second part together with Corollary 9.2.
Concerning the second part, for simplicity, we sketch the proof in the simple
case where we have just one U and one P. More abstractly, we have four fields
F C Fy, F5 C F, satisfying Conditions 4.1 and 4.2 (the latter also being satisfied
here, as discussed in Section 6).

Say that we have points P, € H(Fy) and P, € H(F»). We wish to find a point
P € H(F). Viewing P; € H(Fy), the transitivity property implies that there exists
some Ay € G(Fp) such that PyAg = P». By the factorization condition, there exist
Ay € G(Fy) and Ay € G(F,) such that Ag = AjAy. Let Pj = PlA, € H(F}) and
let Py = P,A,' € H(Fy). Then P}, Py define the same point in H(Fp). Since
Fy N Fy, = F, it follows that this common point P is defined over F), i.e. lies in
H(F), as desired. O

11 Applications of local-global principles

11.1 Applications to quadratic forms

As before, let F' be the function field of a curve over a complete discretely valued
field K, and let X be a normal projective model of F' over the valuation ring T
of K. Suppose now that char(F') # 2. If ¢ is a quadratic form over F, then after
a change of variables it can be diagonalized, i.e. written as ¢ = > i a;z2. We
assume that ¢ is regular, i.e. each a; # 0. As in Section 8, ¢ defines a quadric
hypersurface @ in IP’?(_l; and q is isotropic over F' if and only if ) has an F-point.

In this situation, we may choose a non-empty finite subset P C X of the closed
fiber with properties as before, and let U be the set of connected components of the
complement. The local-global principle for ¢ over F' with respect to the overfields
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Fe, for £ € PUU, then asserts that g is isotropic over F'if and only if it is isotropic
over each Fg; or equivalently,

Q(Fy) #@forallE e PUU & Q(F) # @.

The question is whether this principle holds.

Let O(gq) be the orthogonal group associated to the quadratic form g; i.e. the
subgroup of GL,, that preserves the form ¢. The projective hypersurface @ is a
homogeneous space for the group O(q), though not a torsor for this group. This
group is rational, by the Cayley parametrization ([KMRT98], p. 201, Exercise 9),
but not connected. In fact, it has two connected components, with the identity
component being SO(q).

Note that dim(Q) = n—2. In particular, @ is of dimension zero if ¢ is a binary
quadratic form. In that case, () can consist of two points, and be disconnected
(e.g. if ¢ = 2% —y?). But if n > 2, then @ is connected, and hence the connected
subgroup SO(q) also acts transitively on Q. Since the group SO(q) is both rational
and connected, the local-global principle holds for @, using Corollary 10.2 and
Proposition 10.3. Rephasing this, we have:

Theorem 11.1. The local-global principle for isotropy of quadratic forms over F,
with respect to patches Fe, holds for forms of dimension n > 2.

This result is analogous to the classical Hasse-Minkowski theorem for quadratic
forms over global fields (see Section 8). But unlike that situation, here there can
be an exception, in the case of binary forms. And in fact, there really do exist
examples of binary forms in which the principle does not hold. By Corollary 10.2,
any such example must involve a field F' for which the reduction graph associated
to a model is not a tree. The simplest case of this is a Tate curve, where the
general fiber is a genus one curve over K, and the closed fiber consists of one or
more projective lines whose crossings form a “loop”. One such possibility consists
of two projective lines that cross each other at two points. The closed fiber then
looks like

and the reduction graph looks like
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which is not a tree. An explicit example of this situation is the double cover X of
PL. given in affine coordinates by y? = z(x—t)(1—xt), with P;, P, being the points
x = 0, 00 on the closed fiber (f = 0). The form ¢ = z(z—t)2?—23 is locally isotropic
but not isotropic over the function field of X. (This phenomenon was observed
by J.-L. Colliot-Théléne, based on [Sai83, Example 2.7]. See [CPS12, Remark 4.4]
and [HHK09, Example 4.4] for Tate curve examples with an irreducible closed
fiber.)

There is another way to understand the fact that the local global principle will
hold for all quadratic forms over F' (without any restriction on dimension) if and
only if the associated reduction graph I is a tree. This concerns the Witt group
of the field F. This group W(F) is defined to be the set of equivalence classes
of quadratic forms, with two forms being considered equivalent if they differ by
a hyperbolic form " (2? — y?), up to a change of variables. These equivalence
classes form a group under orthogonal direct sum, i.e. adding representative forms
in disjoint sets of variables. The local-global principle for the Witt group would
assert that W (F) is trivial if and only if each group W (F%) is trivial. As a result
of the two-dimensional exception in Theorem 11.1, this will not always hold, due
to the presence of two-dimensional forms that become isotropic over each F¢ but
are not isotropic over F. (A two-dimensional form is hyperbolic if and only if it is
isotropic.) Instead, the obstruction to this principle can be found explicitly, using
the results described above:

Proposition 11.2. The kernel of the local-global map

W(F) - [[ W)

ceULP

on Witt groups is Hom(m(T"),Z/2), where T is the reduction graph of any reqular
projective model of F. Hence the local-global principle for Witt groups holds if and
only if T is a tree.

The key ingredients in the proof are Theorem 11.1 and Theorem 10.1 with G
an orthogonal group. For more details, see [HHK11a, Theorem 9.6] (where the
assertion was phrased somewhat differently).
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A numerical application of the above ideas is motivated by classical quadratic
form theory over global fields. Namely, the Hasse-Minkowski theorem implies the
following theorem of Meyer: If ¢ is a quadratic form over Q@ of dimension greater
than four, and if ¢ is not positive or negative definite, then ¢ is isotropic over
Q. (See [Ser73, Section IV.3.2].) More generally, this assertion holds over any
global field. Note that in the function field case, no forms are positive or negative
definite, and the assertion simplifies, to say that every quadratic form in more
than four variables is isotropic.

In the situation of the fields F' that we have been considering, i.e. one-variable
function fields over a complete discretely valued field K, Theorem 11.1 can sim-
ilarly be used to obtain an analogous result concerning isotropy of forms in “too
many variables.” (Since we are in the function field case, there is no issue of being
positive or negative definite.) In particular, if K = Q, with p # 2, and if ¢ is
a quadratic form over F' of dimension greater than 8, then ¢ is isotropic over F'.
And to give another example, if K = Q,((¢)) with p # 2, and if ¢ is a quadratic
form over F' of dimension greater than 16, then ¢ is isotropic over F. These and
other related results (e.g. for fields of the form F, with K = Q,) were shown in
[HHKO09, Section 4] using the above methods.

Until the 1990’s, it was not known if there were results of this sort, even in
the case of K = Q,. The above result in that case was first shown by a different
approach in [PS10]. Another proof, in [Leel2], later showed that that result holds
for K = Q9 as well. Building on [HHKO09, Section 4] and [HHK11a], it has been
recently shown more generally in [PS13] that if K is a complete discretely valued
field of characteristic zero whose residue field is a perfect field of characteristic
two, then any quadratic form of dimension greater than 8 must be isotropic over
F. These results, however, were obtained by proofs that did not apply to such
cases as K = Q,((¢)).

11.2 Applications to central simple algebras

By a similar approach, local-global principles can be obtained for central simple
algebras over our field F. We begin by reviewing some background; see also
[Pie82].

Recall that Wedderburn’s Theorem states that every (finite dimensional) cen-
tral simple algebra A over a field K is of the form Mat, (D), where D is a (central)
division algebra over K. Moreover the integer n is uniquely determined by A, and
D is unique up to isomorphism. The index of A is the degree of the division
algebra D (see Section 3.3); equivalently, it is the minimal value of [E : F)| where
E/F is a field extension such that Ap := A ®p E is split over F (i.e. a matrix
algebra).

One says that two central simple F-algebras A, A’ are Brauer equivalent if
the associated division algebras are isomorphic. The set of Brauer equivalence
classes form a group under tensor product, called the Brauer group Br(K) of
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K. By the above, its elements are in bijection with isomorphism classes of K-
division algebras. One says that A is split if its Brauer class is the trivial class;
ie. A = Mat,(K) for some n. This is equivalent to the condition ind(A) = 1.
As mentioned in Section 8, the classical theorem of Albert, Brauer, Hasse, and
Noether says that if K is a global field and if A is a central simple K-algebra,
then A is split over K if and only if A, := A ® K, is split over K, for every
completion K, of K. R

Analogously in our situation, with F'; X, P, and U as before, we can show
the following local-global principle for central simple algebras (JHHKO09], Theo-
rem 5.1):

Theorem 11.3. A central simple F-algebra A is split over F if and only if A¢ :=
A®p F¢ is split over F¢ for every & € PUU. In fact even more is true: ind(A)
lcmgepuu 1nd(A§)

The proof parallels that of Theorem 11.1. But instead of using the rational
connected group SO(q), we use the group GLi(A). If the degree of A is d (i.e.
dimp(A) = d?), then GL;(A) is a Zariski open subset of A% and hence it is a
rational and connected F-group. There are canonically defined varieties SB;(A),
known as generalized Severi-Brauer varieties of A, on which GL;(A) acts tran-
sitively. (See [VAB88|, p. 334, and [See99|, Theorem 3.6.) Using these in place
of the hypersurface @, the argument in the quadratic form case carries over to
provide the desired local-global principle for central simple F-algebras. Note that
here, unlike in the quadratic forms situation, there is no exception to the principle.
That is because here we consider varieties on which a rational connected group
acts transitively, whereas in the quadratic forms case the connectivity property
can fail for n = 2.

As in the case of quadratic forms, the local-global principle for central simple
algebras can be used to obtain the values of numerical invariants associated to
F' that concern the behavior of central simple algebras. If A is a central simple
F-algebra, then the Brauer class of A has finite order in Br(F'); this is called
the period of A. Regardless of the ground field, the period always divides the
index, and moreover those two integers are divisible by precisely the same set of
primes. Thus for every A there is an integer e such that ind(A) divides per(A)¢. An
important question is whether there is a value of e that works for all A (or at least,
all A whose period is not divisible by the relevant characteristic). Paralleling the
argument in the case of quadratic forms, such uniform values of e can be found in
many cases. For example, if K = Q,((¢)) then for algebras of period not divisible
by p, we have e = 2 for A over K, and e = 3 for A over F. As in the situation
of quadratic forms, there are also similar results over the fields Fp and Fy. See
[HHKO09, Section 5], where the above is carried out. See [Liell] for a different
proof in the case of the field F. See also [PS13] for recent results in the case that
K is of mixed characteristic (0, p) and the period of the algebra A is a power of p.
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12 Complements

12.1 Other local-global set-ups

Above, we have considered local-global principles for one-variable function fields
F over a complete discretely valued field K. These have been phrased in terms of
a finite set of overfields F¢ of F, corresponding to a choice of patches on a normal
projective model X of F over the valuation ring T of K. While inspired by
classical local-global principles for global fields, this set-up is not quite analogous,
since in the classical case one takes infinitely many overfields, corresponding to
all the completions of the global field. Also, the classical local-global principles
do not depend on making a choice, unlike our situation above, where we choose
a non-empty finite subset P of the closed fiber X of )/(\', in order to define our set
of overfields.

The above framework can be modified, however, to be closer in spirit to the
classical situation. We describe two ways to do this.

The first of these begins with a normal model X of F, and considers the set
of all the fields Fp for P € X. This includes not only the infinitely many closed
points of X, but also the finitely many non-closed points of X. These latter
points are the generic points n of the (finitely many) irreducible components U of

~

X. (Here F), is the fraction field of the completion R, of the local ring R, = (9;(77]
of X at 1.)

In this situation, unlike our prior set-up above, we do not have overfields that
would play the role of the fields F|,. So we cannot ask for patching to hold. But
we can still ask for local-global principles. In the case of G-torsors, for G a linear
algebraic group over F, this says that the local-global map

H'(F,G)— [[ H'(Fp,G)

pPeX

is injective. Let IIIx(F,G) denote the kernel of this map (with the model X
being understood). It turns out that if G is rational over F', then IIIx(F,G) is
naturally isomorphic to IIIp(F, G), for any choice of a finite non-empty subset P
of X that contains all the points where X has more than one branch ([HHK11a,
Corollary 5.6]). Thus the obstruction IIlp(F,G) is more canonical than it had
appeared to be, as it depends only on the model X. Moreover M (F,G) can
therefore be identified with Hom(m,(T'), G)/ ~, where the reduction graph T is
taken with respect to any choice of P as above (and where G = G/G° as before).

The second modification instead considers the set Q of (equivalence classes of)
discrete valuations v on the field F', just as in the classical case of global function
fields one considers the set of discrete valuations. For G a linear algebraic group
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over I, let II(F, G) be the kernel of the local-global map

H'(F,G)— [] H'(F..G).

vEQR

Then II(F, G) is naturally contained in IIlx(F, G) ([HHK11a, Proposition 8.2]),
and the question is whether they are equal. In general this is unknown, but it is
known in several cases (see [HHK11a, Theorem 8.10]), e.g. if G is rational and
the residue field k£ of T is algebraically closed of characteristic zero. Moreover
the local-global principle, in this sense, is known to hold for quadratic forms of
dimension greater than two provided that the residue field k is not of character-
istic two (see [CPS12], Theorem 3.1), thereby carrying over Theorem 11.1 to this
situation. Moreover the local-global principle for central simple algebras, given in
the first part of Theorem 11.3, also carries over; see [CPS12, Theorem 4.3(ii)] and
[HHK11a, Theorem 9.13]. The second part of Theorem 11.3 also has an analog
for discrete valuations, at least in the presence of sufficiently many roots of unity;
see [RS13, Theorem 2], whose proof relies on Theorem 11.3.

12.2 Non-rational groups

Although our patching results for torsors do not require that the linear algebraic
group is rational, the proofs of the results above concerning local-global principles
do require that. There is then the question of whether such results hold more
generally. In particular, there is the question of whether local-global principles
hold for connected linear algebraic groups that are not rational.

In certain cases where a connected linear algebraic group G over F' is not
known to be rational, local-global principles have been shown. In particular, this
was done for groups of type Go in [HHK11a, Example 9.4], by using local-global
principles for quadratic forms. This has also been done for various other types
of groups by combining cohomological invariants with local-global principles for
higher Galois cohomology; see [CPS12, Section 5], [Hu12], and [HHK12, Section 4].
Also, in [Kral0], it was shown that local-global principles hold for connected linear
algebraic groups that are retract rational, a condition that is strictly weaker than
being rational.

These results suggest the possibility that local-global principles might hold for
all connected linear algebraic groups over our fields F'. But in fact, this is not the
case. In [CPS13], examples were obtained of a connected linear algebraic group G
over a field F' as above, such that the local-global principle for G-torsors fails. In
fact, it fails in each of the three settings discussed above: with respect to patches,
point on the closed fiber, and discrete valuations.

In light of this, it would be very interesting to find a necessary and sufficient
condition on connected linear algebraic groups G over F for local-global principles
to hold.
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Algebraic Patching?

by Moshe Jarden

Abstract

The most effective challenge to the inverse problem of Galois theory has
been Hilbert Irreducibility Theorem. Indeed, one may use both arithmetic
and geometry in order to realize finite groups over Q(¢). Once this has been
successfully done for a finite group G, HIT yields many specializations of
t to elements of Q that lead to a realization of G over Q. However, the
realization of G over Q(¢) usually requires the existence of rational point
on a certain algebraic variety defined over Q. Unfortunately, one can not
always guarantee the existence of such a point, so the inverse Galois problem
over Q is still wide open.

The only known class of fields for which points that lead to realization
of all finite groups exist is that of “ample fields”. A field K is said to
be ample if every absolutely irreducible curve C' defined over K with a
K-rational simple point has infinitely many K-rational points. Among
others, PAC fields, Henselian fields, and real closed fields are ample. Using a
method called “algebraic patching” we will prove that if K is an ample field,
then every finite split embedding problem over K(t) is properly solvable.
In particular, if K is countable and algebraically closed, this implies that
Gal(K) is isomorphic to the free profinite group E, on countably many
generators. Also, if K is PAC and countable, then K is Hilbertian if and
only if Gal(K) = F,.

MSC (2010): 12E30.

IFor more details, including exact references, see “Algebraic Patching”, Springer 2011, by
Moshe Jarden.
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Introduction

The ultimate goal of Galois theory is to describe the structure of the absolute
Galois group Gal(Q) of Q. This structure will be specified as soon as we know
which finite embedding problems can be solved over Q. If every finite Frattini
embedding problem and every finite split embedding problem is solvable, then
every embedding problem is solvable [9, Prop. 22.5.8]. However, not every finite
Frattini problem over Q can be solved. For example,

(Gal(Q) — Gal(Q(v~1)/Q), Z/4Z — Gal(Q(v~1)/Q))
is an unsolvable Frattini embedding problem. So, one may ask:
Problem A. Is every finite split embedding problem over Q solvable?

More generally, one would like to know:

Problem B. Let K be a Hilbertian field. Is every finite split embedding problem
over K solvable?

An affirmative answer to Problem B will follow from an affirmative answer to
the problem for the subfamily of Hilbertian fields consisting of all rational function
fields:

Problem C (Débes—Deschamps). Let K be a field and x a variable. Is every
finite split embedding problem over K(z) solvable?

1 Ample Fields

The most significant development around Problem C is its affirmative solution for
ample fields K. This family includes two subfamilies that seemed to have nothing
in common: PAC fields and Henselian fields. Indeed, if K is a PAC field and v is
a valuation of K, then the Henselization K, of K at v is the separable closure K
of K. In particular, if a PAC field is not separably closed, then it is not Henselian.

Florian Pop made a surprising yet simple and useful observation that both
PAC fields and Henselian fields are existentially closed in the fields of formal
power series over them. This property is one of several equivalent definitions of
an ample field.

Proposition 1.1. The following conditions on a field K are equivalent:

(a) For each absolutely irreducible polynomial f € K[X,Y], the existence of a
point (a,b) € K? such that f(a,b) =0 and g—){(a, b) # 0 implies the existence
of infinitely many such points.
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(b) Every absolutely irreducible K-curve C' with a simple K -rational point has
infinitely many K -rational points.

(¢) If an absolutely irreducible K-variety V' has a simple K -rational point, then
V(K) is Zariski-dense in V.

(d) Ewvery function field of one variable over K that has a K-rational place has
infinitely many K -rational places.

(e) K is existentially closed in each Henselian closure K (t)" of K (t) with respect
to the t-adic valuation.

(f) K is existentially closed in K((t)).

Proof. We only prove the implication “(f) = (a)” and refer the reader for the
other implications to [12, Lemma 5.3.1].

Inductively suppose there exist (a;,b;) € K%, i =1,...,n, such that f(a;,b;) =
0 and ay, ..., a, are distinct. We choose o’ € K[[t]], t-adically close to a such that
a #a;,i=1,...,n. Then f(a,b) is t-adically close to 0 and %(aﬂ b) # 0. Since
K((t)) is Henselian, there exists ' € K[[t]] such that f(a/,b") = 0 and g—{i(a/, b') #
0. Since K is existentially closed in K ((t)), there exists a,11,b,41 € K such that
f(ant1,bny1) =0 and a, 41 # aq,. .., a,. This concludes the induction. O

Corollary 1.2. Every ample field is infinite.
It is possible to strengthen Condition (b) of Proposition 1.1 considerably.

Lemma 1.3 (Fehm [7, Lemma 4]). Let K be an ample field, C' an absolutely
irreducible curve defined over K with a simple K-rational point, and ¢: C — C'
a separable dominant K -rational map to an affine curve C' C A" defined over K.
Then, for every proper subfield Ky of K, card(¢(C(K))~ A"(K))) = card(K).

The proof uses among others a trick of Jochen Koenigsmann that Pop applied
to prove Proposition 1.4(b) below.

Proposition 1.4. Let K be an ample field, V' an absolutely irreducible variety
defined over K with a K-rational simple point, and Ky a subfield of K. Then:

(a) K = Ko(V(K)).
(b) card(V(K)) = card(K).

Proposition 1.5 (Pop [16, Prop. 1.2]). Every algebraic extension of an ample
field is ample.

Problem 1.6. Let L/K be a finite separable extension such that L is ample. Is
K ample?
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2 Examples of Ample Fields

The properties causing a field K to be ample vary from diophantine, arithmetic,
to Galois theoretic.

(a) PAC fields, in particular, algebraically closed fields.
(b) Henselian fields.

More generally, we say that a pair (A,a) consisting of a domain A and a
nonzero ideal a of A is Henselian if for each f € A[X] satisfying

f(0)=0 moda and f’(0)isaunit moda

there exists z € a such that f(z) = 0.

Pop [17, Thm. 1.1] has observed that the proof that Henselian fields are ample
can be adjusted to a proof that if (A,a) is a Henselian pair, then Quot(A) is
ample.

(c) If Ais complete with respect to a nonzero ideal a, then (A, a) is a Henselian
pair, hence Quot(A) is ample.

For example, K((X31,...,X,)) is ample for every n > 1 and any field K.
So is, for example, the field Quot(Z[[X1,...,X,]]). Note that if n > 2, then
F = K((Xy,...,X,)) is Hilbertian (by Weissauer [9, Thm. 13.9.1]), hence F' is
not Henselian (by Geyer [9, Lemma 15.5.4]), even though the ring K[[X7, ..., X,]]
is complete and therefore Henselian.

(d) Real closed fields.
(e) Fields satisfying a local global principle.

Let K be a field and I be a family of field extensions of K. We say that K is
PICC (or also that K satisfies a local global principle with respect to K) if every
nonempty absolutely irreducible variety defined over K with a simple K-rational
point for each K € K has a K-rational point. In this case, if each K € K is ample,
then K is also ample.

For example, let K be a countable Hilbertian field and S a finite set of local
primes of K. Thus, each p € S is an equivalence class of absolute values whose
completion K, is a local field. Let K, = K, N K,. Consider also an e-tuple
o= (01,...,0.) taken in random in Gal(K)® (with respect to the Haar measure).
Let K (o) be the fixed field in K, of o1,...,0, and let K[o] be the maximal
Galois extension of K in K,(o). Then the field

Ktot,S[U] = K,[o] N m ﬂ Kg

peS peGal(K)
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is PKC with £ = {K{| p € S, p € Gal(K)}. Since each of the fields K7 is
Henselian or real closed, it is ample (by (b) and (d) above). Hence, Ko s[o] is
ample (Geyer-Jarden [12, Example 5.6.6]).

(f) Fields with a pro-p absolute Galois group (Colliot-Thélene [2], Jarden [11]).

Problem 2.1. Let K be a field such that the order of Gal(K) is divisible by only
finitely many prime numbers. Is K ample?

3 Finite Split Embedding Problems

The raison d’etre of ample fields is that they are the only known fields for which
Problem C has an affirmative answer.

Theorem 3.1 (Pop [Main Thm. A], Haran-Jarden [3, Thm. A]). Let K be an
ample field, L a finite Galois extension of K, and x a variable. Suppose Gal(L/K)
acts on a finite group H. Then K(zx) has a Galois extension F that contains L
and there is a commutative diagram

Gal(F/K (z))

Gal(L/K) x H—"—Gal(L/K)
in which « is the projection on the first component and ~y is an isomorphism.

The proof of Theorem 3.1 is carried out in two steps. First one solves the
corresponding embedding problem over the field K = K((t)) using patching.
Then one reduces the solution obtained over K (z) to a solution over K (z), using
that K is existentially closed in K.

The most striking application of Theorem 3.1 is a solution of a problem of
Field Arithmetic that stayed open for a long time:

Theorem 3.2 ([12, Thm. 5.10.2]). Every PAC Hilbertian field K is w-free (that
is, every finite embedding problem over K is solvable). In particular, if K is
countable, then Gal(K) is isomorphic to the free profinite group E, on countably
many generators.

For the next application we need an improvement of Theorem 3.1.

Theorem 3.3 (Harbater-Stevenson [10, Thm. 4.3], Pop [17, Thm. 1.2], Jarden
[12, Prop. 8.6.3]). Let K be an ample field and x a variable. Then every finite
split embedding problem over K(x) has as many solutions as the cardinality of K.
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In particular, this theorem applies when K is algebraically closed. Since
Gal(K (z)) is projective, we get the following generalization of a theorem that
was proved in characteristic 0 using Riemann existence theorem.

Corollary 3.4 (Harbater [6, Cor. 4.2], Pop [15, Geometric (SC)], Haran-Jarden
[4, Main Theorem]). Let K be an algebraically closed field of cardinality m. Then
Gal(K(x)) = F,.

Actually, Theorem 3.3 was proved in a stronger form, in which K (x) is replaced
by an arbitrary function field E of one variable over K and the solution field is
regular over the field of constants of F.

Harbater-Stevenson proved that every finite split embedding problem over
K ((t1,t2)) has as many solutions as the cardinality of K. Moreover, this property
is inherited by K ((t1,%2))an. Finally, the absolute Galois group of the latter field
is projective. Together, this proves the following result:

Theorem 3.5. Let K be a separably closed field and E = K((t1,t2)). Then
Gal(Eap) is isomorphic to the free profinite group F,, of cardinality m = card(F).

Theorem 3.3 can be improved further.

Theorem 3.6 (Bary-Soroker, Haran, Harbater [1, Thm. 7.2]; Jarden
[12, Thm. 11.7.1]). Let E be a function field of one variable over an ample field
K. Then Gal(FE) is semi-free. That is, every finite split embedding problem over
E

(res: Gal(E) — Gal(F/E), a: G — Gal(F/E))

has card(E)-linearly disjoint solution fields F; (i.e. the fields F; are linearly
disjoint extensions of F.)

Combining this proposition with results of Bary-Soroker-Haran-Harbater,
Efrat, and Pop, we were able to prove the following result.

Theorem 3.7 (Jarden [12, Thm. 11.7.6]). Let K be a PAC field of cardinality
¢ and x a variable. For each irreducible polynomial p € K[x] and every positive
integer n satisfying char(K) { n let /p be an nth root of p such that ( ™y/p)™ = {/p
for all m,n. Let F be the compositum of all fields K({/p). Then, I is Hilbertian
and Gal(F) = F,.

Here is a special case:

Corollary 3.8 (Jarden [12, Example 11.7.8]). Let K be an PAC field of cardinality
m and x a variable. Suppose K contains all root of unity. Then Gal(K (z)a,) =
F,,.

And here is another example of a semi-free absolute Galois group:
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Theorem 3.9 (Pop [12, Thm. 12.4.4)). Each of the following fields K is Hilbertian
and ample. Moreover, Gal(K) is semi-free of rank card(K).

(a) K = Ko((X1,...,X,)), where Ky is an arbitrary field and n > 2.

(b) K = Quot(Ro[[X1,...,X,]]), where Ry is a Noetherian domain which is not
a field and n > 1.

More about Theorem 3.9 can be found in Chapter 12 of [12].

Problem 3.10. Give an example of a non-ample field K such that every finite
split embedding over K (z) is solvable.

Note that the existence of an example as in Problem 3.10 will give a negative
answer to Problem C. Conversely, a positive answer to Problem C is a negative
answer to Problem 3.10.

4 Axioms for Algebraic Patching

Let E be a field, G a finite group, and (G})cr a finite family of subgroups of G
that generates G. Suppose that for each ¢ € I we have a finite Galois extension
F; of E with Galois group G;. We use these extensions to construct a Galois
extension F' of E (not necessarily containing F;) with Galois group G. First we
‘lift” each F;/E to a Galois field extension Q;/P;, where P; is an appropriate field
extension of F (that we refer to as “analytic”) such that P, N F; = E and all of
the Q);’s are contained in a common field ). Then we define F' to be the maximal
subfield contained in (,.; Q; on which the Galois actions of Gal(Q;/F;) combine
to an action of G.

Gi
P

Qi—Q

‘ Gi
E;

E

The construction works if certain patching conditions on the initial data are
satisfied.

Definition 4.1 (Patching data). Let I be a finite set with |I| > 2. Patching
data

&= (Ea Ev Pi7 Q7 Gi7 G)iel
consists of fields £ C F;, P; C @ and finite groups G; < G, i € I, such that the
following conditions hold.

(4.1a) F;/E is a Galois extension with Galois group G;, i € I.

(4.1b) F; C P}, where P/ =, P;, i € I.
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(4.10) Ny P = E.
(4.1d) G = (G;| i € I).

(4.1e) (Cartan’s decomposition) Let n = |G|. Then for every B € GL,(Q) and
each i € I there exist By € GL,(P;) and By € GL,,(P/) such that B = B; Bs.

We extend £ by more fields. For each i € I let Q; = P,F; be the composi-
tum of P; and F; in . Conditions (4.1b) and (4.1c) imply that P, N F; = E.
Hence, @,/ P; is a Galois extension with Galois group isomorphic (via restriction
of automorphisms) to G; = Gal(F;/E). We identify Gal(Q;/P;) with G; via this
isomorphism.

Definition 4.2 (Compound). The compound of the patching data & is the set
F of all a € (;.; Q; for which there exists a function f: G — (1,.; Q; such that

(4.2a) a= f(1) and
(4.2b) f(¢1) = f(Q)" for every ( € G and 7 € |, Gi.

Note that f is already determined by f(1). Indeed, by (4.1d), each 7 € G
can be written as 7 = Ty -7, with 7,..., 7. € J,c; Gi. Hence, by (4.2b),
flr)=f)m.

We call f the expansion of a and denote it by f,. Thus, f.(1) = a and
fa(CT) = fa(Q)" for all ¢ € G and 7 € |, Gi.

We list some elementary properties of expansions:
Lemma 4.3. Let F be the compound of £. Then:

(a) Every a € E has an expansion, namely the constant function ( — a.
(b) Let a,b € F. Then a+b,ab € F; in fact, forp = fo+ fo and fop = fufs-

(c) If a € F*, then a=' € F. More precisely: f,(C) # 0 for all ¢ € G, and
¢ fo(¢)71 is the expansion of a™?.

(d) Let a € F and o € G. Then f,(0) € F; in fact, fr,)(C) = fa(cQ).

Proof. Statement (a) holds, because a” = a for each 7 € |J,.; G;. Next observe
that the sum and the product of two expansions is again an expansion. Hence,
Statement (b) follows from the uniqueness of expansions and from the observations
(fa+b)(1) =a+b= fa(l) + fb(l) = (fa + fb)(l) and fab(l) = (fafb)(l)

Next we consider a nonzero a € F and let 7 € G. Using the notation of
Definition 4.2, we have f,(7) = ((a™)™")™ # 0. Since taking the inverse in
N;e; Qi commutes with the action of G, the map ¢ +— fo(¢ )~ is the expansion of
a~'. This proves (c).

Finally, one can check that the map ¢ — f,(0¢) has the value f,(c) at ( =1
and it satisfies (4.2b). Hence, that map is an expansion of f,(¢), as claimed in
(d). O
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Definition 4.4 (G-action on F). For a € F and o € G put
(4.3) a® = f.(0),
where f, is the expansion of a.

Lemma 4.5. The compound F of the patching data € is a field on which G acts
by (4.3) such that FY = E. Moreover, for eachi € I, the restriction of this action
to G; coincides with the action of G; = Gal(Q;/P;) on F as a subset of Q;.

Proof. By Lemma 4.3(a),(b),(c), F is a field containing E. Furthermore, (4.3)
defines an action of G on F. Indeed, a' = f,(1) = a. Moreover, if ¢ is another
element of G, then by (4.3) and Lemma 4.3(d), (a%)¢ = fo(0)* = fr.(() =
fa(o€) = at®).

Cramv: F¢ = E. Indeed, by Lemma 4.3(a), elements of E have constant
expansions, hence are fixed by G. Conversely, let a € F¢. Then for each i € I we
have a € Q" = P,. Hence, by (4.1¢), a € E.

Finally, let 7 € G; and a € F. Then, f,(7) = f.(1)” = a”, where 7 acts as an
element of G; = Gal(Q;/FP;). Thus, that action coincides with the action given by
(4.3). O

The next goal is to prove that F'/E is a Galois extension with Galois group G.
To achieve this goal we introduce more objects and invoke Cartan’s decomposition.
Let

(4.4) N:{ZaCﬂ ageQ}

ceaq

be the vector space over ) with basis (| ¢ € G), where G is given some fixed
ordering. Thus, dimg N = |G]|. For each i € I we consider the following subset of
N:

(4.5) N, = {Zacc ENla €Q; al=aqa, forall(€G, ne Gi}.
¢ea

It is a vector space over P;.

N; N
.
P Qi—Q
\
F|
/
E-S R
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Lemma 4.6. For each i € I the Q-vector space N has a basis which is contained

Proof. Let A = {A1,..., \n} be a system of representatives of G/G; and let
M, ..., N be a listing of the elements of G;. Thus, G ={ \n, | k=1,...,m; v =

.,7}. Let z be a primitive element for );/P;. The following sequence of |G|
elements of IN;

<ZT:(ZJ;1)"” e | J=1,...,m3 k=1,...,m>

v=1

(in some order) is linearly independent over @, hence it forms a basis of N over

Q.
Indeed, let ajx € Q such that Y37 7" aj (D0, (2771)™ An,) = 0. Then

r

33 (X an= ) ) =0,

k=1 v=1 j=1

This gives Y7 aj(z7~)™ = 0 for all k,v. Thus, for each k, (ai, ..., a) is a
solution of the homogeneous system of equations with the Vandermonde matrix
((2/=1)™). Since this matrix is invertible, aj, = 0 for all j, k. O

Lemma 4.7 (Common basis lemma). N has a Q-basis in [),c; N,

Proof. Consider a nonempty subset J of I. Using induction on |J|, we find a
@-basis in (), ; N;. For J = I this gives the assertion of the lemma.

For each i € I, Lemma 4.6 gives a Q-basis v; of N in N;, so the result follows
when |J| = 1. Assume |J| > 2 and fix ¢ € J. By induction, N has a Q-basis u in
MNjes~giy Nj- The transition matrix B € GL,(Q) between v; and u satisfies

(4.6) u=v;B.

By (4.1e), there exist By € GL,(F) and By € GLn(F)) € ey gy GLn(F)). such
that B = B1By. Then u32 = v;B; is a @-basis of N in ﬂjeJ N;. This finishes
the induction. O

Lemma 4.8. Let G be a finite group that acts on a field F and set E = F. If
[F: E] > |G|, then F/E is a Galois extension whose Galois group is G.

Proof. let G be the quotient of G by the kernel of the action of G on F. Then G
is a finite group of automorphisms of F' with fixed field E. By a lemma of Artin

[14, Algebra, Lemma VI.1.8], F//E is a Galois extension with Gal(F/E) = G.
By assumption, |G| > |G| = |Gal(F/E)| = [F : E] > |G|. Hence, G = G =
Gal(F/E).

OJ
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Now we are in a position to improve Lemma 4.5.

Proposition 4.9. The compound F' of the patching data £ is a Galois extension
of E with Galois group G acting by (4.3). Moreover, Q; = P,F for each i € I.

Proof. We define a map T: ' — N by

T(a) = falC)C

ceaq

By Lemma 4.3(a),(b), T is an E-linear map. By (4.2b), f,(¢)” = f.({7) for all { €
G and 7 € U;; Gi, so Im(T) C (¢, Vi Conversely, if £ =3 5 acC € Nie; Nis
then a; € F and T'(a;) = §. Therefore, Im(T") = (,c; N;. By Lemma 4.7, Im(T)
contains |G| linearly independent elements over @, hence over E. Therefore,
[F: E] = dimg F' > dimgIm(T) > |G|. By Lemma 4.5, F = E. Hence, by
Lemma 4.8, F'/E is a Galois extension and Gal(F/E) = G.

Finally, by what we have just proved and by Lemma 4.5, the restriction

Gal(Qi/P,) — Gal(F/E)

is injective. Hence, @); = PF. O

5 Galois Action on Patching Data

Knowledge of the finite groups that can be realized over a field K does not de-
termine Gal(K). The latter required control on the finite embedding problems
that can be solved over K. Unfortunately, our methods can handle only “finite
split embedding problems”. However, in some cases (like those that appear in our
main results), being able to solve all finite split embedding problem suffices.

A finite split embedding problem over a field Ej is an epimorphism

(5.1) pr: I'xG—T

of finite groups, where I' = Gal(E/Ey) is the Galois group of a Galois extension
E/Ey, G is a finite group on which T" acts from the right, T'x G is the corresponding
semidirect product, and pr is the projection on I'. Each element of I' X G has a
unique presentation as a product y¢ with v € I' and ¢ € G. The product and
the inverse operation are given in I' x G by the formulas ¢ - dn = v§ - (°n and
(7¢)"' = 471(¢*")". A solution of (5.1) is a Galois extension F of Ey that
contains E and an isomorphism ¢: Gal(F/FEy) — I' x G such that pro = resg.
We call F a solution field of (5.1).

Suppose the compound F' of a patching data £ (§4) realizes G over E. A
‘proper’ action of I" on £ will then ensure that F' is even a solution field for the
embedding problem (5.1).
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Definition 5.1. Let E/Eq be a finite Galois extension with Galois group I'. Let
&= (Ea E» Pi7 Q? Giv G)ie]

be patching data (Definition 4.1). A proper action of I on £ is a triple that
consists of an action of I on the group G, an action of I" on the field @), and an
action of I' on the set I such that the following conditions hold:

(5.2a) The action of " on @) extends the action of T on E.

(5.2b) F = Fpn, P} = Py, and G} = Gy, for alli € [ and v € T

(5.2¢) (a")? = (a”)" foralli€ l,a€ F;, 7€ G;,and y €.

The action of I" on G defines a semidirect product I' x G such that 77 = v~ 17~y
forall 7 € G and v € I'. Let pr: I' x G — I" be the canonical projection.

Proposition 5.2. In the notation of Definition 5.1 suppose that T' = Gal(E/FEy)
acts properly on the patching data £ given in Definition 5.1. Let F be the com-
pound of £. Then T' acts on F wvia the restriction from its action on @ and the
actions of T' and G on F' combine to an action of I' x G on F with fixed field Ey.
This gives an identification Gal(F/Ey) =T X G such that the following diagram
of short exact sequences commutes:

pr

1 'k G 1

| —— Gal(F/E) —= Gal(F/Ey) —> Gal(E/E) — 1

Thus, F is a solution field of the embedding problem (5.1).
Proof. We break the proof of the proposition into three parts.

e PART A: The action of T on F.
Let i € I and v € T. Then Q; = PF;, so by (5.2b), Q7 = Q. Moreover,
we have identified Gal(Q;/F;) with G; = Gal(F;/FE) via restriction. Hence,
by (5.2b), for all a € P; and 7 € G; we have 77 € G4 and a7 € Pj, so
(a™)Y = a” = (a7)7". Together with (5.2c), this gives

(5.3) (") = (a?)”  forallac Q;and 7 € G;.
Consider an a € F and let f, be the expansion of a (Definition 4.1). Define

Jd: G — Nie; Qi by f1(¢) = fa(C71)7. Then f7 is the expansion f, of a?.
Indeed, f7(1) = f,(17"") = a” and if ¢ € G and 7 € G;, then 77 € G,
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Hence, by (5.3) with i7", f,(¢*""),77" replacing 4,a,T, respectively, we
have

1

F1Cr) = Ful Y = (Y = ()T = RO

Thus a” € F. It follows that the action of I" on @ restricts to an action of
I"'on F.

PART B: The action of ' x G on F. Let a € F and v € I'. We claim that
(5.4) (a®)" = (a")°"  forallo € G,

where a” = f,(0) (Definition 4.4). Indeed, write o as a word in J,; G;.
Then (5.4) follows from (5.3) by induction on the length of the word. If
o =1, then (5.4) is an identity. Suppose (5.4) holds for some ¢ € G and
let 7 € J,c; Gi. Using the identification of the action of each 7 € G; on F
as an element of G; with its action as an element of G (Lemma 4.5(a)) and
(5.3) for a” rather than a, we have

(aoT)'Y — ((ao)r)’Y _ ((ao)'y)-r“f _ ((a,y)o_v)q—“/ _ (Cﬂ)gww _ (a'y)(‘”w,

Now we apply (5.4) to a” ' instead of a, to find that ((a”’fl)a)7 =qa°. Tt
follows that the actions of I' and G on F' combine to an action of I x G on
F.

(5.5) P—Qi—

Ey E FZ P!

PART C: Conclusion of the proof. Since FY = E (Lemma 4.5) and E' =
Ey, we have F'™¢ = E,. Furthermore, [F : Ey| = [F : E] - [E : Ey| =
|G| - IT| = |T' x G|. By Galois theory, Gal(F/E;) = I' x G and the map
res: Gal(F/Ey) — Gal(E/Ey) coincides with the canonical map pr: I'x G —
T.

O

Normed Rings

In Section 15 we construct patching data over fields K (z), where K is a complete
ultrametric valued field. The ‘analytic’ fields P; will be the quotient fields of
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certain rings of convergent power series in several variables over K. At a certain
point in a proof by induction we consider a ring of convergent power series in one
variable over a complete ultrametric valued ring. So, we start by recalling the
definition and properties of the latter rings.

Let A be a commutative ring with 1. An ultrametric absolute value of A
is a function | |: A — R satisfying the following conditions:

6.1a) |a] > 0, and |a| = 0 if and only if a = 0.

(6.1c) |abl = |al - [b].

(6.1a)
(6.1b) There exists a € A such that 0 < |a| < 1.
)
) la+ b < max(lal,[0]).

(6.1d

By (6.1a) and (6.1c), A is an integral domain. By (6.1c), the absolute value of
|a]

A extends to an absolute value on the quotient field of A (by |§| = W)' It follows
also that |1| =1, | — a| = |al, and

(6.1d") if |a| < |b], then |a + b| = |b].

Denote the ordered additive group of the real numbers by RT. The func-
tion v: Quot(A) — RT U {oo} defined by v(a) = —log |a| satisfies the following
conditions:

6.2a) v(a) = oo if and only if a = 0.

(6.2a)

(6.2b) There exists a € Quot(A) such that 0 < v(a) < 0.

(6.2¢c) v(ab) = v(a) + v(b).

(6.2d) v(a+b) > min{v(a),v(b)} (and v(a +b) = v(b) if v(b) < v(a)).

In other words, v is a real valuation of Quot(A). Conversely, every real valuation
v: Quot(A4) — RT U {oo} gives rise to a nontrivial ultrametric absolute value | - |
of Quot(A): |a| = " where ¢ is a fixed real number between 0 and 1.

An attempt to extend an absolute value from A to a larger ring A’ may result
in relaxing Condition (6.1¢), replacing the equality by an inequality. This leads
to the more general notion of a ‘norm’.

Definition 6.1 (Normed rings). Let R be an associative (and not necessarily
commutative) ring with 1. An (ultrametric) norm on R is a function || ||: R — R
that satisfies the following conditions for all a,b € R:

(6.3a) |la|| > 0, and ||a|| = 0 if and only if a = 0; further ||1|| = | — 1|| = 1.
(6.3b) There is an x € R with 0 < ||z|| < 1.
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(6.3¢) [labll < lla] - [[b]].
(6.3) [la + 0] < max([lal], [[b])-

The norm || || naturally defines a topology on R whose basis is the collection of
all sets U(ag,r) = {a € R| ||a — ap|]| < r} with ag € R and r > 0. Both addition
and multiplication are continuous under that topology. Thus, R is a topological
ring.

In the sequel, whenever we speak about a “normed ring”, we mean an “asso-
) )
ciative normed ring with 17.

Definition 6.2 (Complete rings). Let R be a normed ring. A sequence ay, az, . . .
of elements of R is Cauchy if for each £ > 0 there exists mg such that ||a, —an,|| <
e for all m,n > mg. We say that R is complete if every Cauchy sequence
converges.

Lemma 6.3. Let R be a normed ring and let a,b € R. Then:
(a) || —all = [laf|.
(b) If [|lall < [[ol], then |la+b] = ||b]|.

(c) A sequence ai,as,as, ... of elements of R is Cauchy if for each € > 0 there
exists mo such that ||ams1 — am|| < € for all m > my.

(d) The map x — ||z|| from R to R is continuous.

(e) If R is complete, then a series Y.~ a, of elements of R converges if and
only if a, — 0.

(f) If R is complete and ||a|| < 1, then 1 —a € R*. Moreover, (1—a)™t =1+0b
with ||b]] < 1.

Proof.

e Proof of (a): Observe that || —al < || —1| - ||a|]| = ||a||. Replacing a by —a,
we get ||al]| < || — al|, hence the claimed equality.

e Proof of (b): Assume |la+b| < ||b]|. Then, by (a), [|b]| = [[(—a)+ (a+b)| <
max(|| — al|, [Ja + b||) < [|b]|, which is a contradiction.

e Proof of (c): With mq as above let n > m > mgy. Then

lan — amll < max(||a, — an_1ll;- -, |ams1 — anl]) < e.
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Proof of (d): By (6.3d), [|lz[ = [I(z —y) +yll < max([lz —y],|lyl)) <
[z =yl + llyll. Hence, [lz] =iyl < [lz = yl|. Symmetrically, [[y[| — [|=[| <
ly — z|| = ||z — y||. Therefore, | ||z|| = |lyll| < |]x — y||. Consequently, the

map x +— ||z|| is continuous.

Proof of (e): Let s, = > a;. Then s,41 — s, = a,41. Thus, by (c),
S1, 82,83, ... is a Cauchy sequence if and only if a,, — 0. Hence, the series
>0 o @, converges if and only if a,, — 0.

Proof of (f): The elements a’ tend to 0 as i approaches oco. Hence, by (e),
Yooy at converges. The identities (1—a) Y1 ja' =1—a" and Y1 a’(1—
a) = 1—a™" imply that y_;° a’ is both the right and the left inverse of 1—a.
Moreover, Y oooa’ =1+bwith b= 7, a’ and [|b]| < max;>i[ja’ < 1.

O

Example 6.4. (a) Every field K with an ultrametric absolute value is a normed

(b)

()

ring. For example, for each prime number p, Q has a p-adic absolute value
| - |, which is defined by [z], = p™™ if x = ¢p™ with a,b,m € Z and p { a,b.

The ring Z,, of p-adic integers and the field Q, of p-adic numbers are complete
with respect to the p-adic absolute value.

Let Ky be a field and let 0 < & < 1. The ring Ko[[t]] (resp. field Ky((¢)))

of formal power series Y .= a;t" (vesp. > .o a;t" with m € Z) with coeffi-

=m

clents in K, is complete with respect to the absolute value |y o a;t| =
Emin(i| aﬁéO)v
Let || - || be a norm of a commutative ring A. For each positive integer n

we extend the norm to the associative (but usually not commutative) ring
M, (A) of all n x n matrices with entries in A by

[[(@ij)1<ij<nll = max(||agl1<ij<n)-

If b = (bjr)i<jk<n is another matrix and ¢ = ab, then cj, = Y7 aijbjk
and [[ei|| < max({lag;|| - [[bll) < flafl - [[o]]. Hence, lc[| < {lall[|b]]. This
verifies Condition (6.3c). The verification of (6.3a), (6.3b), and (6.3d) is
straightforward. Note that when n > 2, even if the initial norm of A is an
absolute value, the extended norm satisfies only the weak condition (6.3c)
and not the stronger condition (6.1c), so it is not an absolute value.

If A is complete, then so is M,,(A). Indeed, let a; = (airs)1<rs<n be a Cauchy
sequence in M, (A). Since [|a; s — ;|| < |Ja; — a;||, each of the sequences
@1 s, G2, A3rs, - - - 15 Cauchy, hence converges to an element b,; of A. Set
b= (bys)1<rs<n. Then a; — b. Consequently, M,,(A4) is complete.

Like absolute valued rings, every normed ring has a completion:
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Lemma 6.5. Every normed ring (R, || ||) can be embedded into a complete normed
ring (R, || ||) such that R is dense in R and the following universal condition holds:

(I) Each continuous homomorphism f of R into a complete Ting S uniquely
extends to a continuous homomorphism f R—S.

The normed ring (R, | ||) is called the completion of (R, ]| |)).

Proof. We consider the set A of all Cauchy sequences a = (a,)2>, with a, € R.
For each a € A, the values ||a,| of its components are bounded. Hence, A is
closed under componentwise addition and multiplication and contains all constant
sequences. Thus, A is a ring. Let n be the ideal of all sequences that converge to
0. We set R = A/n and identify each z € R with the coset (), +n.

If a € ANn, then ||a,| eventually becomes constant. Indeed, there exists
3 > 0 such that ||a,| > G for all sufficiently large n. Choose ng large such
that ||a, — am|| < B for all n,m > ng. Then, |ja, — an,l| < 8 < |lan,]|s s0

llanll = ll(an — @ng) + angll = llan,||. We define ||a]| to be the eventual absolute
value of a, and note that |la[| # 0. If b € n, we set ||b|| = 0 and observe that
la + b|| = ||al|. It follows that ||a + n|| = ||la]| is a well defined function on R

which extends the norm of R.

One checks that || || is a norm on R and that R is dense in R. Indeed, if
a=(a,)2, € A, then a, + n — a+ n. To prove that R is complete under || ||
we consider a Cauchy sequence (ay)§2 = of elements of R. For each k we choose an
element b, € R such that [|by — ax|| < +. Then (by)72, is a Cauchy sequence of R
and the sequence (a;)72, converges to the element (by)52; + n of R.

Finally, let S be a complete normed ring and f: R — S a continuous ho-
momorphism. Then, for each a = (a,)$,; € A, the sequence (f(an))s>, of S is
Cauchy, hence it converges to an element s. Define f(a +n) = s and check that
f has the desired properties. O

7 Rings of Convergent Power Series

Let A be a complete normed commutative ring and x a variable. Consider the
following subset of A[[z]]:

Awy ={> ana"| a, € A, lim |a, | = 0}.

n=0

For each f = > 7 ja,2" € A{x} we define ||f|| = max(||lan|)n=0,12,.. This
definition makes sense because a,, — 0, hence ||a,|| is bounded.

We prove the Weierstrass division theorem and the Weierstrass preparation
theorem for A{z} in analogy to the corresponding theorems for the ring of formal
power series in one variable over a local ring.
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Lemma 7.1. (a) A{z} is a subring of A[[z]] containing A.
(b) The function || ||: A{z} — R is a norm.
(c) The ring A{x} is complete under that norm.

(d) Let B be a complete normed ring extension of A. Then each b € B with
Ib]l <1 defines an evaluation homomorphism A{z} — B given by

f= Zanx” — f(b) = Zanb”.
n=0 n=0

Proof.

e Proof of (a): We prove only that A{z} is closed under multiplication. To
that end let f = 3% a2’ and g = 3772 b;a7 be elements of A{z}. Consider
e > 0 and let ny be a positive number such that |la;|| < ¢ if 7 > %2 and
||| <eifj> % Nowlet n>mngand i+ j=mn. Theni> %5 or j > 12
It Tollows that |'55,,,—, ayll < max(llal - [11)isson < = - max(£], gl
Thus, fg =370 i j—n @ibjz" belongs to A{z}, as claimed.

e Proof of (b): Standard checking,.

e Proof of (¢c): Let f; = > 00 jama™, i = 1,2,3,..., be a Cauchy sequence in
A{x}. For each ¢ > 0 there exists i such that ||a;, —a;,| < || fi— f;|| < € for
all 4,7 > ig and for all n. Thus, for each n, the sequence ay,, aop, a3y, - - - 18
Cauchy, hence converges to an element a,, € A. If we let j tend to infinity in
the latter inequality, we get that ||a;, — an|| < € for all i > 4y and all n. Set
[ =>72,anx". Then a, — 0 and || f; — f| = max(||ain — anl|)n=o1,2,.. <€
if i > 4y. Consequently, the f;’s converge in A{z}.

e Proof of (d): Note that ||a,b"|| < ||a,| — 0, so >, a,b™ is an element of
B.

O

Definition 7.2. Let f = >~  a,2™ be a nonzero element of A{z}. We define
the pseudo degree of f to be the integer d = max{n > 0] ||a,| = ||f]|} and set

pseudo.deg(f) = d.

The element a4 is the pseudo leading coefficient of f. Thus, ||aq4|| = ||f|| and
llan]l < [|f]] for each n > d. If f € A[z] is a polynomial, then pseudo.deg(f) <
deg(f). If aq is invertible in A and satisfies ||caq|| = ||c|| - ||aq|| for all ¢ € A, we
call f regular. In particular, if A is a field and || || is an ultrametric absolute
value, then each 0 # f € A{x} is regular. The following lemma implies that in
this case || || is an absolute value of A{z}.
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Lemma 7.3 (Gauss’ Lemma). Let f,g € A{x}. Suppose f is reqular of pseudo de-
gree d and f,g # 0. Then || fgl| = |[f-llg]l and pseudo.deg(fg) = pseudo.deg(f)+
pseudo.deg(g).

Proof. Let f = 32 a;a’ and g = 3272 bz’ Let aq (resp. be) be the pseudo
leading coefficient of f (resp. g). Then fg =>77 c 2™ with ¢, = 37, aib;.

Ifi+j=d+eand (i,j) # (d,e), then either i > d or j > e. In each case,
lla:bi|l < llailllojll < IIfll - llgll. By our assumption on a4, we have |jagbe| =
laall - ol = £ lgll- By Lemma 6.3(b), this implies [jcarell = /] - ]l

If i+ j > d + e, then either ¢ > d and |la;]| < ||f]| or j > e and ||b;]| < ||g]|-
In each case [|a;b;]| < |lail| - |05 < [IfIl - llgll- Hence, [lc,]| < ||cate] for each
n > d + e. Therefore, cgy. is the pseudo leading coefficient of fg, and the lemma
is proved. [

Proposition 7.4 (Weierstrass division theorem). Let f € A{z} and let g € A{x}
be regular of pseudo degree d. Then there are unique ¢ € A{z} and r € Alx] such
that f = qg + r and deg(r) < d. Moreover,

(7.1) lagll = llall - llgl < I and —{lrll <[ f]

Proof. We break the proof into several parts.

e PART A: Proof of (7.1). First we assume that there exist ¢ € A{z} and
r € Alz] such that f = gg + r with deg(r) < d. If ¢ = 0, then (7.1)
is clear. Otherwise, ¢ # 0 and we let e = pseudo.deg(q). By Lemma
7.3, llggll = llgll - llgll and pseudo.deg(qg) = e + d > deg(r). Hence, the
coefficient cqy. of 2%+¢ in qg is also the coefficient of %+¢ in f. It follows
that [lqg|l = [lcarell < [ f]|. Consequently, [Ir]| = [If —qgll < [IfII.

e PART B Uniqueness. Suppose f = qg+1r = ¢'g+1', where q,¢ € A{z} and
r,r’ € Alz] are of degrees less than d. Then 0 = (¢ — ¢')g + (r —7'). By
Part A, applied to 0 rather than to f, |l¢—¢'| - |lg|l = ||r — 7’| = 0. Hence,
g=q¢ and r =1

e Parr C: Ezistence if g is a polynomial of degree d. Write f =Y > b,z"
with b, € A converging to 0. For each m > 0 let f,, = Y. b2 €
Alz]. Then the fi, fa, f3,... converge to f, in particular they form a Cauchy
sequence. Since g is regular of pseudo degree d, its leading coefficient is
invertible. Euclid’s algorithm for polynomials over A produces ¢, rm € Alz]
with fr, = ¢mg + n and deg(r,,) < deg(g). Thus, for all k,m we have
fm - fk = (qm - Qk)g + (Tm - le)- By Part Aa qu - QkH : ||g||a ||T'm - Tk” <
I fn = fill. Thus, {gm}2>_o and {r,}5°_, are Cauchy sequences in A{z}.
Since A{z} is complete (Lemma 7.1), the ¢,,’s converge to some q € A{x}.
Since A is complete, the r,’s converge to an r € A[z] of degree less than d.
It follows that f = qg + 7.
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e PART D: Eumistence for arbitrary g. Let g = > 7 a,2" and set gy =
S apa™ € Alz]. Then |lg — go|| < |lg|l. By Part C, there are ¢y € A{z}

n=0

and ro € Alx] such that f = gogo+ro and deg(rg) < d. By Part A, ||q] < %

and ||ro|| < ||f|l. Thus, f = qog + 70 + f1, where fi = —qo(g9 — go), and
1Al < Lty

Set fo = f. By induction we get, for each k > 0, elements f, ¢, € A{x}
and r € Alz] such that deg(ry) < d and

Fo= ag + e+ fion, ||qk|§””J;f””7 Il < Il and

llg — ol

| frll < W”fk“‘

k
It follows that ||fi|| < (%) I1£1l, 50 | full — 0. Hence, also [jgl, 4] —

0. Therefore, ¢ = > 7o i € A{z} and r = Y ;- r, € Alz]. By construc-
tion, f = 22:0 ang + Zizo 7, + fra1 for each k. Taking k to infinity, we
get f =qg+r and deg(r) < d.

O

Corollary 7.5 (Weierstrass preparation theorem). Let f € A{z} be regular of
pseudo degree d. Then f = qg, where q is a unit of A{x} and g € Alz] is a monic
polynomial of degree d with ||g|| = 1. Moreover, q and g are uniquely determined
by these conditions.

Proof. By Proposition 7.4 there are ¢ € A{x} and r' € A[z] of degree < d such
that 2% = ¢'f + " and |7’ < ||24]| = 1. Set g = % — /. Then g is monic of
degree d, g = ¢'f, and ||g|| = 1. It remains to show that ¢’ € A{x}*.

Note that g is regular of pseudo degree d. By Proposition 7.4, there are
q € A{z} and r € Alx] such that f = qg+r and deg(r) < d. Thus, f = q¢'f + .
Since f = 1- f + 0, the uniqueness part of Proposition 7.4 implies that q¢' = 1.
Hence, ¢’ € A{z}*.

Finally suppose f = ¢1g1, where ¢; € A{z}* and g, € Alx] is monic of degree
d with ||g1|| = 1. Then g; = (¢;'¢)g +0 and g = 1- g+ (g1 — g), where g; — g is
a polynomial of degree at most d — 1. By the uniqueness part of Proposition 7.4,
G '@ =1,5q=qand g =g. O

Corollary 7.6. Let f = Y07 a,z" be a reqular element of A{xz} such that

n=0
llaod|| = ||aol|-1|b]| for each b € A. Then f € A{x}* if and only if pseudo.deg(f) =
0 and ag € A*.

Proof. 1f there exists g € Y~ b, in A{z} such that fg = 1, then

pseudo.deg(f) + pseudo.deg(g) = 0,
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so pseudo.deg(f) = 0. In addition, agby = 1, so ag € A*.
Conversely, suppose pseudo.deg(f) = 0 and ay € A*. Then f is regular.
Hence, by Corollary 7.5, f = ¢ - 1 where g € A{z}*. O]

Corollary 7.7. Let K be a complete field with respect to an absolute value | | and
let O ={a € K| |a|] <1} be its valuation ring. Then K{z} is a principal ideal
domain, hence a unique factorization domain. Moreover, every ideal of K{xz} is
generated by an element of Olx].

Proof. By the Weierstass preparation theorem (Corollary 7.5), every nonzero ideal
a of K{z} is generated by the ideal a N Kz] of K[z]. Since K|[z] is a principal
ideal domain, a N K[z] = fK[z] for some f € K[z]. Consequently, a = K{x}
is a principal ideal. Moreover, dividing f by one of its coefficients with highest
absolute value, we may assume that f € Olx]. O

8 Convergent Power Series

Let K be a complete field with respect to an ultrametric absolute value | |. We say
that a formal power series f = > a,2" in K((z)) converges at an element
ce K, if f(¢) =37 a,c" converges, i.e. a,c” — 0. In this case f converges at
each b € K with [b] < |c|. For example, each f € K{z} converges at 1. We say
that f converges if f converges at some ¢ € K*.

We denote the set of all convergent power series in K ((z)) by K((z))o and
prove that K((x))o is a field that contains K{z} and is algebraically closed in

K((z)).
Lemma 8.1. A power series f =Y " a,x" in K((x)) converges if and only if
there exists a positive real number v such that |a,| < ™ for each n > 0.

Proof. First suppose f converges at ¢ € K*. Then a,c" — 0, so there exists
no > 1 such that |a,c"| < 1 for each n > ny. Choose

v =max{|c| ™!, lax|V*| k=0,...,n0 —1}.

Then |a,| < 4" for each n > 0.

Conversely, suppose v > 0 and |a,| < 4™ for all n > 0. Increase 7, if necessary,
to assume that v > 1. Then choose ¢ € K* such that |c| < 47! and observe that
lanc®| < 4705 for each n > 0. Therefore, a,c® — 0, hence f converges at c. [J

Lemma 8.2. K((x))o is a field that contains Quot(K{x}), hence also K(x).

Proof. The only difficulty is to prove that if f =14 > a,z™ converges, then
also f~' =1+ 37" ala" converges.

Indeed, for n > 1, d/, satisfies the recursive relation a/, = —a,, — 1~ a;a, ;.
By Lemma 8.1, there exists v > 1 such that |a;] < 7% for each i > 1. Set
ag = 1. Suppose, by induction, that |a}| < 47 for j = 1,...,n — 1. Then
lal,| < max;(|a;| - |al,_;]) <~". Hence, f~! converges. O

n—i
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Let v be the valuation of K((x)) defined by

o0
’U(Z apxz™) =m  for an, Gmi1, Gmge, - .- € K with a,, # 0.

n=m

It is discrete, complete, its valuation ring is K[[z]], and v(z) = 1. The residue
of an element f = > °° a,2" of K[[z]] at v is ap, and we denote it by f. We
also consider the valuation ring O = K[[z]] N K ((x))o of K((x))o and denote the
restriction of v to K ((x))o also by v. Since K((x))o contains K (x), it is v-dense in
K((x)). Finally, we also denote the unique extension of v to the algebraic closure

of K((x)) by v.

Remark 8.3 (K((z))o is not complete). Indeed, choose a € K such that |a| > 1.
Then there exists no v > 0 such that |a"2| < 4" for all n > 1. By Lemma 8.1, the
power series f = Y°°° @™ 2" does not belong to K((x))o. Therefore, the valued
field (K ((x))o,v) is not complete.

Proposition 8.4. The field K((x))o is separably algebraically closed in K((x)).

Proof. Let y = > >° a,z", with a, € K, be an element of K((z)) which is

n=m 1

separably algebraic of degree d over K((x))o. We have to prove that y € K((z))o.

e PART A: A shift of y. Assume that d > 1 and let yq,...,yq, With y = 1,
be the (distinct) conjugates of y over K ((z))o. In particular r = max(v(y —
yi)| i=2,...,d) is an integer. Choose s >+ 1 and let

yézzé%(yig—jijanx"), i=1,...,d

Then y, ...,y are the distinct conjugates of 3 over K((z))o. Also, v(y;) >
lLand y} = =(yi —y) + 95, so v(y}) < —1,4 =2,...,d. If 4} belongs to
K((z))o, then so does y, and conversely. Therefore, we replace y; by ., if
necessary, to assume that

(8.1) v(y) > 1and v(y) < -1, i=2,...,d.

In particular y = > a,2™ with ag = 0. The elements y1, ..., yq are the
roots of an irreducible separable polynomial

hY)=paY 4+ paa Y 4+ piY +po

with coefficients p; € O. Let e = min(v(py),...,v(pq)). Divide the p;, if
necessary, by z¢, to assume that v(p;) > 0 for each ¢ between 0 and d and
that v(p;) = 0 for at least one j between 0 and d.
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e PART B: We prove that v(po),v(pa) >0, v(pr) > v(p1) if2 <k <d-—1 and

v(p1) = 0. Indeed, since v(y) > 0 and h(y) = 0, we have v(py) > 0. Since
v(y2) < 0 and h(yz) = 0, we have v(pg) > 0. Next observe that

d
p Z?J “Yd
Pa i—2 Yi

If 2 < < d, then v(y;) < v(y1), so v(y2---ya) < v(¥) + v(y2--ya) =

v(#44). Hence,

(8:2) v(%) =v(y2- - Ya)-

For k between 1 and d — 2 we have

k
(8.3) pd—;’“ =3 w0,

p o =1

where o ranges over all monotonically increasing maps from {1,...,k} to
{1,....d}. If o(1) # 1, then {Yoq1),---, Yo} is properly contained in
{9r- - ya}. Hence, o(TT, o)) > v(ye---ya)- 1f 0(1) = 1, then

k k
U(Hya(i)) > U(Hya(i)) > vy Ya).
=1 =2

Hence, by (8.2) and (8.3), v(p‘;—;’“) > (L), s0 v(pa—k) > v(p1). Since v(p;) =
0 for some j between 0 and d, since v(p;) > 0 for every i between 0 and d,
and since v(py), v(pg) > 0, we conclude that v(p;) = 0 and v(p;) > 0 for all

1 # 1. Therefore,
(84) pr=Y bwma",  k=0,....d
n=0

with by, € K such that b, # 0 and by = 0 for each k # 1. In particular,
|b1o| # 0. We shall need it to be larger that 1 in order to bound |a,|.

PART C: Making |b; 0| large. We choose ¢ € K such that [¢?~1b; o] > 1 and
let 2z = cy. Then z is a zero of the polynomial g(Z) = paZ%¢ + cpg_1 2% +
w1 Z + ey with coefficients in O. Relation (8.4) remains valid
except that the zero term of the coefficient of Z in g becomes ¢?~1b, . By
the choice of ¢, its absolute value is at least 1. So, without loss, we may
assume that

(8.5) |brol > 1.
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o PART D: An estimate for |a,|. By Lemma 8.1, there exists v > 0 such that
|ben| < ™ forall0 < k < dandn > 1. By induction we prove that |a,| <"
for each n > 0. This will prove that y € O and will conclude the proof of
the lemma.

Indeed, |ag] =0 < 1 =+°. Now assume that |a,,| < ™ for each 0 < m <
n — 1. For each k between 0 and d we have that p,y* = Zf:o Crnx™, Where

k
Chn = Z bk,cr(O)Hao(j)a
j=1

0€Skn

and i
Sin ={0:{0,...,k} = {0,...,n}| Za(j) =n}.
=0
It follows that
(8.6) Con, = bon, and ¢1y, = by 0@y, + b11Gp—1 + - - + b1 p_101.

For k > 2 we have b o = 0. Hence, if a term by, (o) H§:1 g(j) N gy contains
@, then 0(0) = 0, 0 by o) = 0. Thus,
k
Crn = sum of products of the form by, ;o) H Ay (j),
j=1
with o(j) <n, j=1,... k.

(8.7)

From the relation ZZZO pey® = h(y) = 0 we conclude that ZZ:o Crn = 0 for
all n. Hence, by (8.6),

bl,oan = —bop — b1ap_1 —--- — bl,nflal — Cop — ** — Cdn-

Therefore, by (8.7),

k
b1, = sum of products of the form — by 5(0) H Ay (j),
j=1
with 0 € Sk, 0< k <d, ando(j) <mn, j=1,...,k.

(8.8)

Note that by o = 0 for each k # 1 (by (8.4)), while by ¢ does not occur on
the right hand side of (8.8). Hence, for a summand in the right hand side
of (8.8) indexed by o we have

k
k .
|bk,cr(0) Ha”(j)| < f}/zjzog(]) — ,yn

j=1
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We conclude from |by | > 1 that |a,| < ~", as contended.
O

Proposition 8.5. The field K((x))o is algebraically closed in K((z)). Thus, each
f € K((x)) which is algebraic over K(x) converges at some ¢ € K*. Moreover,
there exists a positive integer m such that f converges at each b € K> with |b] < %

Proof. In view of Proposition 8.4, we have to prove the proposition only for
char(K) > 0. Let f =37 a,2™ € K((x)) be algebraic over K((z))o. Then
K ((x))o(f) is a purely inseparable extension of a separable algebraic extension of
K((x))o. By Proposition 8.4, the latter coincides with K ((x))o. Hence, K ((z))o(f)
is a purely inseparable extension of K ((x))o.

Thus, there exists a power ¢ of char(K) such that Y alz"? = f1 € K((x))o.
By Lemma 8.1, there exists v > 0 such that |aZ| < 4™ for all n > 1. It follows
that |a,| < ~™ for all n > 1. By Lemma 8.1, f € K((z))o, so there exists ¢ € K*
such that f converges at c. If = < |c|, then f converges at each b € K* with
bl < 5 0

9 Several Variables

Starting from a complete valued field (K| |), we choose an element r € K*, a
finite set 7, and for each i € I an element ¢; € K such that |r| < |¢; — ¢;] if

i # j. Then we set w; = -, with an indeterminate x, and consider the ring

r—c;’

R = K{w;| i € I} of all series

f:aO""_Ziainw?v

i€l n=1

with ag, a;, € K such that for each ¢ the element a;,, tends to 0 as n — oco. The ring
R is complete under the norm defined by || f|| = max;,(|aol, |ain|) (Lemma 11.1).
We prove that R is a principal ideal domain (Proposition 11.8) and denote its
quotient field by ). More generally for each subset J of I, we denote the quotient
field of K{w;| i € J} by P;. We deduce (Proposition 12.1) that P; N\ Py = P
if J,J' C I have a nonempty intersection and Py N Py = K(z) if JNJ = .
Thus, setting P; = P~y for ¢ € I, we conclude that (), ; P; = K(z). The fields
E = K(z) and P, i € I, are the first objects of patching data (Definition 4.1)
that we start to assemble.

10 A Normed Subring of K(z)

Let E = K(x) be the field of rational functions in the variable x over a field K.
Let I be a finite set and r an element of K*. For each i € I let ¢; be an element
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of K. Suppose ¢; # ¢; if i # j. For each i € I let w; = —*— € K(z). We consider
the subring Ry = K[w; | i € I] of K(z), prove that each of its elements is a linear
combination of the powers w] with coefficients in K, and define a norm on Rj.

Lemma 10.1. (a) For alli # j in I and for each nonnegative integer m

m m m+1—k
r k

(10.1) T L A S S —.
N R (¢ —¢)mHk

(b) Given nonnegative integers m;, i € I, not all zero, there ezist ay, € K such
that

(10.2) leml = Z i aipwy.

i€l i€l k=1

(c) Every f € Kw;| i € I] can be uniquely written as
(10.3) f=a+> > amw]
iel n=1
where ag, a;, € K and almost all of them are zero.
(d) Let i # j be elements of I. Then 3t =1+ “Hw; € Klw;] is invertible in
Proof.
e Proof of (a) and (b): Starting from the identity

r r
C; —Cj C; — €5

one proves (10.1) by induction on m. Then one proceeds by induction on
|| and max;eym; to prove (10.2).

o Proof of (¢): The existence of the presentation (10.3) follows from (b). To
prove the uniqueness we assume that f = 0 in (10.3) but a;;, # 0 for some
j € land k € N. Then, Y2 ajw} = —ag — Dt 3% L agwl. The left

n=1 n=1

hand side has a pole at ¢; while the right hand side has not. This is a
contradiction.

e Proof of (d): Multiplying - — = = ¢; — ¢; by “* we get that

w;

w; C; — Cj
L =14 J

Wj

W
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Wi

is in K[w]. Similarly, 72 € K[w;]. Hence wr is invertible in KTuw;, wy].

O

Through the rest of the section and sections 11, 12, and 13, we make the
following assumption:

Assumption 10.2. The field K is complete with respect to a nontrivial ultramet-
ric absolute value | | and

(10.5) Ir| <lei—¢j|  foralli# j.

Geometrically, Condition (10.5) means that the open disks {a € K| |a —¢;| <
r}, i € I, of K are disjoint.
Let E = K(z) be the field of rational functions over K in the variable z. We

define a function || || on Ry = K[w;| i € I] using the unique presentation (10.3):
lao + 3> ainw? | = maxia{laol, ainl}
i€l n>1

Then || f|| > 0 for each f € Ry, ||f]] =0 if and only if f = 0 (Lemma 10.1(c)),
and || f + g|| < max(||f]l, llgl|) for all f,g € Rg. Moreover, ||w;| =1 for each i € T

but ||w;w;|| = E ‘i‘ (by (10.4)) is less than 1 if |r| < |¢; — ¢;|. Thus, || || is in
—
general not an absolute value. However, by (10.1) and (10.5)
T m r m+1*]€
[Jwiw?|| < maxl<k<m( ; ) <L
==\ — ¢ ¢ — ¢

By induction, [Jwfw'|| < 1 for each k, so ||fg|| < [[f| - [lg]l for all f,g € Ro.
Moreover, if @ € K and f € Ry, then ||af|| = ||a|| - || f]|. Therefore, || || is a norm
on Ry in the sense of Definition 6.1.

11 Mittag-Leffler Series

We keep the notation of Section 10 and Assumption 10.2 and proceed to define
rings of convergent power series of several variables over K. In the language of
rigid geometry, these are the rings of holomorphic functions on the complements
of finitely many open discs of the projective line P'(K).

Let R = K{w;| i € I} be the completion of Ry = K[w;| i € I] with respect
to || || (Lemma 6.5). Our first result gives a Mittag-Leffler decomposition of each
f € R. It generalizes Lemma 10.1(c):

Lemma 11.1. Each element f of R has a unique presentation as a Mittag-
Leffler series

(11.1) fzaﬁijamw%

i€l n=1
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where ag, 4, € K, and |a;y,| — 0 as n — oco. Moreover,

||f|| = maXi,n{‘ao\, |Gm|}-

Proof. Each f asin (11.1) is the limit of the sequence (fy)q4>1 of its partial sums
Ja= a0+ s ZZ:1 amw} € Ry, so f € R. Since || fy4]] = max;,(|aol, |ain|) for
cach sufficiently large d, we have ||f| = max;,(|aol, |am|). If f = 0in (11.1),
then 0 = max; ,(|aol, |ain|), 50 ap = a; = 0 for all ¢ and n. It follows that the
presentation (11.1) is unique.

On the other hand, let ¢ € R. Then there exists a sequence of elements
Gk = ko + D ieq Yoo agmwl, k= 1,2,3,..., in Ry, that converges to g. In
particular, for each pair (k,7) we have ay;, = 0 if n is sufficiently large. Also, the
sequence (gx)72, is Cauchy. Hence, each of the sequences {axo| k& = 1,2,3,...}
and {axm | k=1,2,3,...} is Cauchy. Since K is complete, ayo — ao and ag ;5 —
a;y, for some ag, a;, € K. Fix ¢ € I and let € > 0 be a real number. There is an
m such that for all & > m and all n we have |axin — Gmin] < ||lgx — gl < e. If
n is sufficiently large, then a,,;, = 0, and hence |ag | < €. Therefore, |a;,| < e.
It follows that |a;,| — 0. Define f by (11.1). Then f € R and g, — f in R.
Consequently, g = f. O

If I =0, then R= Ry =K.
We call the partial sum y_~ | a;w! in (11.1) the i-component of f.

Remark 11.2. Let ¢ € I. Then K{w;} = {3 .~ a,w!"| a, — 0} is a subring of
R, the completion of K[w;] with respect to the norm. Consider the ring K{x}
of converging power series over K. By Lemma 7.1(d), there is a homomorphism
K{z} — K{w;} given by > > a,z™ — Y -~ a,w!. By Lemma 11.1, this is an
isomorphism of normed rings.

Remark 11.3. Let (L,| |) be a complete valued field extending (K| |). Each
¢ € L with |¢c —¢;| > |r|, for all i € I, defines a continuous evaluation ho-
momorphism R — L given by [ = ag + > ;> , amw] — f(c) = ag +
Dicr 2n Win(5;)" Indeed, x — c defines a K-homomorphism ¢: K[z] — L.
Let P be its kernel. Then ¢ extends to the localization K|[x]p. Since ¢(x — ¢;) =
c—c¢; # 0, we have w; € K|z|p, for each ¢ € I. Thus, ¢ restricts to a homo-

morphism Ry — L, given by the above formula. Since ’ﬁ) < 1 for each ¢, we

have |f(c)| < ||f]| for each f € Ry. Hence, ¢ uniquely extends to a continuous
homomorphism ¢: R — L.
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Lemma 11 4 (Degree shifting). Let f € R be given by (11.1). Fix i # j in I.
Let Y | al, wi be the i-component of %f € R. Then

awr"
:Z T

V= n+1 ] - C,
(11.2) .
=Y a ()" =123
Cj —C ~“ Cj — C;
v=n-+1

Furthermore, let m > 1 be an integer, and let y - | b, w? be the i-component
of (%)mf Let € > 0 be a real number and let d be a positive integer.

(a) If |ai| < € for eachn > d+1, then |by,| <

€ for eachn > d+1—m.

(b) Suppose d > m. If |ai| < € for each n > d+ 1 and |ay| = €, then
|bin| < |==|"e for eachn >d+1—m and |b; g—mn| = | =™

cj—¢; cj—¢;

(c) S0 amw! is a polynomial in w; if and only if > 7 | bipw? is.

Proof. By Lemma 10.1(d), =2 € R*, so (22)™f € R for each m and the above
statements make sense.

e PROOF OF (11.2): We may assume that ap = a;; = 0 and ag, = 0 for
each k # i and each v. Indeed, 32 = 1+ (¢; —¢;)7% € K{w;}. Hence,
o wy € K{w| 1 # i}. Furthermore, 77 - w; = w; € K{w;| | # i}. Hence,
by (11.1), ag, a;1, and the ay, do not contribute to the i-component of %f

Thus, f =3, a;,w!. Hence, by (10.1) of Section 10,

0o [} _ v—1 _
wj B vt v 1 py—n "
Ef = apwwy” T = Qi G —apt w; — =y c‘)yinwi
v v=2 v=2 J v n=1 J v

o) e’} )

0 aiy,ru—l aw,ru—n .
= —w, — ———w}
; (Cj _ Ci)V71 J Z Z (C' _ Ci)’/7”
from which (11.2) follows.

e PrROOF OF (a) AND (b): By induction on m it suffices to assume that m =
1. In this case we have to prove: ( ) If |ay,| < e for each n > d + 1,
then |al, ; (b) as%uming d > 2, if |ay,| < € for
each n > d+1 and laiq| = e, then |a
|ai g 1] = |L “-le. By Condition (10.5) 5 , (a)
follows from (11.2) with n = d,d+1,d +2,... and (b) follows from (11.2)
withn=d—-1,d,d+1,....
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e PROOF OF (c): Again it suffices to prove that Y > a;w! is a polynomial
if and only if Y >° is a polynomial.

If °0° | aw! is a polynomial, then a;, = 0 for all large v. It follows from
(11.2) that aj, = 0 for all large n. Hence, > 7 | aj,w} is a polynomial.

n=1"in"1

lmz

If " | amw? is not a polynomial, then for each dy there exists d > dy such
that a;q # 0. Since |a;,| — 0 as n — oo, there are only finitely many n > d
with |a;,| > |aw|. Replacing d with the largest of those n’s, if necessary,
we may assume that |am| < |aq| for each n > d + 1. By (b), aj4 , # 0.

Consequently, 7 a} w! is not a polynomial.

O

We apply degree shifting (albeit not yet Lemma 11.4) to generalize the Weier-
strass preparation theorem (Corollary 7.5) to Mittag-Leffler series.

Lemma 11.5. Suppose I # 0 and let 0 # f € R. Then there is an i € I such
that f = pu with p € K[w;] and u € R*.

Proof. Write f in the form (11.1). Then, there is a coefficient with absolute value
Il f]l. Thus we are either in Case I or Case II below:

o CaSE I: |ag| = || f|| > |ain| for all i and n. Multiply f by ay' to assume that
ap = 1. Then |1 — f|| < 1. By Lemma 6.3(f), f € R*,sop=1and u = f
satisfy the claim of the lemma for each i € I.

o CASE II: There exist i and d > 1 such that |a,q| = || f||. Increase d, if
necessary, to assume that |a;,| < |a;q = ||f|| for all n > d.

Let A = K{wy| k # i}. This is a complete subring of R. We introduce a
new variable z, and consider the ring A{z} of convergent power series in z
over A (Lemma 7.1(c)). Since a;q € K* C A*, the element

ao + Z Z a;mwk + Z Ain 2"

k#i n=1 n=1

of A{z} is regular of pseudo degree d. By Corollary 7.5, we have f = pu,
where 4 is a unit of A{z} and p is a monic polynomial of degree d in A[z].
By definition, ||w;|| = 1. By Lemma 7.1(d), the evaluation homomorphism
0: A{z} — R defined by 3" ¢,2" — 3 c,w?, with ¢, € A, maps f onto f, @
onto a unit of R, and p onto a polynomial p of degree d in A[w;]. Replacing
f by p and using Lemma 10.1, we may assume that f € A[w;] = A+ K[w;]
is a polynomial of degree d in w;, that is,

ao + Z Z aknwk + Z amw

k#i n=1
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If I = {i}, then AJw;] = K[w;], and we are done If |I| > 2, we choose a
j € I distinct from 4. By Lemma 10.1(d), 2 = 1 + “—“; is invertible

in Ry, hence in R. Since ;2 € A, we have (Z,#Z Zn: apwy) € A In
addition, by Lemma 10.1,

nl
— E amw = E AinW; Wy

is a polynomial in Afw;] of degree < d — 1. Using induction on d, we may
assume that f € A. Finally, we apply the induction hypothesis (on |I]) to
conclude the proof.

O

Lemma 11.6. Let j € I. Then each f € R can be written as f = pu with
p € Kw,], |lpll =1, and u € R*.

Proof. Lemma 11.5 gives a decomposition f = pju; with vy € R* and p; € K[w;]

for some ¢ € I. If i = j, we set p = p; and v = uy. If i # j, we may assume

that f € Kfw;]. Thus, f = ZZ:O anwj’ with ag # 0. By Lemma 10.1(d), #* is
J

d
invertible in Ry, hence in R. Multiplying f by (Z—i) gives

\d d . d .
(22) 7 = () = 3 a1+ )t € K

Thus, f = pu with p € K[w;] and v € R*. Finally, we may divide p by a
coefficient with the highest absolute value to get that ||p|| = 1. O

Corollary 11.7. Let 0 # g € R. Then Ry + gR = R.

Proof. Since R = ., K{w;} and Ry = K[w;| i € I] = 3, ; K[w;] (Lemma
10.1), it suffices to prove for each i € I and for every f € K{w;} that there is
h € K[w;] such that f —h € gR. By Lemma 11.6, we may assume that g € K[w;].
By Remark 11.2, there is a K-isomorphism K{z} — K{w;} that maps K[z] onto
K[w;]. Therefore the assertion follows from the Weierstrass Division Theorem
(Proposition 7.4) for the ring K{z}. O

The next result generalizes Proposition 7.7 to Mittag-Leffler series.

Proposition 11.8. The ring R = K{w;| i € I} is a principal ideal domain,
hence a unique factorization domain. Moreover, for each i € I, each ideal a of R
is generated by an element p € K[w;| such that a N K[w;] = pKw;].
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Proof. Let fi, fo € R with f;fo = 0. Choose an ¢ € I. By Lemma 11.6, f; = p1u;
and fy = paug with py,p2 € K[w;] and uy,us € R*. Then pips = fifo(ujug) ™t =
0, and hence either p; = 0 or p = 0. Therefore, either f; = 0 or fo = 0.
Consequently, R is an integral domain.

By Lemma 11.6, each ideal a of R is generated by the ideal aN K [w;] of Kw;].
Since K[w;] is a principal ideal domain, a N K[w;] = pK|w;] for some p € K[w;].
Consequently, a = pR is a principal ideal.

12 Fields of Mittag-Leffler Series

In the notation of Sections 10 and 11 we consider for each nonempty subset J
of I the integral domain R; = K{w;| i € J} (Proposition 11.8) and let P; =
Quot(Ry). For J =0, we set P; = K(x). All of these fields are contained in the
field @ = P;. The fields P = Pr~y, @ € I, will be our ‘analytic’ fields in our
patching data. As in Definition 4.1, P/ = ;i Ly will be useful auxiliary fields.

Proposition 12.1. Let J and J' be subsets of I. Then, P; N Py = Pjnpr.

Proof. Tf either J = or J' = ), then P;N Py = K(z), by definition. We therefore
assume that J, J' # 0. Let j € J. Then K[w;] C Ry, hence K(z) = K(w;) C Py.
Similarly K(z) € Pyp. Hence K(z) C P; N Py. If JNJ # 0, then, by the
unique representation of elements in R appearing in (11.1) of Lemma 11.1, we
have Rjny = R;yN Ry, so Pyny € PyN Py

For the converse inclusion, let 0 £ f € P;N Pyp. Fix j € J and j' € J'; if
JNJ #0, take j, 5" € JNJ'. Write f as f1/g, with fi,g; € R;. By Lemma 11.6,
g1 = prug, where 0 # p; € K[w,] and u; € R}. Replace f; by fiu;' to assume
that g1 € K[w,]. Similarly f = fo/g, with fo € Ry and g» € K[w;].

IfJnJ # @, then g1,90 € RyN Ry = Ryny. Thus gofi = g1 fo € RyN Ry =

Rjny € Pjnyr, and hence f = % € Py

Now suppose JNJ' = . Let g; = ZZI:O bpw} with b, € K. Put hy = (uw}—?)dlgl.
Since “2 € K[w;] (Lemma 10.1(d)), we have h; = ZZLO bn(%)dl’"w} € Klwjl.

wj

Similarly there is an integer d > 0 such that hy = (32)%g, € Klw;]. Let
d = di + dy. Then, for each k € J

d d
(12.1) fihs - <w]> — fohy - (“’J) 4
Wi Wi

Note that fihy € Ry while fohy € Ry In particular, the k-component of fohy is
zero. By Lemma 11.4(c), the k-component of foh; - (:j—i)d is a polynomial in wy.
'U}j/

By (12.1), the k-component of fihy - (w—k)d is a polynomial in wy. Hence, again
by Lemma 11.4(c), the k-component of fihs is a polynomial in wy.
We conclude that fihy € K[wy| k € J], so f = 12 ¢ [(z). O

g1he
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Corollary 12.2. For each i € I we have P = Pyy. Also, (., P; = K(x).

jel
Proof. We apply Proposition 12.1 several times:
=P = Prwy = Pn, ity = Py
J#i J#i
For the second equality we choose an ¢ € I. Then
(VB = Pray N[ Pragy = Py N Py = K(2),
jel i

as claimed. O

13 Factorization of Matrices over Complete
Rings

We show in this section how to decompose a matrix over a complete ring into

a product of matrices over certain complete subrings. This will establish the

decomposition condition in the definition of patching data (Definition 4.1) in our
setup.

Lemma 13.1. Let (M, || ||) be a complete normed ring and let 0 < e < 1. Con-
sider elements a1, ag,as,... € M such that ||a;|| < e for each i and ||a;|| — 0.
Let

plz(l—al)(l—az), i:1,2,3,...

Then, the sequence (p;):2, converges to an element of M*.

Proof. For each i > 1 we have ||p;|| < ||1 —a1]|---||1 — a;]] < 1. Setting po = 1,
we also have p; = p;_1(1 — a;). Hence,

1pi = piall < llpiall - llall < flasll — 0.

Thus, (p;)$2, is a Cauchy sequence, so it converges to some p € M. Furthermore,

o — 1)) = HZ — pi)| < max ai]| < e.

Consequently, ||[p — 1|| < 1. By Lemma 6.3(f), p € M*. O

Lemma 13.2 (Cartan’s Lemma). Let (M, || ||) be a complete normed ring. Let
My and My be complete subrings of M. Suppose

(II) for each a € M there are a™ € My and a~ € My with ||a*|],|la”] < |l
such that a = a* +a™.
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Then for each b € M with ||b — 1| < 1 there exist by € M{* and by € My such
that b = blbg.

Proof. Let ay =b—1 and € = ||la;]|. Then 0 < e < 1. The condition
(131) 1—|—aj+1 = (l—a;')(l—&—a])(l—a;),

with @, a; associated to a; by (IT), recursively defines a sequence (a;)52, in M.
Use the relation a; = a +a; to rewrite (13.1):
(13.2) ajy = afa; —afa; — aja; +aaa; .

Inductively assume that [|a,]] < ¥ . Since laf1l, lla; || < [las]l, (13.2) implies
that [la;41|| < max(fla;l?, la;|*) = lla,||* < &*. Therefore, a; — 0, a; — 0, and

aj+ — 0. Further, by (13.1),
(13.3) l+ap=0-a)-(1-af)b(l—ay)---(1—aj).

By Lemma 13.1, the partial products (1 —ay)--- (1 — a; ) converge to some b, €
M. Similarly, the partial products (1—a) - - - (1—a]) converge to some b € M;".
Passing to the limit in (13.3), we get 1 = b;bby. Therefore, b = (b))~ (bh) ™"

desired. O

Lemma 13.3. Let A be a complete integral domain with respect to an absolute
value | |, A1, As complete subrings of A, and Ay a dense subring of A. Set E; =
Quot(A;) for i = 0,1,2 and E = Quot(A). Suppose these objects satisfy the
following conditions:

n _ )
. 1 ) =
(13.4a) For each a € A there are a™ € Ay and a~ € Ay with |a™|, |a™| < |a| such
that a = a* +a~.

(18.4b) A = Ay + gA for each nonzero g € A,.
(18.4c) For every f € A there are p € Ay and u € A such that f = pu.
(13.4d) Eo C Es.

Then, for every positive integer n and for each b € GL,,(F) there are by € GL,(E)
and by € GL,,(Fy) such that b = byb,.

Proof. Asin Example 6.4(d), we define the norm of a matrix a = (a;;) € M (A) by
|la|| = max;; |a;;| and note that M,,(A) is a complete normed ring, M,,(A;), M,,(As)
are complete normed subrings of M,,(A), and M,,(Ay) is a dense subring of M,,(A).
Moreover, by (13.4a), for each a € M,(A) there are a* € M,(4;) and a~ €
M,,(As) with [[a™],]la” || < ||a]| such that a = a™ +a™.

By Condition (13.4c) each element of E is of the form % f, where f € A and
h € Ay, h # 0. Hence, there is h € Ay such that hb € M, (A) and h # 0. If
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hb = bby, where by € GL,(E;) and by € GL,(E»), then b = biby with by = +b}, €
GL,(FEs). Thus, we may assume that b € M,,(A).

Let d € A be the determinant of b. By Condition (13.4c) there are g € Ay and
u € A* such that d = gu. Let b’ € M, (A) be the adjoint matrix of b, so that
by = d - 1, where 1 is here the unit of M,(A). Let & = u~1b". Then ¥ € M, (A)
and b =g - 1.

We set

V ={d € M,(A)] ba' € gM,(A)}  and Vo=V NMy(A).

Then V is an additive subgroup of M,,(A) and gM,,(A) < V. By (13.4b), M,,(A) =
M, (Ao) + gM,(A). Hence V =V + gM,(A4). Since M,,(Ap) is dense in M, (A),
the set gM,,(Ap) is dense in gM,,(A). Therefore, V = Vi + gM,,(Ap) is dense in
V = Vo + gM,(A). Since i € V, there is ag € V; such that ||V — ao|| < % In
particular, ap € M, (Ap) and bag € gM,,(A).

Put a = éao € M, (Ep). Then ba € M, (A) and ||1 — ba|| = ||§b(b’ —ap)]| <
ﬁ||b|| ||V = apl] < 1, where the first occurrence of 1 is the identity element of
M, (A). Tt follows from Lemma 6.3(f) that ba € GL,(A). In particular det(a) # 0
and therefore a € GL,(Ey) < GL(E). By Lemma 13.2, there are b; € GL,(4;)
and by, € GL,(A42) < GL,(F,) such that ba = bby. Thus b = biby, where
bl € GLn(Al) S GLn(El) and b2 = béa71 S GLn(EQ) O

We apply Corollary 13.3 to the rings and fields of Section 12.
Lemma 13.4. Let B € GL,(Q).

(a) For each partition I = J U J' there exist By € GL,(Py) and By € GL,(Py)
such that B = B Bs.

(b) For each i € I there exist By € GL,(P;) and By € GL,(P/) such that
B = B1Bs.

Proof. Assertion (b) of the lemma is a special case of Assertion (a). Thus, it
suffices to prove Assertion (a).

We may assume without loss that both J and J' are nonempty and apply
Lemma 13.3 to the rings R, Ry, Ry, Ry rather than A, Ay, Ay, Ag, where Ry =
Klw;| i € I].

By definition, R, Ry, and R are complete rings (Second paragraph of Section
11). Given f € R, say, [ = ao+ Y ;1 Yoney @t (Lemma 11.1), we let f; =
a0+ Diey Dpey aawy and fo = 37,5 370 agwf. Then |fi] < [f],i=1,2 and
f = fi+ f2. This proves Condition (13.4a) in our context.

By definition, R is the completion of Ry, so Ry is dense in R and K(x) =
Quot(Ry) is contained in both P; = Quot(R;) and Py = Quot(R, ). Conditions
(13.4b) and (13.4c) follow from Corollary 11.7 and Lemma 11.6, respectively. Our
Corollary is therefore a special case of Lemma 13.3. O
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We apply Corollary 12.2 and Lemma 13.4 to put together patching data whose
analytic fields are the fields P; introduced above.

Proposition 13.5. Let K be a complete field with respect to an ultrametric ab-
solute value | |. Let x be an indeterminate, G a finite group, r an element of K*,
and I a finite set with |I| > 2. For each i € I let G; be a subgroup of G, F;
a finite Galois extension of E = K(x) with Gal(F;/K) = G;, and ¢; € K* such
that |r| < |c; — ¢l if i # 5. Set wy = =, P, = Quot(K{w;| j € I~{i}}),
P! = Quot(K{w;}), and Q = Quot(K{w;| i € I}). Suppose G = (G;| i € I)
and F; C P! for eachi € I. Then & = (E, F;, P;,Q, G, G)ies is patching data.

Proof. Our assumptions imply conditions (4.1a) and (4.1d) of Definition 4.1. By
Corollary 12.2, P/ = Py = (4, Py = Nju £y and (e, £ = E. Thus,
Conditions (4.1b) and (4.1c) of Definition 4.1 hold. Finally, Condition (4.1e) of
Definition 4.1 holds by Lemma 13.4. It follows that £ is patching data. OJ

14 Cyclic Extensions

Every finite group is generated by cyclic groups whose orders are powers of prime
numbers. Given a field K, a variable z, and a power ¢ of a prime number, we
construct a Galois extension F' of K(z) with Gal(F/K (z)) = Z/qZ. If in addition
K is complete with respect to a non-archimedean norm, we show how to embed
F into K{xz}.

Lemma 14.1. Let K be a field, n a positive integer with char(K) 1 n, and x a
variable. Then K(x) has a cyclic extension F of degree n which is contained in

K((2)).

Proof. Choose a root of unity ¢, of order n in K;. Let L = K((,) and G =
Gal(L/K). Consider the map y: G — {1,...,n — 1} such that o(¢,) = X',
Then ged(x(o),n) =1 and

(14.1) x(o7) = x(0)x(7) mod n

for all 0,7 € G. By [9, Example 3.5.1], K((x)) is a regular extension of K and
L((x)) = K((x))(¢,). Thus, we may identify G with Gal(L((z))/K((x))).
Consider the element

g(x) = T (1 + o))

oceG
of L[z]. Since char(K) { n, Hensel’s lemma [9, Prop. 3.5.2] gives a z € L[[x]] with
2" = 14 (. Then y = [[,cq o(z)X) e L[[z]] and y* = ngcU(z")X(‘fl) =
[Lec(1+ 0(C)2)X ™) = g(z). Since (, € L, F = L(z,y) is a cyclic extension
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of degree d of L(z), where d|n and y¢ € L(z) [14, p. 289, Thm. 6.2(ii)]. The
linear factors of g(x) are not associate in K[z]. In particular, (1 + z)|g(x) and
(1 + )% f g(z). Hence, by Eisensteins’s criterion, Y™ — g(x) is irreducible over
L(z). Therefore, F'/L(x) is a cyclic extension of degree n. Thus, the Galois group
Gal(F/L(x)) is generated by an element w satisfying w(y) = ¢,y.

By (14.1), there exists for each 7, p € G a positive integer k(, p) and a poly-
nomial f,(z) € L[z] such that

0'71 717‘ —1 T T,p)n
T(y) = H To(z)X) = H p(z)Xe7' ) = H p(z) X () +k(Tp)

oeG peG peG

=y O T+ p(G)) ) = O fo ().

peCG

It follows that G leaves I’ invariant. Let E be the fixed field of G in F.

K((2)) — L((x))

E F= L(z,y)
|

Denote the subgroup of Aut(F/K(z)) generated by G and Gal(F/L(zx)) by
H. Then the fixed field of H is K(z), so F/K(z) is a Galois extension with
Gal(F/K(z)) = G - Gal(F/L(x)). Moreover, given 7 € G, put m = x(7). Then
rw(y) = T(Guy) = YT () = W)™ (@) = Wy fi(z) = wrly). Thus,
Tw = wr, so G commutes with Gal(F/L(z)). Therefore, E/K(x) is a Galois
extension with Gal(E/K (z)) = Gal(F/L(x)) = Z/nZ. O

Lemma 14.2. Let A be a principal ideal domain, E = Quot(A), F a finite
separable extension of E, and B the integral closure of A in F. Suppose B is
unramified over A. Then there exists b € B such that tracep/p(b) = 1.

Proof. We write trace for tracep,/r and notice that the set
B' ={z € F| trace(zB) C A}

is a fractional ideal of B that contains B [13, p. 58, Cor.]. Hence, D = (B')~!
is an ideal of B (called the different of B over A). Moreover, a prime ideal P
of B is ramified over A if and only if P divides D [13, p. 62, Prop. 8]. Since, by
assumption, no P is ramified over A, we have D = B, so B’ = B.

Next observe that since trace: F' — E is an E-linear map, trace(B) is an ideal
of A, hence there exists a € A with trace(B) = aA. Since F/E is separable,
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the map trace: F' — FE' is nonzero [14, p. 286, Thm. 5.2], so a # 0. Therefore,
trace(a™'B) = A, hence a™! € B’ = B. It follows that a™'B = B, so trace(B) =
A. Consequently, there exists b € B with trace(b) = 1. O
Lemma 14.3. Suppose p = char(K) > 0. Let F be a cyclic extension of K(x)
of degree p" in K((x)), n > 1. Suppose the integral closure O of K[zx] in F
is unramified over K[z]. Then K(x) has a cyclic extension F' of degree p"™!

in K((x)) which contains F such that the integral closure O" of Klx] in F' is
unramified over Klx].

Proof. We define F’ to be F(z), where z is a zero of Z? — Z — a with a suitable
element a € O. The three parts of the proof produce a, and then show that F”
has the desired properties.

e PART A: Construction of a and z. We apply Lemma 14.2 to choose b € O
with tracep) k(2 (b) = 1. Then we set ¢ = b — b” and notice that
tracep/K(x)(C) = traceF/K(x)(b) - (traceF/K(x)(b))p =0.
Let o be a generator of Gal(F/K(x)). Set ¢ = p™ and
1

a1 i-

1

i i

= E b7 .
i=1 j=0

Then a; € O and
g-1i-1 q i-1 ‘
aj = Z b = Z Z b
i=1 j=0 i=2 j=1

Hence,

a; —aj = Vet b et o+ b7 e — b"ch"j

q-

= Z — bz = tracep/k(z)(b)c — b - tracep k() (c) = c.

=0

Now note that O is integral over K[z] and is contained in K ((z)), so O C
K[[z]] (because K[[z]] is integrally closed), in particular a; € K|[z]]. Let v
be the K-valuation of K ((x)) with v(z) = 1. Since K|x] is v-dense in K[[z]],
there is an ap € K[z] with v(a; —ap) > 0. Set @ = a; — ap. Then a € O,
v(a) > 0, and

(14.2) a’ —a="b6 -0

Thus, the polynomial f(Z) = ZP — Z — a satisfies v(f(0)) = v(—a) > 0 and
v(f(0)) = v(—1) = 0. By Hensel’s lemma for K ((z)), there exists z € K[[z]]
such that 2 — z —a = 0.
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e PART B: Irreducibility of ZP — Z — a. Assume ZP — Z — a is reducible over
F. Then z € F [14, p. 290, Thm. 6.4(b)]. By (14.2),

(=2 = (7 = 2) = (P = D) = (7 = 2P~ (" =)~ (" — )
(14.3)
=(P-z—-a)— (" —2z—a)=0.
Since b is a root of ZP — Z — (WP — b), there is an integer ¢ with 27 —z = b+
[14, p. 290, Thm. 6.4(b)]. Apply tracep/ k(s to both sides to get 0 on the left
and 1 on the right. This contradiction proves that Z? — Z — a is irreducible.

It follows that f = irr(z, F) € O[Z], f(2) =0, and f'(z) = —1, in particular
diser(f) is a unit of O [9, p. 109]. Hence, O’ = Olz] is the integral closure
of Oin F' = F(z) and O'/O is a ring cover in the sense of [9, Def. 6.1.3].
In particular, no prime ideal of O is ramified in O’ [9, Lemma 6.1.8(b)]. It
follows from our assumption on O that O’ is unramified over K|[z].

e PART C: Eztension of o to o' that maps z to z + b. Equality (14.2) implies
that z + b is a zero of ZP — Z — a°. Thus, by Part B, o extends to an
automorphism o’ of F' with 2°° = z 4+ b. We need only to prove that the
order of ¢’ is p"L. Induction shows 2 = 2+ b+ +---+ b7 for each
j > 1. In particular,

27" = 2+ tracer k() (b) = 2 + 1.

Hence, 200" = z+4ifori=1,...,p, so the order of o’ is p"*'. Consequently,
F' is a cyclic extension of K (z) of order p™*!.

O
We can do even better, if K is a complete field under an absolute value | |.

Lemma 14.4. Let K be a complete field under an absolute value | |, let x be
a variable, and let g be a power of a prime number. Then K(x) has a Galois
extension in K{z} in K((z)) with Galois group Z/qZ.

Proof. By Lemmas 14.1 and 14.3, K(z) has a Galois extension F' in K ((z)) with
Galois group isomorphic to Z/qZ. We choose a primitive element y for F/K(x)
integral over K[z]. Then y € K|[z]], soy = >, a,z™ with a,, € K for each
n > 0. By Proposition 8.5, y converges at some ¢ € K*. Thus, the series
Yoo g anc™ converges in K, which means that y' =3~ a,c"2" € K{z}. Now,
the map @ — cx extends to an automorphism ¢ of K((x)) that leaves K(x)
invariant. It maps K(z,y) onto the subfield K (z,y") of K{z}. Since K(z,y)/K
is Galois with Galois group Z/qZ, so is the extension K(x,y')/K, as desired. O
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15 Embedding Problems over Complete Fields

Let K/Kj be a finite Galois extension of fields with Galois group I' acting on a
finite group G. Consider a variable z and set Fy = Ko(z) and E = K(x). Then
E/Ey is a Galois extension and we identify Gal(F/Ey) with I' = Gal(K/K,) via
restriction. We refer to

(15.1) pr: I'xG—T

as a constant finite split embedding problem over E,. We prove that if K
is complete under an ultrametric absolute value, then (15.1) has a solution field
(Section 5) equipped with a K-rational place.

Proposition 15.1. Let Ky be a complete field with respect to an ultrametric ab-
solute value | |. Let K/K, be a finite Galois extension with Galois group T acting
on a finite group G from the right. Then E has a Galois extension F such that

(15.2a) F/Ey is Galois;

(15.2b) there is an isomorphism : Gal(F/Ey) — I'x G such that prot) = resg;
and

(15.2c) F has a set of cardinality | Ko| of K-rational places ¢ (so F'/K is reqular)
such that ¢(x) € Ky and F, = K.

Proof. Our strategy is to attach patching data £ to the embedding problem and
to define a proper action of I' on €. Then we apply Proposition 5.2 to conclude
that the compound F' of £ gives a solution to the embedding problem.

We fix a finite set I on which I' acts from the right and a system of generators
{7i| i € I'} of G such that for each i € T

(16.3a) {yeT| " =i} ={1}
(15.3b) the order of the group G; = (7;) is a power of a prime number;
(

)
)
15.3¢) 7' = Ty, for every v € T'; and
) U=
(E.g. assuming G # 1, let Gy be the set of all elements of G whose order is a
power of a prime number and note that I' leaves G invariant. Let I = Go x I
and for each (0,7) € I and 7/ € T let (0,7)" = (0,7') and Tlomy) = 07.)

Then G] = Gi» for each v € I' and G = (G| i € I). Choose a system of

representatives J for the I'-orbits of I. Then every ¢ € I can be uniquely written
as i =77 with j € Jand v €T.

(15.3d
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o CLAIM A: There exists a subset {¢;| i € I} C K such that ¢] = ¢ and

¢ # ¢ for all distincti,j € I and vy €T.

Indeed, it suffices to find {c; | ] € J} C K such that c # ¢ forall j € J
and all distinct d,¢ € T, and c # ¢ for all distinct 7, k cJ and alld e T
0

Having done that, we can deﬁne ¢, fori=j7 €1, as ¢j.

The first condition says that ¢; is a primitive element for K/Ky; the second
condition means that distinct ¢; and ¢, are not conjugate over Ky. Thus it
suffices to show that there are infinitely many primitive elements for K/ Kj.
But if ¢ € K* is primitive, then so is ¢ 4 a, for each a € Kj. Since Kj is
complete, hence infinite, the claim follows.

CONSTRUCTION B: Patching data.

We choose r € K such that |r| < |¢; — ¢4 for all distinct 4,7 € I. For
each i € I we set w; = —*— € K(x). As in Section 11, we consider the ring
R = K{w;| i €I} and 1etQ Quot(R). For each i € I let

P = Pr gy = Quot(K{w; | j #14}) and P/ = Py = Quot(K{w;})

(we use the notation of Section 12).

Let v € T. By our definition, w] = —X= = w;, i € I. Hence, v leaves

J?*Ci

Ry = K[w;| i € I] invariant. Since | | is complete on Ky, it has a unique
extension to K, so |a7| = |a| for each @« € K. Moreover, for each f =
a0+ D ier Domeq GinW]" € Ry, we have

(15.4) fr=al + Ziayn(wg)n

i€l n=1

and

||f7|7|‘a0+zzam z | = ||a0+zzamwﬂ”

i€l n=1 i€l n=1

= max(|ag), |a;,|)in = max(|ao|, [ain|)in = [ /]
By Lemma 6.5, v uniquely extends to a continuous automorphism of the
completion R of Ry, by formula (15.4) for f € R. Hence, T lifts to a group
of continuous automorphisms of R. Therefore, I' extends to a group of
automorphisms of @ = Quot(R). In addition, P = P,y and (P/)Y = P,,.
For each j € J, Lemma 14.4 gives a cyclic extension Fj of E in P} = K{w;}
with Galois group G; = (7;).
For an arbitrary ¢ € I there exist unique j € J and v € I" such that ¢ = j7
(by (15.3a)). Since v acts on @ and leaves F invariant, F; = F is a Galois
extension of F.
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The isomorphism 7y: F; — F; gives an isomorphism
Gal(F,/E) = Gal(F,/E)

that maps each 7 € Gal(F;/E) onto y™' o7 0~ € Gal(F;/E) (notice that
the elements of the Galois groups act from the right). In particular, it maps
7; onto v~' o 7; 0. We can therefore identify G; with Gal(F;/F) such
that 7; coincides with y~! o 7; 0 4. This means that (a™)” = (a?)"" for all
a € Fj and 7 € G;. In particular, F; C P/ for each i € I. It follows
from Proposition 13.5 that &€ = (E, F;, P;, Q; G;, G);er is patching data. By
construction, I' acts properly on € (Definition 5.1). By Propositions 4.5
and 5.2, the compound F of £ satisfies (15.2a) and (15.2b). Now we verify
(15.2¢).

e CraM C: F/K has many prime divisors of degree 1. Each b € Ky with

(15.5) |6 > max(|r|, [c;[)
iel
satisfies !
homomorphlsm from R to K that map% wl onto ;. Since R is a princi-

pal ideal domain (Proposition 11.8), this homomorphlsm extends to a K-
rational place ¢p: Q@ — KU{oco}. Thus, ¢|r is a K-rational place of F with
¢p(x) = b € Ky, so it corresponds to a prime divisor of F//K of degree 1.
If ¥ € Ko and O # b, then ¢, # ¢y, so also the prime divisors that ¢, and
¢y define are distinct. Consequently, the cardinality of the prime divisors
of F//K of degree 1 is that of Kj.

Finally, the regularity of F//K follows from the fact that ¢,(F) = K U {o0}
[9, Lemma 2.6.9].

O

16 Embedding Problems over Ample Fields

In this section K/Kj is an arbitrary finite Galois extension with Galois group I'
and z is a variable. Suppose I' acts on a finite group G. We look for a rational
solution of the embedding problem

(16.1) pr: Gal(K(x)/Ky(z)) x G — Gal(K(z)/Ko(x))

over Ky(x). We call (16.1) a constant split embedding problem. When K is
complete under an ultrametric absolute value, this problem reduces to the special
case solved in Section 15.

Consuier also a regular extension KO of Ky such that z is transcendental
over Ky and let K = KK,. Then KO( 1) is a regular extension of Ky(x) [9,
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Lemma 2.6.8(a)], so Ko(z) is linearly disjoint from K(z) over Ko(z). Hence,
res: Gal(K(x)/Ko(r)) — Gal(K(x)/Ko(x)) is an isomorphism. This gives rise to
a finite split embedding problem over Ky(z),

(16.2) pr: Gal(K (z)/Ko(z)) x G — Gal(K (x)/Ko(z))

such that pro (resg(y) X idg) = resg (s o pr.

We identify each of the groups Gal(K (2)/Ko(x)), Gal(K (2)/Ko(x)), and
Gal(K/K) with ' = Gal(K/K,) via restriction. Moreover, if F (resp. F) is
a solution field of embedding problem (16.1) (resp. (16. 2))7 then we identify
Gal(F/Ky(x)) (resp. Gal(F'/Koy(z))) with T' x G via an isomorphism 6 (resp. 6)
satisfying prof = res (resp. proé = res). We say that (F, ) is a split rational so-
lution of (16.1) if F' has a K-rational place ¢ such that I' is the decomposition
group

Dy = {0 € Gal(F/Ky(z))| ox = x for all x € F with ¢(x) # oo}

of ¢ over Ky(x). We say that (F,0) is unramified if ¢ can be chosen to be
unramified over Ky(x).

Lemma 16.1. In the above notation suppose Ko is ample and existentially closed
in Ky. Let F be a solution field to embedding problem (16.2) with a K -rational
place ¢, unramified over Ko(x), such that (;5( ) € Ko. Then embedding problem
(16.1) has a solution field F' with a K -rational place ¢ unramified over Ko(z) such
that ¢(z) € K.

Proof. We break up the proof into several parts. First we solve embedding problem
(16.1) over Ky(z), then we push the solution down to a solution over a function
field Ko(u, z) which is regular over Ky, and finally we specialize the latter solution
to a solution over Ky(z) with a place satisfying all of the prescribed conditions.

e PART A: A solution of (16.1) over Ko(z). By assumption, there exists an
isomorphism

0: Gal(F/Ky(z)) — Gal(K (z)/Ko(x)) x G

such that prof = res jr(p)- Let Ey be the fixed field in F of Dj (=T). Then,
FgﬁK( )= Ko(z) and Fy - A( ) = F.so [Fy : Ko(z)] = [F : K(z)]. Then,
G(Fy) = Ky U {oo}. Hence, Fy/Ky is regular [9, Lemma 2.6.9(b)].

We choose a primitive element y for the extension Fy / Ko(x) integral over
Ky|x]. By the preceding paragraph, F' = K(x,y).

By [12, Lemma 5.1.2], there exists an absolutely irreducible polynomial h €

Ko[V,W] and elements v,w € Fy such that Ky(v,w) = Fy, h(v,w) = 0,
h(0,0) =0, and 22(0,0) # 0.
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We also choose a primitive element ¢ for K over Ky, a primitive element z
for F over Ky(z) integral over Koz r], and note that F = Ko(c,z,y). Then
there exist polynomials f, pg, p p1€ KO[X Zl, g,70,71,72 € KO[X, Y], @0, q1 €
KO[T X,Y], and sg, s1,82 € KO[V W] such that the following conditions
hold:

(16.3a) F = Ko(x,z) and f(x, Z) = irr(z, Ko(z));
in particular discr(f(z, Z)) € Ko(x)*.

(16.3b) g(z,Y) = irr(y, Ko(z)) = irr(y, K (z)); since Fy/Ky is regular (by
the first paragraph of Part A), g(X,Y) is absolutely irreducible [9,
Cor. 10.2.2(b)].

(16.3¢) mles) o lery) g 2) £ 0, and go(c, z,y) # 0.

Y= (z,2)” qo(c,x,y)
(16.3d) v = ri(z,y) _ ra(zy) _ osifww) o sa(vaw) (2,y) # 0, and
r@m’w ro@w)’ T o) ¥ T Selow)r TOTHY » an

so(v, w) 7

e PART B: Pushing down. The polynomials introduced in Part A depend on
only finitely many parameters from K. Thus, there are uq,...,u, € Ko
with the following properties:

(16.4a) The coefficients of f, g, h, po, D1, o, q1,70,71, T2, So, S1, S2 are in
Ko[u].

(16.4b) F, = Ko(u,z, 2) is a Galois extension of Ky(u, z),
flz, Z) =irr(z, Ko(u, z)), and discr(f(z, Z)) € Ko(u, z)*.

(16.4c) g(x,Y) = irr(y, Ko(u, z)) = irr(y, K(u, z));
we set Fou = Ko(u,z,v).

It follows that restriction maps the groups Gal(F/Ky(x)), Gal(F/F,), and
Gal(F /K (z)) isomorphically onto Gal(Fy/Ko(u,z)), Gal(Fy/Fy), and
Gal(F,/K (u, ), respectively. Therefore, restriction transfers  to an iso-
morphism

(16.5) 0: Gal(Fy/Ky(u,z)) — Gal(K(u,z)/Ko(u,z)) x G

satisfying pr o 6 = resg, /k(u.e)-

PART C: Specialization. Since K| is existentially closed in KO, the field K,
and therefore also Ky(u) are regular extensions of Ky (Lemma 1.5). Thus,
u generates an absolutely irreducible variety U = Spec(Kp[u]) over K, [9,
Cor. 10.2.2]. The variety U has a nonempty Zariski-open subset U’ that
contains u such that for each u’ € U’ the Ky-specialization u — u’ extends
to a K (z)-homomorphism ’: K(z)[u, v, w,y, z] — K(x)[u', v, w',y, 2] such
that the following conditions, derived from (16.3a—d) and (16.4a—c), hold:
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(16.6a) The coefficients of [, ¢', I, pjy, P, @6, @1, T4, 715 Ths Sp, ST, S5 belong to
Ko[u].

(16.6b) F = Ky(u',x,2') is a Galois extension of Ky(u',z), f'(z,7) = 0,
and discr(f'(z, Z)) € Ko(u',x)*.

(16.6¢) y = BE) o — BEm) o ) 20, and ghfesa,y') £ 0: we set
Fy = Ko(W, z,y) and find that F = Fy K.

(16.6d) ¢'(X,Y) is absolutely irreducible, degy (¢'(z, Y)) degy (g(x,Y)),
g (z,y") =0, and so ¢'(z,Y) = irr(y/, Ko(u', ) = irr(y/, K(v, z));

(16.6e) h'(V,W) is absolutely irreducible, A'(0,0) = 0, and < ‘W 77(0,0) # 0.

(16 6f) v = _ ri@y) w = ra(@.y") T = 51 (v w') A sy (v w') (.Z' y) 7& 0’

™ x,y’ ] rl z’y/ 9 s/ v’,w’ ) y / G w/ ) T’O
To 0 0

and sp(v',w') # 0; thus Fy = Ko(u',v', w').

To achieve the absolute irreducibility of ¢’ and k' we have used the Bertini-
Noether theorem [9, Prop. 9.4.3].

e PART D: AChoosing u’ € K. Since K is existentially closed in K, and since
u € U'(Kp), we can choose u’ € U'(Kp). Then Ko[u'] = Ky, Ko(u',z) =
K()(I), FO = Ko(l',y/) = K()(U/,wl), and F' = Ko(.’L’,Z/).

Since discr(f'(x, Z)) # 0 (by (16.6b)) the homomorphism ’ induces an em-
bedding

(16.7) v*: Gal(F/Ko(z)) — Gal(Fy/Ko(u, x))

such that (¢*(0)(s)) = o(s') for all o € Gal(F/Ky(x)) and s € F,, with ' €
F [14, p. 344, Prop. 2.8]. Each s € K(z) is fixed by ’, hence ¢*(0)(s) = o(s)
for each o € Gal(F/Ky(x)). It follows that ¢* commutes with restriction to
K(x).
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Fy F
Fou/ ‘ i /
PR I
’ |
- Ko(m) P —f((l’)
Ko(u, z) ‘ K(u,z)
) | -
Ko(z) K(z)
K, K
/ /
Ko(u) K(u)
/ /
Ky K

By (16.6¢), F = K(z,y') = FoK. By (16.6d) and [9, Cor. 10.2.2(b)], Fy/ K,
is a regular extension, so Fj is linearly disjoint from K over Ky. Therefore,
Fy is linearly disjoint from K (z) over Ko(x), hence Fy N K (x) = Ko(x) and
[Fo: Ko(x)] = [F : K(z)]. Tt follows from (16.6d) that

|Gal(F/Ko(x))| = [F: Ko(x)]
= [F: K(2)][K(2) : Ko()]
=degy ¢'(z,Y)[K : Ko
— degy g(x, V)[K : Ko]
= [Fy: K(u,2)|[K(u,z) : Ky(u,z)]
= [Fu : Ko(u, )] = |Gal(Fy/Ko(u,2))|.

Therefore 1* is an isomorphism. Let
p: Gal(K(u,z)/Ko(u,z)) x G — Gal(K(x)/Ky(z)) x G

be the isomorphism whose restriction to Gal(K(u,z)/Ko(u,z)) is the re-
striction map and to G is the identity map. Then, 6/ = p o # o ¢* satisfies
prod = resp/k(z) (by (16.5)). This means that 6’ is a solution of embedding
problem (16.1).

e PART E: Rational place. Finally, by (16.6e) and (16.6f), the curve defined
by M(X,Y) = 0 is a model of Fy/Ky and (0,0) is a Kj-rational simple
point of it. Therefore, by [12, Lemma 5.1.4(b)], Fy has a Ky-rational place
¢o: Fo — Ko U {oo}. Since Ky is ample, Fy has infinitely many Ky-places
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(Lemma 1.1). Only finitely many of them are ramified over Ky(z). Hence,
we may choose ¢g to be unramified over Ky(z). Using the linear disjointness
of Fy and K over K, we extend ¢ to a K-rational place ¢: FF — K U {oco}
unramified over Ko(x).

O

Theorem 16.2. Let Ky be an ample field. Then every constant finite split em-
bedding problem over Ko(z) has a split unramified rational solution.

Proof. Consider a constant finite split embedding problem (16.1) over Ky(z). Let
Ko = Ko((t)). Then Ky is complete under a nontrivial discrete ultrametric abso-
lute value with prime element ¢t. Consequently, by Proposition 15.1, (16.2) has a
split unramified rational solution. By Lemma 1.1(f), K| is existentially closed in
K. Hence, by Lemma 16.1, (16.1) has a split unramified rational solution. O

17 PAC Hilbertian Fields are w-Free

The statement of the title was a major open problem of Field Arithmetic. Theorem
17.3 settles that problem.

Recall that the rank of a profinite group G is the least cardinality of a system
of generators of G that converges to 1. If G is not finitely generated, then rank(G)
is also the cardinality of the set of all open normal subgroups of G [9, Prop. 17.1.2].
We denote the free profinite group of rank m by E,,.

An embedding problem for a profinite group G is a pair

(17.1) (p: G— A, a: B— A),

of homomorphisms of profinite groups with ¢ and « surjective. The embedding
problem is said to be finite if B is finite. If there exists a homomorphism o/: A —
B such that oo o/ = id4, we say that (17.1) splits. A weak solution to (17.1)
is a homomorphism +v: G — B such that a oy = ¢. If 7 is surjective, we say that
7 is a solution to (17.1). We say that G is projective if every finite embedding
problem for G has a weak solution.

An embedding problem over a field K is an embedding problem (17.1),
where G = Gal(K). If L is the fixed field of Ker(¢), we may identify A with
Gal(L/K) and ¢ with resg,/;, and then consider a: B — Gal(L/K) as the given
embedding problem. This shows that our present definition generalizes the one
given in Section 5. Note that if v: Gal(K) — B is a solution of (17.1) and F' is
the fixed field in K of Ker(7), then F' is a solution field of the embedding problem
a: B — Gal(L/K) and v induces an isomorphism 7: Gal(F/K) — B such that
Qo7 =TeSp/L.

The first statement of the following proposition is due to Gruenberg [9, Lemma
22.3.2], the second one is a result of Iwasawa [9, Cor. 24.8.2].
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Proposition 17.1. Let G be a projective group. If each finite split embedding
problem for G is solvable, then every finite embedding problem for G is solvable.
If in addition rank(G) < Ng, then G = F,,.

We say that a field K is w-free if every finite embedding problem over K (that
is, finite embedding problem for Gal(K)) is solvable.

Theorem 17.2. Let K be an ample field.

(a) If K is Hilbertian, then each finite split embedding problem over K is solv-
able.

(b) If in addition, Gal(K) is projective, then K is w-free.

(¢) If in addition, Gal(K) has countably many generators, and in particular, if
K is countable, then Gal(K) = F,.

Proof.

e Proof of (a): Every finite split embedding problem over K gives a finite
split constant embedding problem over K(x). The latter is solvable by
Theorem 16.2. Now use the Hilbertianity and specialize to get a solution of
the original embedding problem over K [9, Lemma 13.1.1].

e Proof of (b): By (a), every finite split embedding problem over K is solv-
able. Hence, by Proposition 17.1, every finite embedding problem over K is
solvable.

e Proof of (¢) Use (b) and Proposition 17.1.
O
The following special case of Theorem 17.2 is a solution of [8, Prob. 24.41].

Theorem 17.3. Let K be a PAC field. Then K is w-free if and only if K is
Hilbertian.

Proof. That ‘K is w-free’ implies ‘K is Hilbertian’ is a result of Roquette [9,
Cor. 27.3.3]. Conversely, if K is PAC, then Gal(K) is projective [9, Thm. 11.6.2].
By Example (a) of Section 2, K is ample. Hence, if K is Hilbertian, then by
Theorem 17.2(b), K is w-free. O
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Abstract

A classical conjecture of Serre, which was recently proved by Khare,
Wintenberger, and Kisin, specifies when a mod p Galois representation p :
Gal(Q/Q) — GLa(F,) arises from a modular form, and moreover states the
weight and level of a suitable modular form. This expository article surveys
the conjecture, its recent generalizations to mod p representations of the
absolute Galois group of a totally real field, and the methods of proof both
of the classical conjecture and of some results towards the generalizations.
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1 Introduction

These notes are based on lectures given by the author at the Winter School on
Galois Theory held at the University of Luxembourg in February 2012. Their
aim is to give an overview of Serre’s modularity conjecture and of its proof by
Khare, Wintenberger, and Kisin [36] [37] [39], as well as of the results of other
mathematicians that played an important role in the proof. Along the way we will
remark on some recent work concerning generalizations of the conjecture. We have
tried as much as possible to concentrate on giving a broad picture of the structure
of the arguments and have deliberately ignored technical details in places. The
statements of some theorems omit the full list of technical hypotheses; we request
the reader’s forbearance.

Let F be a totally real number field. We will denote by Gr the absolute
Galois group Gal(Q/F). It was shown in Prof. Bockle’s lectures in this volume
how, under some hypotheses, a Hilbert modular eigenform f over F' gives rise to
a compatible system {pf,} of p-adic Galois representations; see [34] for the most
general theorem. These representations are extracted from the cohomology of a
suitable algebraic variety, and this construction is more or less the only method we
have for obtaining p-adic Galois representations. Therefore the following question
is of acute interest: given a Galois representation p : Gp — GLg(@p), when is p
modular, i.e. when does there exist a Hilbert modular eigenform f and a place
v|p of F' such that p ~ p;,?

This question is a very difficult one. We will split it into two questions, which
are still very difficult, by introducing the notion of the reduction of a Galois
representation. The following result is classical; the proof given here is attributed
to N. Katz and appears in print, for instance, at the beginning of section 2 of [55].

Proposition 1.1. Let G be a compact Hausdorff group, and let p : G — GLn(@p)
be a continuous representation. Then p is equivalent to a representation p' such
that p/(G) C GL,(Op), where O is the ring of integers of some finite extension

L/Q,.

Proof. Since G is compact and Hausdorff, it admits a Haar measure p; without
loss of generality, u(G) = 1. Now,

GL.(Q,) = |J GL.(D)

and hence

G= {J »(GL.(L)).

[L:Qp]<oo

Since there are countably many finite extensions L/Q,, there must be some
L such that u(p~*(GL,(L))) > 0. Hence, p~'(GL,(L)) C G is a closed subgroup
of finite index. Then p~'(GL,(Or)) is an open subgroup of the compact group
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p~Y(GL,(L)), so it has finite index in it and thus in G. Let gi,...,gm be a
collection of coset representatives for p~*(GL,(Or)). Let A C L™ be the lattice
generated by p(g1)O%, ..., p(gm)OF. This is a lattice of maximal rank, so A ~ OF.
Furthermore, A is stable under the action of G. Let T € GL,(L) be a linear
transformation that takes O} to A, and set p'(g) = T p(g)T. O

The proposition above applies, in particular, to continuous representations
p: Gp — GLy(Q,) such as we have been considering. If p is equivalent to
P Gp — GLy(Oyp), then we define the reduction p to be the semisimplification

of the composition ' : Gg L GLy(Op) — GLy(kr) — GLy(F,), where ky, is the
residue field of L and the inclusion k;, — F,, is induced from L — Q,. In other
words, p is the direct sum of the Jordan-Holder constituents of §'. This definition
is independent of all choices, and we call p the reduction modulo p of p.

Remark 1.2. Throughout these notes, except for Section 4, we will usually use p
to denote a mod p Galois representation. The bar simply serves to emphasize that
we are dealing with a mod p representation. It does not necessarily mean that we
have any p-adic representation p in mind, of which p is to be the reduction.

We say that a mod p Galois representation p : Gp — GLy(F,) is modular if
it “arises from geometry” in a way that will be made precise in the next section.
If FF = Q, then p is modular if and only if there exists a modular eigenform f
such that p ~ py,. For larger totally real fields we will require a somewhat more
subtle notion of modularity. If a p-adic Galois representation p is modular, then
its reduction modulo p will be modular as well. We will consider two questions:

L. Let p: Gp — GL2(Q,) be a p-adic Galois representation. Suppose that p is
modular. Is p modular?

2. Let p : Gp — GLy(F,) be a mod p Galois representation. When is p
modular?

It is clear that if we knew complete answers to both of these questions, their
union would resolve the question of when a general p-adic representation is mod-
ular. Affirmative responses to the first question are known in a variety of different
cases; results of this type are called modularity lifting theorems. A conjectural
response to the second question is given by Serre’s modularity conjecture and its
generalizations. Serre’s original conjecture, covering the case of F' = Q, is now
a theorem of Khare, Wintenberger, and Kisin. However, as we shall see, even
if we do not know whether a mod p Galois representation is modular, we can
say a lot about the Hilbert modular forms f that it could come from if it were
modular. The research towards resolving each of these two questions is tightly
interconnected with work concerning the other, as shall become evident in these
notes.
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2 Statement of Serre’s modularity conjecture

2.1 The classical conjecture

If we fix an embedding Q — C, then complex conjugation is a well-defined element
¢ € Gg. Since it is an involution, any Galois representation p : Ggp — GLQ(E,)
must send ¢ to a matrix with determinant £1. We say that 5 is odd if det p(c) =
—1. Similarly, if F is a totally real field with [F' : Q] = d, then the d embeddings
F — R induce d complex conjugation automorphisms c¢i,...,cq € Gg. We say
that p: Gp — GLy(F,) is totally odd if det p(c;) = —1 for each i = 1,...,d.

The original statement of Serre’s conjecture, which essentially dates back to
the 1960’s, appeared in some cases in [52], and was properly published only in

[54], is the following.

Conjecture 2.1. Let p : Gg — GLy(IF,) be a mod p Galois representation. If
P is continuous, irreducible, and odd, then there exists a modular eigenform f €
Si(L1(N)), for some weight k and level N, such that p =~ py,.

This statement has a natural generalization for totally real fields:

Conjecture 2.2 (Weak Serre conjecture). If F is a totally real field andp : G —
GLy(F,) is continuous, irreducible, and totally odd, then 7 is modular.

While this conjecture is already very powerful, one generally wants to know in
what weights and levels to look for a modular form giving rise to p. In fact, Serre
gave such a strengthened version of his own conjecture, in which he specified
a minimal weight k(p) and level N(p) such that there should exist a modular
eigenform f € Sy (I'1(N(p))) with p ~ p7,. We shall not give the explicit
formulae for k(p) and N (p) here, but the reader will be able to extract them from
our statement of a generalized conjecture later on.
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2.2 Serre weights

One of the most basic and useful facts about mod p representation theory, and
one which is responsible for much of the difference in flavor between it and repre-
sentation theory in characteristic zero, is the following. A proof may be found in

19].

Proposition 2.3. Let G be a profinite group, let P C G be a normal pro-p-group,
and let 7 : P — GL(V) be a continuous finite-dimensional representation of P on
an F,-vector space V. Let VI = {v € V : Va € P,7(a)v = v}. Then V¥ # {0}.
Moreover, if T is irreducible, then VP = V.

Proof. Clearly we may restrict to the case where V' is irreducible as a G-module.
Since 7 is continuous and hence has finite image, we in fact have 7 : G — GL(WW),
where W is a finite-dimensional vector space over a finite extension of FF,. Since
P is normal in G, clearly W' C W is a sub-G-module. Since P is a pro-p-group,
every non-trivial orbit of the P-action on W must have cardinality divisible by p.
However, the cardinality of W is itself divisible by p. Hence, |W| # 1, and thus
WP =w. O

Definition 2.4. Let F' be a number field, let v be a place of F', and let k, = O /v
be the residue field at v.

1. A Serre weight is an irreducible F,-representation of GLy(OFr/p).
2. A local Serre weight at v is an irreducible Fp—representation of GLy(k,).

Since GLo(Or/p) is a finite group, there are only finitely many Serre weights
for any number field F'. Moreover, suppose that the ideal pOr decomposes into
prime factors as pOp = p7'ps? - --pér. Then by the Chinese remainder theorem,
GL2(Or/p) = GLa(Op/p{) X -+ x GLo(Op/per). For each 1 < i < r, let k;
denote the residue field Og/p;. Since the kernel of the natural projection

GLQ(OF/p) — GLg(k‘l) X - X GLQ(kT)

is a p-group, all Serre weights factor through this projection by Proposition 2.3.
It follows that all Serre weights have the form

where o, is a local Serre weight at v. The representation theory of GLs of a finite
field is well known [27], and the distinct local Serre weights at v are precisely the
following;:

Oy = ® det”” ®@(Sym' k2 @y, F,).

T:k‘.u‘—»ﬁp
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Here, k2 is the standard action of GLy(k,) on a two-dimensional vector space
over k,, whereas 0 < r, <p—1for all 7 and 0 < w, < p—1 for all 7, with the
stipulation that the w, are not all p — 1.

What is the connection between these Serre weights and the modularity of
Galois representations? Observe, first of all, that if ' = Q, then the Serre weights
are just det" ®Sym7'Fi, where 0 < r < p—-—1land 0 < w < p—2. Let p:
Gg — GLy(F,) be a mod p Galois representation, and let T be the Hecke algebra
generated over Z by the Hecke operators T; for [ t pN(p). Define the maximal
ideal m; C T to be the kernel of the map

T — F,
T, — trp(Froby).

The following was observed by Ash and Stevens [2].

Proposition 2.5. Let k > 2. A Galois representation p : Gg — GLo(F,) is
modular of level N and weight k if and only if H'(T1(N), Symk’QF;)mﬁ # 0.

We remark that by Theorem 3.4 of [18], any collection of eigenvalues of T
for which there exists an eigenform of some weight has an eigenform of weight at
most p + 1. Thus we do not lose generality by concentrating on forms associated
to Serre weights. The twist by a power of the determinant that can occur in the
Serre weight corresponds to Nebentypus.

2.3 Modularity

Inspired by the observations above, we will formulate a new definition of modu-
larity. We use quaternionic Shimura curves in place of modular curves.

Recall that F' is our fixed totally real field and that d = [F': Q]. Let B/F be
a quaternion algebra that splits at exactly one real place and at all places above
p (note that we make no conditions at places away from p, so there are no parity
issues). In other words, we are able to fix isomorphisms

B®R =~ My(R)x H™!
B®Q, ~ M(F®Q,).

Denote by A the adeles of Q, and if S is a finite set of places of Q then we
set A% to be the adeles away from S. Define the group G = Resp/oB*, and let
U C G(A™) be an open compact subgroup of the form U = U, x U?, where
U? C G(A>?) and

U, =ker | [[ GL2(OF,) — [ ] GLa (k)

vlp vlp
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Then the Shimura curve
My (C) = GQ\(G(A®) x (C—R))/U

has a model over F. Set V' C G(A™) to be the following open compact subgroup:

V=|]]GLAOR,) | x U".

vlp

It follows from a simple modification of an argument of Carayol [16] that if
U? is sufficiently small (see [46] for the precise definition of “sufficiently small”)
then the natural map My — My is a Galois cover of Shimura curves with Galois
group V/U =~ [],, GLa(ky).

Definition 2.6. Let I’ be a totally real field, let o be a Serre weight, and let
p: Gr — GLy(FF,) be a mod p Galois representation. We say that p is modular of
weight o if there exist a quaternion algebra B/F' and an open compact subgroup

U C G(A*>) as above such that
(2.1) 7 C (Pic®(My)[p] @ o)[Tn GLake),

The reader is referred to the introduction of [14] and to Propositions 2.5 and
2.10 of the same paper for a discussion of why the naive notion of modularity (a
Galois representation is modular if it arises from a Hilbert modular form of weight
(k1,...,kq)) is insufficient and of the connection between this naive modularity
and the notion of being modular of a certain Serre weight.

Remark 2.7. It is not hard to show, using the Eichler-Shimura relation, that the
condition (2.1) is equivalent to the following:

p” = Hom(p,F,) C H;{(My ®Q, L,),

where L, is the mod p local system associated to o and p" is the dual of p. While
this fact is well-known, the author does not know of a clear proof in the literature.
See Proposition 2.6 of [46].

Remark 2.8. The reader may wonder why we assume throughout that F' is a
totally real field. Why do we not work with arbitrary number fields? This question
is strengthened by the fact that the proofs of many of the results about Galois
representations p : G — GLy(F,) that are described below do not use global
information about 5, but only local information about the restrictions of p to the
decomposition subgroups at various places. It is very difficult to study modular
Galois representations over arbitrary number fields F' because of the lack of nice
algebraic varieties over F' that store automorphic data and in whose cohomology
we could look for our Galois representations. The theory of Shimura varieties over
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totally real fields has no good analogue over general number fields. A number of
mathematicians have studied the modularity for quadratic imaginary fields: see,
for example, [28], [57], and [6]. In this case one can translate the problem to Siegel
modular surfaces. See [7] and the end of [15] for modularity lifting theorems in
the quadratic imaginary case.

2.4 Serre’s weight conjecture

For every place v of F' dividing p, denote by k, the corresponding residue field
and let its cardinality be g, = p*. Recall that G, can be embedded non-
canonically into Gp as follows. For every finite extension L/F, we choose a
place vy of L such that vp|v and such that if L C L', then vp|vy. Now let
G, ={a € Gp:VL/F,a(v,) =vr}. This G, is called a decomposition subgroup
at v, and it is easy to show that G, ~ Gp,. If we replace the system {vp}; by
a different compatible system of places, we will get a subgroup conjugate to G,,.
Inside G, we have the inertia subgroup I, consisting of all & € G,, such that for
each L/F, the induced automorphism of Op /vy is trivial. The wild inertia P, is
the pro-p-Sylow subgroup of I,. Note that the isomorphism G, ~ Gp, induces
isomorphisms I, ~ Gal(Q,/F!") and P, ~ Gal(Q,/F!"), where F!'" and F!" are
the maximal unramified and maximal tamely ramified extensions of F,, respec-
tively. In particular, since F!" is a Galois extension of F),, we see that P, is a
normal subgroup of GG,. We have an exact sequence

(2.2) 1—-1,— G, — Gal(Fp/kv) — 1.

Now, let r > 1 and consider an embedding of fields 7 : F,» — F,. Fix a
uniformizer 7, € Op, and define ¥, : I, — F; to be the following composition of
homomorphisms:

I, = Gal(Q,/F)") — Gal(F)"(*'~/m,)/F)") ~ F;. & F,.

Let p : G — GLQ(FZ,) be a mod p Galois representation. Then P, acts
trivially on (pg, )** by Proposition 2.3. Here (pj, ) is the semisimiplication of pi, ,
namely the direct sum of its irreducible Jordan-Hélder constituents. It follows that
((PiG,)** )1, factors through a representation of the abelian group /,/P, and thus
is a sum of characters ¢ @ ¢'. If Frob, Is a lift to G, via (2.2) of the map z — z%,
which is a topological generator of Gal(F,/k,), then Frob, acts on ((p¢,)**)j, by
conjugation. Therefore, {¢, ¢’} = {(¢)?, (¢ )*}. Let [k, : k] = 2. We have two
possibilities:

L. If pig, is reducible, then pj; ~ < (g ;, ), where ¢ and ¢’ each factor
through k,.
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2. It pg, 1s irreducible, then p; ~ < Sg :0), >7 where ¢ and ¢’ factor through
(k!)* and we have ¢’ = ¢% and ¢ = (¢")%.

We are finally ready to state Serre’s conjecture. Given a mod p Galois repre-
sentation p : G — GLy(FF,), our aim is to define a set W (p) of Serre weights and
then conjecture:

Conjecture 2.9 (Strong Serre conjecture). If p is continuous, irreducible, and
totally odd, then it is modular. Moreover, if o is a Serre weight, then p is modular
of weight o if and only if o € W (p).

A crucial property of the set W (p) is that it is defined locally. This means that
for each place v|p we will specify a set W,(p) of local Serre weights at v (recall
Definition 2.4) and then define

(2.3) W(p) =3 o= ow: Yulp, o, € Wy(p)

vlp

Given a place vp, let e, be the ramification index of v|p, so that [F), : Q,] =
ey fy. Let S, be the collection of all field embeddings k, — F,. The definition of
W, (p) involves several cases, corresponding to the cases above.

L. If pig, is reducible and semisimple (i.e. the direct sum of two
one-dimensional representations) then a local Serre weight at v

(2.4) 0, = @ (det"” @Sym™ k7 @, - F,)
TESY

is contained in W, (p) if and only if there exists a subset A C S, and an
integer 0 < 4, < e, — 1 for each 7 € S, such that

(2.5)
. HTEA ¢;UT+T'T+1+67 HTQA w;—_”7-+ﬁv*1*57- 0
Pir, ~

0 H A w;UTJreufl—éT H ” w$7+r7+1+67
TE T

2. If pjg, is irreducible, then o, as in (2.4) is contained in W, (p) if and only if
for each 7 € S, there exists an integer 0 < §, < e, —1 and alift 7 : k/, — F,
of 7 (recall that k! is a quadratic extension of k,) such that

_ ¢ 0
P, ~ < 0 o ) )
where

(2.6) o= H wgqu+l)w7+rf+l+57+qv(evflf&).

TESy
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3. If pi¢, is indecomposable, i.e. reducible but not semisimple, then

_ *
vaN(g (,0/>’

where * corresponds to an element ¢; € Ext' (¢, ) ~ HY(G,, ¢(¢') ™). For
each local Serre weight o, and each subset A C S, one defines a subspace
Las, C HY Gy, 0(¢')™"). The definition of L4, is intricate, and we omit it
here. Then a local Serre weight as in (2.4) is contained in W, (p) if and only
if there exist a subset A C S, and an integer 0 < ¢, < e, — 1 for each 7 € S,
such that ((pig,)*)jr, has the form of (2.5) and in addition ¢; € La,.

As we mentioned above, this conjecture was first stated in the case of F =
Q by Serre several decades ago, in a slightly different language. We will now
indicate how to extract the minimal weight k(p) from the conjecture formulated
above. It follows from Proposition 2.5 and the definition of modularity that p
arises from a modular form of weight 2 < k < p+ 1 (and trivial Nebentypus)
precisely when it is modular of the Serre weight Symk_QFZ. Furthermore, it is
easily shown by an argument with Eisenstein ideals that, for arbitrary k > 2,
we have Hl(Fl(N),Symk’QF;)mﬁ # 0 if and only if H'(I'y(N), W), # 0 for
some Jordan-Holder constituent W of Symk’QFp. Thus, the minimal weight k(p)
conjectured by Serre is just the minimal & > 2 such that p is modular (in the

sense of Conjecture 2.9) of some Jordan-Hoélder constituent of Symk_QFz‘ This
k(p) is easily computed using the following decomposition.

Lemma 2.10. Let m > p — 1. Then the following holds, where “ss” denotes
semisimplification:

mip2)ss m—p—1T32\ss P2 T —1—r72
(Sym™F,)* = (det @Sym™ *7'F )* @ Sym'F, ® det” @Sym”™""F,

where 1 is the unique integer in the range 0 < r < p — 2 such that r = m modulo
p—1.

The first generalization of Serre’s conjecture beyond the original case of F' = Q,
to the case of totally real fields F' in which p is unramified, was by Buzzard,
Diamond, and Jarvis [14] and circulated for nearly a decade before their paper
appeared in print. A conjecture for arbitrary totally real fields F' but semisimple
P, (i.e. the first two of the three cases above) was made by the author; see [45],
Theorems 2.4 and 2.5. At around the same time, Herzig [31] made a conjecture
for n-dimensional representations p : Gg — GL,(F,) for arbitrary n, under the
assumption that p, is semisimple. These conjectures were later restated by other
authors [3] [21] to cover arbitrary p at the cost of becoming less explicit: if o is
a local Serre weight at v|p, then o € W, (p) is conjectured to be equivalent to the
existence of a p-adic lift of p with some specified local properties. Such opacity
appears already in the indecomposable case of the conjecture of [14], in the form
of the spaces L4 g, .
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2.5 The level in Serre’s conjecture

Before proceeding, we will say a few words about the level in Serre’s conjecture.
For this, the notion of the Artin conductor of a Galois representation is crucial.
Roughly speaking, the Artin conductor n(p) of p : Gp — GLy(F,) is an ideal
n(p) = [, v*™ of Op, where v runs over the finite places of F' and a, measures
the ramification of p at v. If p is unramified at v, i.e. if I, C kerp, then a, = 0.
Otherwise, the exponent a, reflects how far down the upper ramification filtration
of I, one has to go to find a subgroup contained in ker 5. More precisely, let L/F be
a finite Galois extension such that p factors through Gal(L/F'); this exists because
p is continuous and G is compact, hence p has finite image. if v 1 p, then let vy,
be a place of L lying above v, and for each i > 0 let G; C G,, ~ Gal(L,,/L,,)
be the i-th ramification subgroup; see, for instance, Chapter IV of [51] for the
definition. If V5 is a two-dimensional F,-vector space on which p acts, then we
define

1

i=0 Lo,

dime (Vﬁ/ VﬁGi ) )

where VﬁG"' is the subspace of G;-invariants. More details about the Artin conduc-
tor may be found in Chapter VI of [51].

When F' = Q, any modular Galois representation p : Gg — GLQ(FP) arises
from a modular form of weight IV that is prime to p, and Serre specified a minimal
such weight N(p): this is just the prime-to-p part of the Artin conductor of p. If F'
is an arbitrary totally real field, we are no longer so lucky. We can no longer expect
p to always arise in level prime to p (this would correspond to Uy, =[], , GL2(OF,)
in Section 2.3); see the introduction of [14] for a discussion of why not. However,
the prime-to-p part of the level may conjecturally always be taken to be the prime-
to-p part of n(p), which means that we may take U? = [[,,, Ui(v*), where the
group Ui (v®) C GLy(OF,) consists of all matrices ( Z Z ) € GLy(OF,) such
that @ — 1 € v and c € v®.

3 Weak Serre implies strong Serre

The “weak” version of Serre’s modularity conjecture (Conjecture 2.2) is actually
a very strong statement. It has been proved only in the case F' = Q. This was
achieved by Khare, Wintenberger, and Kisin [36], [37], [39], and we will sketch
some of their methods below. As we will see at the end of these notes, some of
these methods fail crucially whenever F' is a totally real field with [F : Q] > 1,
so that a major new idea is needed for any substantial further progress on the
conjecture.
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In the meantime, much research in the area has focused on proving, in various
settings, that the weak version of Serre’s conjecture (Conjecture 2.2) implies the
strong version (Conjecture 2.9), in other words that if 7 is modular, then it is
modular of precisely the predicted Serre weights. In the case F' = Q, this fact has
essentially been known since the late 1970’s except for a few cases where p = 2 and
was an important input in the proof of Serre’s conjecture (the stubborn cases with
p = 2 were also settled by Khare, Wintenberger, and Kisin’s work). It was proved
by Deligne for |, reducible and by Fontaine for pj, irreducible. Fontaine’s
work was never published, and a (somewhat different) proof of the theorem first
appeared in print in [18].

We will now mention some of the “weak Serre implies strong Serre” theorems
that have been proved in recent years. The conjecture of [14], for F' in which
p is unramified, was proved by Gee [23] for most Serre weights by deformation-
theoretic methods; see also [46] for a more geometric proof of most cases of one
direction of this conjecture for locally irreducible p. We will say more about the
methods of these papers in the remainder of this section. The remaining cases
of the Buzzard-Diamond-Jarvis conjecture were attacked in a series of papers by
Gee and coauthors, until it was finally proved completely in [24]. The results of
[46] were extended in [45] to cases where p ramifies in F'. Moreover, the conjecture
of [45] was proved, for most cases where p is totally ramified in F', by Gee and
Savitt [26]. More cases in the related, but not equivalent, unitary setting were
resolved in [25]. Some non-totally ramified cases with e = f = 2 were addressed
by R. Smith in his Ph.D. thesis at the University of Arizona, but it seems that
new ideas are needed to make substantial further progress.

3.1 A sketch of Gee’s argument

The claim that weak Serre implies strong Serre consists, of course, of two claims
in opposite directions:

1. If 5 is modular of weight o, then o € W (p).

2. If p is modular of some weight and o € W (p), then p is modular of weight
o.

The most successful method for proving “weak Serre implies strong Serre” has
been that of relating the modularity of p to the existence of lifts of p with some
specific local properties and then using p-adic Hodge theory to investigate the
existence of such lifts.

An important breakthrough was Gee’s paper [23], which proved the following
result. Its statement involves the following definition: a local Serre weight at v is
said to be regular if it is of the form (2.4) with 1 <r, <p—3forall7 € S,. A
Serre weight o = ®vlp o, is called regular if all the o, are regular.
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Theorem 3.1. Suppose that p > 5 is unramified in the totally real field F', that
p: Gp — GLy(F,) is modular of some Serre weight, and that ﬁ‘GF(Cp) 1s irreducible.
Suppose that o is a regqular Serre weight. If p is modular of weight o, then o €
W(p). Conversely, if o € W(p) and some further technical conditions are satisfied
at places v|p where pig, is reducible and o, arises from A =S, or A= @ in the
recipe of Section 2.4, then p is modular of weight o.

We will give a very brief sketch of part of the argument of [23] to illustrate
the method; the reader is referred to that paper (and the papers cited in it!)
for further details. It should be noted that Gee works with a different notion of
modularity than the one given above; he uses definite quaternion algebras, rather
than indefinite ones. It is not possible to translate theorems directly from one
setting to the other, but his local arguments can be translated. In this section, we
will assume that p is unramified in the totally real field F. Let p: Gr — GLo(F,)
be a continuous, irreducible, and totally odd mod p Galois representation. Recall
that in Section 2.4 we defined a set W,(p) of local Serre weights at v for each v|p.

Let v|p; for the purposes of this section, we will say that a p-adic representa-
tion 7, of GLg(k,) is good if it is either an irreducible principal series or super-
cuspidal; in other words, 7, is any irreducible p-adic representation of GLs(k,)
that is not one-dimensional or special. We regard 7, as a representation of the
group GLy(OpF,) via the obvious inflation. Then 7, has an associated inertial
type 7,, namely a p-adic representation of I, with the property that for any irre-
ducible p-adic representation 7 of GLy(F,), we have 1, C Tar,0p,) if and only
if LLC(7)|s, ~ 7,. Here LLC(n) is the Weil-Deligne representation associated to
7 by the local Langlands correspondence. See Henniart’s appendix to [11] for an
exposition of the theory of types for GLs.

Proposition 3.2 ([23], Lemma 2.1.4). Let p be as above, and for each v|p let 1,
be a good representation as above. Then p is modular of some Serre weight o €
JH(Q), |, (m.®F,)) if and only if p has a modular p-adic lift p : Gr — GL2(Q,) such
that for each v|p, the restriction piq, is potentially Barsotti-Tate (i.e. potentially
crystalline with Hodge-Tate weights (0,1)) and WD(pia, )1, = To-

Here, and subsequently, we write JH (V) for the set of Jordan-Hélder con-
stituents of a representation V', whereas WD(p|, ) denotes the Weil-Deligne rep-
resentation corresponding to the local Galois representation pig,. The reader
is referred to the classic article [56] for the correspondence between Galois and
Weil-Deligne representations.

Suppose that we know how to prove the first of the two claims at the beginning
of this section, namely that if 7 is modular of weight o, then o € W(p). Assuming
that, here is a strategy for proving the second claim. Let o € W (p) be a Serre
weight. If it is regular, then for each v|p there exists a good 7, as above such that
JH(®ujp(ny ® Fp)) N W(p) = {o}. Then by Proposition 3.2 it suffices to find a
modular lift p with the properties specified in the statement of that proposition.
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The most daunting aspect of coming up with a lift p of p that satisfies the
conditions of Proposition 3.2 is clearly that of showing that the p we have con-
structed is modular. Fortunately, Gee’s adaption of a modularity lifting theorem
of Kisin comes to the rescue. This is the first of many close connections that we
will see in these lectures between Serre’s modularity conjecture and modularity
lifting theorems.

Proposition 3.3. Suppose that the hypotheses of Theorem 3.1 hold and that
p:Grp — GLQ(@p) is a lift of p such that piq, is potentially Barsotti-Tate and
WD(pi@, )1, = 7o for each v|p. Suppose that there exists a cuspidal automorphic
representation m of GLa(Af) such that for every v|p, the local Galois representa-
tion pr. s potentially ordinary if and only if pe, is potentially ordinary. Then p
s modular.

Note that the hypothesis on pj,, ) in the statement of Theorem 3.1 is common
in modularity lifting theorems a la Kisin, and this is the point in the proof where
it is necessary.

Now we need to construct a lift p satisfying the conditions of Proposition 3.3.
The theory of Breuil modules allows us to translate local conditions on Galois
representations into linear-algebraic data.

Let k be a finite field of characteristic p > 2, let W (k) be the associated ring
of Witt vectors, and let Ko = W(k)[1/p] be its fraction field. Let K/Kj be a
totally tamely ramified Galois extension of degree e. Let B C Ky be a subfield
such that there exists a uniformizer 7 € Ok satisfying 7 € B. Choose such a
m. Let 2 < k < p—1 be an integer; this conflict of notation is standard and will
produce no confusion. Let E/F, be a finite extension. The category BrMod'jd_’}B of
Breuil modules with descent data has as objects quintuples (M, My_1, ¢r_1, N, §)
such that:

1. M is a finitely generated (k ®r, £)[u]/u®’-module that is free over kfu]/u®.
2. M, _; is a submodule such that v¢*~DM c M,_;.

3. Yp—1 M1 — M is an E-linear and Frobenius-semilinear homomor-
phism whose image generates M as a (k ®p, E)[u]/u®-module. Frobenius-
semilinear in this case means that if a € kfu]/u® and m € M;_,, then

pr-1(am) = aPpp_1(m).
4. N : M — ubM is a (k ®p, E)-linear map satisfying
(a) N(um) =uN(m)—um for all m € M.
(b) u*N(My—1) C My_1.
(¢) pr_1(u*N(m)) = —%e (pr—1(m)) for all m € Mj,_;.

5. For each g € Gal(K/B), there is an additive bijection g : M — M such that
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(a) Each g commutes with, 1, M, and the E-action.

(b) 1 is the identity map, where 1 € Gal(K/B) is the identity automor-
phism.

(c) goh= %\h for all g, h € Gal(K/B).

(d) g(aum) = g(a)((g(m)/7) @ 1)u'g(m) for all a € k @, E, m € M, and
i > 0. To make sense of g(a), note that k is the residue field of K,
hence of K, and so is acted on by Gal(K/B). We let Gal(K/B) act
trivially on the second component of k ®p, E.

The connection between Breuil modules and potentially Barsotti-Tate Galois
representations is evidenced, for instance, by the fact that the category BrMod}ii B
is equivalent to the category of finite flat group schemes over Ok with an action
of E and descent data to B. Gee proves that the existence of a lift p which is
potentially Barsotti-Tate at v of inertial type 7, is equivalent to the existence of a
Breuil module satisfying certain conditions. As we see from the definition above,
Breuil modules with descent data are complicated objects but are very explicit,
and one constructs the needed Breuil module by hand.

The proof for arbitrary (i.e. not necessarily regular) Serre weights follows
the same lines, but the theory of Breuil modules, which itself is an extension of
Fontaine-Laffaille theory, is not powerful enough. Here one uses Liu’s theory of
Kisin modules.

3.2 Modular weights are predicted ones: some algebraic
geometry

In this section we will sketch how to prove that if p is modular of a Serre weight
o, then 0 € W(p). In order to illustrate the variety of methods applicable to this
problem, we will give an algebraic-geometry argument following [46] and [45]. This
method was used to obtain the earliest results in this direction, but it has turned
out to be less effective than the deformation-theoretic and p-adic Hodge-theoretic
techniques of which a flavor was given in the previous section. The reader may,
of course, find further details in [46].

In this section we will not impose such severe limitations on the ramification
of p in the totally real field F', but we will suppose that p;, is irreducible for all
v|p. For each v|p, let e, be the ramification index of F,/Q,. Let 0 = &), ov be
a Serre weight such that for each v and each 7 € S, we have 0 <71, <p—e¢, — 1
(so in particular we are assuming here that e, < p — 1).

Now we will recall some notions from Sections 2.2 and 2.3. Assume that
p: Gp — GLy(F,) is modular of weight . By definition, this implies the existence
of a quaternion algebra B/F, giving rise to an algebraic group G, and an open

compact subgroup V = (Hv|p GLQ(OFU)> x UP C G(A™) such that we have
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HL(My @ Q, Lg)m, # 0. For each v|p, let U™ (v) € GLy(OF,) be the subgroup
of matrices whose reductions modulo v are unipotent upper triangular, i.e. of

. 1 .
matrices that are congruent to ( 0 T modulo v. Consider the open compact

subgroup

U (p) = | [JU" () | x U” € G(A™).
lp

Fix a place v|p. Let D = W(k,) be a ring of Witt vectors, let K = FI'" be
the fraction field of D, let K" = K( «=y/T,) be a totally tamely ramified extension
with Gal(K'/K) ~ k7, and let D" = Ogs. Then Mypa,) has an integral model
over D, which we shall denote MU{)al(p). Moreover, MU{:al(p) xp D' has a well-
behaved special fiber consisting of two smooth curves intersecting transversally at
finitely many points.

Let j : Gal(K'/K) — O%, /(1 4+ v) be the isomorphism induced by the Artin
reciprocity map of local class field theory (normalized so as to send arithmetic
Frobenius to uniformizers). The special fiber of MU{ml(p) x p D' is equipped with
natural actions of GLy(Op,) (coming from the p-component of G(A>)) and of
Gal(K'/K). Carayol ([16], 10.3) shows that the action of v € Gal(K'/K) is equal
to that of ](A{)) (1] > and ( (1) j('yo)’l ), respectively, on the two components
of the special fiber.

Recall that we are assuming that p is modular of a given Serre weight o. Let
B(k,) C GLy(k,) be the Borel subgroup of upper triangular matrices, and let
0 : Bk, — E; be a character such that o, € JH(Inng&:ﬁ”)H). Let C be the
Néron model over D’ of the curve PiCO(MU?az(p)) x K'. Then C[p™] is a p-divisible
group, and the reduction C[p>] ® T /m; contains a finite piece Gy on which the
diagonal matrices in GL2(Op,) act via the character §. By the main result of
9], Gg[my]k is a direct sum of a finite number of copies of 5. As in Section 2.4
above, pj; is a direct sum of two characters, ¢ and ', that satisfy p% = ¢
and (¢')% = p. We can pick out a subspace H C Gg[my]x of rank ¢2 on which
Gal(K/K) ~ I, acts by the character ¢.

Let F be a finite field, sufficiently large so that im(p|;,) C GLo(F) and F,2 C F.
We will apply Raynaud’s theory of vector space schemes [44]. An F-vector space
scheme over D is a commutative group scheme W/D carrying an action of F. Let
Z C Ow be the augmentation ideal, so that Oy = Z & Op. Here Oy is the
structure sheaf of W. It is easy to see that Z decomposes as follows:

= P z.
x:F*—D*

where Z, is the piece of Z on which I acts via the character x. We see that H
is an [F2-vector space scheme, and it satisfies the additional crucial property that
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each Z, is a non-zero invertible sheaf. The vector space scheme H is endowed
with two Galois actions:

1. As we noted before, Gal(K/K) ~ I, acts on H(K) by the character ¢,
which we are trying to determine.

2. Gal(K'/K) ~ k; acts on the cotangent space cot(Hp xp F,). Thanks to
Carayol’s congruences mentioned above, we can express this action explicitly
in terms of the character 6.

From Raynaud’s work one deduces an explicit relation between these two dif-
ferent Galois actions. We will not perform the calculations here, but the reader
can find them in Section 3 of [45]. At the end we obtain a collection ®(6) of char-
acters ¢ that are compatible with the known action of Gal(K’/K). It turns out
that these are precisely the characters ¢ arising from mod p Galois representations
p that are modular of some Serre weight o’ ® oV, where ¢’ € JH(Inng(“,f@(;C *)9) and
o’ = ®w‘p7w 2o Ows where o, is an arbitrary local Serre weight at w. Observe that
this is the best result that we can hope to obtain at this stage of the proof, since
so far we have only used 6 in our calculations and not o, itself.

To get a more precise result, we consider all the characters 6 : B(k,) — F; such

that o, € JH(Indgbjg%)H). Clearly all the ¢ associated to p that are modular of
weight 0,®0" lie in the intersection ﬂav €JH(Indo) ®y. We hope that this intersection
will turn out to be exactly the collection of representations 7 such that o, € W, (7).
The hope comes true when o, is of the form (2.4) with 0 < r, <p—1—e, for
all 7 € S,, which is the reason for the hypothesis to this effect that we made
above. The combinatorial issues that prevent this method from giving us as good a
theorem as we would like when 7, does not satisfy the constraint 0 < r, < p—1—e,
are essentially also what prevents the method of [23] from handling the non-regular
Serre weights.

4 The mod p local Langlands correspondence

The Langlands philosophy postulates a deep connection between algebra and anal-
ysis and is one of the main motivations behind modern research on Serre’s mod-
ularity conjecture and its generalizations. In this section we will show a very
brief glimmer of the connection between them. Let n > 1, let F/Q, be a p-adic
field, and let F be a field. In very rough terms, we would like to have a corre-
spondence between certain Galois representations p : Gg — GL,(E) and certain
representations of GL, (F') on vector spaces over F; one of the most difficult parts
of this problem is finding the correct definition of “certain.” Often one can attach
L-functions to each of these types of objects, and the L-functions of the objects
paired by the correspondence should match.



Serre’s Modularity Conjecture 157

In the case of F = C, the correspondence was proved by Harris and Taylor
[29] and Henniart [30], working with Weil-Deligne representations instead of the
closely related Galois representations. If £ = F;, with [ # p, then considerable
progress was made by Vignéras [60]. However, if E = [, then very little is known.
In many respects the study of the mod p local Langlands correspondence is at the
stage in its development where the complex local Langlands correspondence was
in the 1970’s: one tries to classify objects on both sides and pair them up explic-
itly in a natural way, but no deep underlying theory is yet available. Moreover,
understanding the mod p representation theory of GL, (F') has turned out to be
remarkably difficult.

In this section, we will use the following notation. We let G = GL,(F) and
consider the maximal open compact subgroup KX = GL,(Or) and the center
7 = Z(G) ~ F*. Let m € Op be a uniformizer, and let kr = Op/(7) be the
residue field as usual. Let ¢ = p/ be the cardinality of k. Let I C K be the
Iwahori subgroup consisting of matrices that are upper triangular modulo 7, and
let I(1) be the pro-p-Sylow subgroup of I. For instance, if n = 2 then

I = {(CC‘ Z)EGLQ(OF):ceﬂ(’)F}

{(Z Z)EGLQ(OF)ICEﬂ'OF;a,d€1+7TOF}.

(1)

Let o be an irreducible F,-representation of K. By Proposition 2.3, o factors
through the natural reduction map K — GL,(k), since the kernel of this map is a
pro-p group. Therefore, o arises from an irreducible F,-representation of GL,, (k)
by inflation; these are exactly the objects that we called local Serre weights above
in the case n = 2. Moreover, we can view ¢ as a representation of the larger group

KZ by decreeing that < g

If H C G is any open subgroup, and 7 is an E)—representation of H, we can
consider the compact induction indfﬂ. A model for this representation is given by
the space of functions f : G — V, that are locally constant, compactly supported
modulo Z, and satisfy the condition f(hg) = 7(h) - f(g) for every h € H and
g € G. Here V, is the underlying F,-vector space of 7. The action of G is given
by (gf)(z) = f(xg) for all g,z € G. Note that if H is a subgroup of finite index,
then local constancy and compact support are automatic and this is just the
usual induction. The endomorphisms of this compact induction were computed
by Barthel and Livné [4] for n = 2. For n > 2, see [48] for an explicit computation
and [33] for a more conceptual argument on the level of algebraic groups.

0 > acts trivially.
0

Proposition 4.1. Let o be an irreducible Fp—representatz'oE of K. The endomor-
phism algebra Endc(indgza) is equal to a polynomial ring Fy[Ty, ..., T,_1], where
the T; are explicitly defined endomorphisms.
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Let W be an irreducible F,-representation of G' with central character, i.e.
such that the elements of Z act by scalars. Twisting by an unramified character,

we may assume that 2 > acts trivially. If o C W|g is a K-submodule of G,

™
0
then by Frobenius reciprocity we obtain a non-zero homomorphism ind% ,o — W
of G-modules, which must be a surjection by the irreducibility of W. We say that
W is admissible if the space of invariants WY = {w € W : Vu € U,uw = w} is
finite-dimensional for any open subgroup U C G; since W is an Fp—representation
this is in fact equivalent to W/(1) being finite-dimensional.

The endomorphism algebra Endg (ind% ,0) is commutative by Proposition 4.1,
and it acts on Homg(ind% ,o, W) in the obvious way. If W is assumed to be admis-
sible, then Homg (ind% ,0, W) ~ Homp (0, Wik ) is finite-dimensional (because
o must contain a non-zero I(1)-invariant, which must map to an element of W)
and necessarily contains an eigenvector for the Endg(ind% ,0)-action. We obtain
the following result.

Proposition 4.2. Let W be a smooth irreducible F,[G]-module with central char-
acter. Assume that W is admissible if n > 3. Let o be an irreducible F,[K]-module
o such that o C Wig. Then there exist an unramified character x : F* — F; and
scalars Ay, ..., Ap_1 € Fp such that there exists a surjection of G-modules

(4.1) (x odet) ®ind%,0/(Ty — A1, ..., Tyt — Ap_1)ind% o — W.

Proof. If W is admissible, then we have sketched out the proof. If n = 2, then
Barthel and Livné (see Theorems 32 and 33 of [4]) obtain this result without
assuming admissibility of W by using the fact that Endg(ind%,0) has Krull di-
mension 1. O

For the rest of this section, suppose that n = 2. In this case, the endomor-
phism algebra Endc(illd?{ ,0) has a single generator T3, which we will call 7. Up
to unramified twist, we know that every irreducible F,[G]-module with central
character is a quotient of ind% ,o/(T — \)(ind% ,0) for some o and some \ € F,,.
We say that an irreducible W as above is supersingular if it is a quotient of
some ind% ,o /(T — A)(ind% ,0). Barthel and Livné proved a partial classification
of the irreducible F,[G]-modules with central character as follows. Note that if
G = GLy(Q,), then Berger [5] recently showed that all irreducible F,[G]-modules
have central character, but this is not known even for G = GLo(F') whenever

F#Q,.
Theorem 4.3 (Barthel-Livné). Let o be an irreducible F,[K]-module.

1. If o has dimension other than 1 or p’ (the minimal and mazimal dimen-
sions possible) or if X # *1, then ind$ 0 /(T — \)(ind% ,0) is irreducible
and is isomorphic to the parabolic induction of a character from the upper
triangular Borel subgroup B C G.
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2. The induction indgl, where 1 is the trivial character of B, has length two.
Its subquotients are a one-dimensional representation det and an infinite-
dimensional analogue of the Steinberg representation, denoted St.

3. Up to unramified twist, every smooth irreducible F,[G]-module W with cen-
tral character satisfies exactly one of the following statements:

(a) W ~ ind$.,0/(T — \)(ind% ,0), where o has dimension other than 1
orpl, or A # £1.

(b) W ~ x odet for some smooth character x : F* — F;.

(¢) W =~ (x odet) ® St for some smooth character x : F* — F;.
(d) W is supersingular.

Remark 4.4. The previous theorem classifies all non-supersingular (smooth,
with central character) F,-representations of GLy(F) for arbitrary finite exten-
sions F/Q,. Herzig [32] proved a generalization of this theorem of GL,(F') for
n > 2, in which all smooth admissible representations of GL,(F) with central
character are classified in terms of the supersingular representations of GL,,(F')
for m < n. A representation of GL,,(F) is called supersingular if it is a quotient
of ind ,0/(Ty,...,T,_1). Abe [1] further generalized this result to a wider class

of reductive groups.

Let L be a number field and v a place of L such that L, ~ F. If p: Gp —
GLy(F,) is an irreducible local Galois representation, let j: G — GLy(F,) be a
global representation such that pig, ~ p. Recall that in Conjecture 2.9 we defined
a set W, (p) of local Serre weights at v, which in fact depends only on p. Thus we
can speak of a set W(p) of modular local Serre weights.

Now suppose that G = GLy(Q,). In this case, the irreducible F,[K]-modules
have the form ¢ = det"” (X)Sym’?f7 with0 <w <p—2and 0 <r < p—1. We define
an involution on the set of these local Serre weights as follows. For ¢ as above,
define o’ = det”*" ®Symp’1”?z. Note that (0') = 0. It is easy to compute from
the statement of Conjecture 2.9 that if p : Gg, — GLy(F,) is irreducible, then
W (p) is necessarily of the form W(p) = {0, 0’}

Breuil [10] completed the classification of the irreducible F,-representations of
GL»(Q,) with the following result.

Theorem 4.5 (Breuil). Let G = GLy(Q,). Then for every local Serre weight o,
the G-module ind ,0 /T (ind$ ,0) is irreducible. Moreover, for every o we have

(4.2) ind% ,0/T(ind% ,0) ~ ind$ ,0’ /T (ind$ ,0")

and these are the only isomorphisms among supersingular F,[G]-modules.
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Remark 4.6. Note that the two operators T appearing in (4.2) are different
objects. The T on the left-hand side is the generator of the endomorphism algebra
of ind% o, while the one on the right-hand side generates the endomorphism
algebra of ind% 0.

Proof. Let W = ind$ ,0/T(ind% ,0) and let U € W be an irreducible G-sub-
module. By explicit computation, one shows that W™ is two-dimensional and
that every non-zero element of W!(1) generates W as a G-module. But U™ £ 0
by Proposition 2.3 and hence U = W. The isomorphisms of (4.2) are constructed
explicitly, and one shows that

(4.3) sock (ind$. ;o /T(ind%. ,0)) ~ 0 @ o',

implying that there are no other isomorphisms. Recall that for a G-module M,
the socle socg (M) is the direct sum of all irreducible K-submodules of M. O

If p : Gg, — GLy(F,) is an irreducible local Galois representation, define an
F,-representation of GLy(Q,) by 7(p) = ind%,0/T(ind% ,0), where ¢ € W (p).
It is immediate from the results just presented that 7(p) is well-defined and that
this construction provides a bijection between irreducible Galois representations
p: Gg, — GLy(F,) and supersingular representations of GLy(Q,). Note that the
following relation is satisfied:

(4.4) sock(m(p)) = @ o.

aeW(p)

In the same paper [10], Breuil constructed m(p) for semisimple reducible p,
and eventually Colmez defined m(p) for indecomposable p, thereby completing
the mod p local Langlands correspondence for GLy(Q,). These constructions are
more complicated than the one presented above, and we will not give them here,
nor shall we argue why these definitions of m(p) are the “correct” ones. However,
it is important to note that the property (4.4) remains true for all p.

If FF# Qp, then almost nothing is known about the mod p local Langlands
correspondence for GLy(F), and the statements that are known are almost all neg-
ative. For instance, we know that there cannot be a bijection between irreducible
Galois representations p : Gp — GLy(F,) and supersingular representations of
GLy(F) because there are far too many of the latter. The condition (4.4) does
not isolate a 7(p) because, for unramified extensions F'/Q,, Breuil and Paskunas
[12] have proved the existence of infinite families of supersingular representations
W satistying socg (W) ~ @er( ) 0. Moreover, although it is immediate from
Zorn’s Lemma that supersingular representations of GLg(F') exist, we do not have
a single explicit construction of one; the proof of Breuil and Paskunas uses the
theory of diagrams and involves the taking of injective envelopes, which makes
their work very non-explicit. In fact, Schraen [49] has shown that if F/Q, is
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quadratic, then no supersingular representation of GLg(F') is finitely presented.
This makes it difficult to contemplate generalizations of Colmez’s construction.

Let e be the ramification index of F'/Q,, and recall that the residue field k of
F satisfies [k : Fy] = f. Let Fy be the maximal unramified subextension of F'/Q,,
and observe that, since F' and Fj have the same residue field, the Serre weights
for Fy are the same as those for F. If p : Gp — GLy(F,) is irreducible, then (see
[47]) one defines e/ irreducible representations pi, ..., pes : Gr, — GLo(F,) such
that one expects

SOCK(W(p)):@ @ o.

i=1 oW (p:)

The formula above explains the multiplicities of the different constituents of
the K-socle of 7(p). Ongoing work of Breuil and Diamond aims to specify the
K-socles of 7(p) for reducible p. This section has only scratched the surface of
the mod p local Langlands correspondence and has said almost nothing about
current research, but we hope that it has sufficiently piqued the reader’s interest
to consult the literature for more details about the field.

5 Potential modularity and compatible systems

After the digression about mod p local Langlands in the previous section, we
return to our discussion of Serre’s modularity conjecture. In particular, we return
to the notation of Section 2, so that F' is now again a totally real number field.

5.1 A wish list

Suppose that we have two mod p Galois representations p; : Gg — GLy(F,,) and
Py 1 Gp — GLy(TF,,), where p; and p, are two primes, possibly distinct. It clearly
would be useful to be able to prove statements of the form “if p; is modular and
certain conditions are satisfied, then p, is modular as well.” Such theorems would
allow us to leverage knowledge of Serre’s conjecture in some special cases to prove
it for larger classes of Galois representations.

How can we relate the modularity of two different Galois representations? A
crucial idea is to think about p-adic Galois representations, and to recall that when
we first encountered them, in Bockle’s lectures, they were constructed in families.
Indeed, for a modular form f, we obtained a representation ps; : Go — GLy(Q)
for each prime I. The py,; for different ! were very intimately related.

An important starting point for work on modularity is an axiomatization of
this phenomenon: the notion of weakly and strongly compatible systems that we
saw in Bockle’s lectures. A strongly compatible system {p, : Go — GL(Q))}
of Galois representations behaves like a family of representations arising from a
modular form. In particular, if one member of the system is modular, then they
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all are, and the same is true of their reductions. This gives us a general strategy
for proving the “if p; is modular, then p, is too” theorems that we wished for at
the beginning of this section. Suppose we could find a compatible system {p;}
such that p, ~ p,, and p, ~ p,,. We are assuming that p, is modular. If we
could somehow prove that p,, is modular, the compatible system would allow us
to conclude that p,, is modular as well, and hence that p, is modular.

Three major ingredients are involved in implementing this strategy. Starting
with a representation p : Gg — GLy(F,), we have the following wish list:

1. Find nice lifts p : Gg — GL2(Q,) of p. “Nice” will mean that p satisfies
hypotheses that make the other parts of the wish list available.

2. Given such a lift p, embed it in a compatible system {p;} such that p ~ p,,.

3. Modularity lifting theorems.

5.2 Potential modularity of mod p Galois representations
In this section we will sketch a proof of the following theorem of Taylor [58].

Proposition 5.1. Let p : Gg — GLa(k) be a continuous, irreducible, odd Galois
representation, where k is a finite field of characteristic p. Then there exists a
Galois totally real extension F/Q that is unramified at p and such that PGy 1S
modular.

If p has solvable image, then this problem may be handled by the methods of
Langlands and Tunnell, so we will assume that this is not the case. Passing to a
suitable totally real extension F//Q that is unramified at p, we may assume that
the determinant of Pic, 1s the mod p cyclotomic character for all places v|p of F,
and that p has the following form at all v|p:

-1
_ ex *
PG, ~ < OU Yo ) ’

where ¢ is the mod p cyclotomic character and x, : G, — k* is a character. Now
Pa, looks like it could be the restriction of an ordinary p-adic representation of
Hodge-Tate weights {0, 1} coming from an abelian variety, and our task is to show
that this is indeed the case.

Recall that if A/F is an abelian variety, then for every finite place v of F, the
Galois group G acts on the torsion A[v], and the reductions of these representa-
tions give us a strictly compatible system {p,,}. We are looking for an abelian
variety A/F such that p, =~ p4, for some v. Let v # v be another place of
F lying over p. We will cleverly set up a moduli problem of abelian varieties in
such a way that a handy theorem of Morel-Bailly [42], quoted below, will give us
exactly the existence of the A that we need.
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Let M/Q be an imaginary quadratic extension and ¢ : Gy — @; a charac-
ter. Consider the moduli problem of triples (A, ¢, p./) such that A is a Hilbert-
Blumenthal abelian variety (this is an abelian variety carrying an action of the
ring of integers Of of a specified totally real field F and some additional struc-
ture such as a Rosati involution and a polarization; we will not give a precise
definition here but only mention that there is a well-developed theory of moduli
problems for these objects, founded by Rapoport in [43]), and the ¢, and ¢, are
isomorphisms ¢, : pjg, = Da, and gy : Indgff[@ = Da.- The general theory of
Hilbert-Blumenthal abelian varieties tells us that this moduli problem is repre-
sentable by some moduli space X/Q, and if we knew that this space had a rational
point, it would correspond to the abelian variety A that we are looking for.

Proposition 5.2 (Moret-Bailly). Let K be a number field and S a finite set of
places of K. If X/K is a geometrically irreducible smooth quasi-projective scheme
and X (K,) # @ for allv € S, then X(Kg) is Zariski dense in X. Here Kg/K is
the mazimal extension of K in which all v € S split completely.

By choosing E, v, v, 1 wisely, it can be arranged that the hypotheses of Moret-
Bailly’s theorem are satisfied for X' = Q and X/Q the moduli space considered
above. In fact, Moret-Bailly’s result appears to be far stronger than what we need
to prove the existence of a rational point. This gives us the freedom to strengthen
Proposition 5.1 by imposing a number of additional properties on the totally real
field F', such as requiring it to be linearly disjoint from any specified number field.
These strengthenings turn out to be essential, as they allow |, to satisfy the
hypotheses of the modularity lifting theorems that we will call upon later.

5.3 Deformation theory and modularity lifting results

In the previous section we laid out the ingredients of the proof of a potential
modularity theorem for mod p representations. Now we want to build on that
result to get a potential modularity theorem for p-adic representations, which will
be used in Section 5.4. Suppose that we are given a continuous, odd, irreducible
mod p Galois representation p : Gg — GLg(k), as usual. First of all, we want to
find a nice p-adic lift of p as in the first item of the wish list of Section 5.1.
Consider the following deformation problem. We want to study deformations
p: Gg — GL2(A), where A is a complete local noetherian algebra with residue
field k, such that p lifts p. In addition, for each prime [ we fix an equivalence
class 7, of representations of the inertia group I; >~ Ggpr, such that all but finitely

many of the 7; are trivial. Let y, : Gg — @; be a character; we have x, = whi™!,
where w), is the p-adic cyclotomic character. We require that det p = x,, that 7
be the restriction to inertia of the Weil-Deligne representation associated to pig,
for each I, and that pig, be crystalline of Hodge-Tate weights {0,k — 1}.

By general deformation theory, this deformation problem is represented by a

complete noetherian local ring R,%fQ with residue field k. It can be proved with
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very considerable effort, using Galois cohomology and the Euler characteristic
formula (see [8]), that dim Ryg > 1 (by the dimension of a ring we mean the
Krull dimension). To get our nice lift of p, we need to show that R%fQ has a point
over an algebra of characteristic zero.

Consider the Hecke algebra T = Z,[T} : | # p|, which acts on the space of
modular forms Si(I'1(N(p)). We get a natural surjection

X
(5.1) R5g = Ty,

by the universal property of RX On the other hand, if every deformation clas-
sified by R, is modular, then the universal deformation must factor through
Ty, and therefore RX ~ Ty, . Proving a modularity lifting theorem, therefore,
comes down to provmg such an isomorphism, i.e. an “R = T” theorem. One
of the breakthroughs of the Taylor-Wiles method [61] [59] was the understand-
ing that modularity lifting results could often be reduced to statements about
ring-theoretic properties of Hecke algebras. For example, if R,Q were an integral
domain, then proving dim R, = dim Ty,, would suffice to establish that (5.1) is
an isomorphism, since the quotlent of an integral domain by a non-trivial ideal
has strictly lower Krull dimension than the original ring. In general, Spec R%f(@
will have more than one irreducible component, and proving that (5.1) is an iso-
morphism often amounts to showing that each component overlaps the image of
Spec Ty, as well as comparing Krull dimensions.

In fact, we do not know that (5.1) is an isomorphism. However, we know
from Proposition 5.1 that p;, is modular for some totally real fields F. We
may consider an analogous deformation problem to the one studied above, but
over F'; it is represented by a deformation ring R%f - Moreover, if we choose F
correctly, then a modularity lifting theorem is known by work of Diamond [17]
and Fujiwara [22]; in that case one can prove that R%f p 1s isomorphic to a suitable
localized Hecke algebra Tp.

The map Spec R%Q — Spec R%f r corresponding to restriction to the subgroup
G of representations of G is clearly quasi-finite, i.e. has finite fibers. Indeed,
G has finite index in Gg and it is not hard to see that there are only finitely
many ways to extend a representation of G to the larger group Gg. Moreover,
the Hecke algebra T is finitely generated as a Z,-module, since it embeds in the
endomorphism algebra of a suitable abelian variety. This implies that Tr/(p)
is a finite set, therefore that Ry ./(p) is finite, and therefore that RYq/(p) is
finite, hence has dimension zero. Hence, any prime ideal of R%f(@ containing (p) is
necessarily maximal.

On the other hand, recall that dim RX > 1. This means that there exists
a non-maximal prime ideal P C R 5.0 By the above, we know that P does not
contain (p). Since R%Q is finitely generated over Zy, it follows that the quotient

p@ /P embeds into the ring of integers Oy, of a suitable finite extension L/Q,.
Now by the universal property of Rp@7 the embedding RX o/ P = Oy corresponds
to a p-adic Galois representation p : Gg — GL2(Op) hftmg P
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We have now achieved the first part of the wish list in Section 5.1. In fact,
by doing all of this more carefully we could ensure that the obtained lift p has a
variety of good properties.

5.4 Constructing compatible systems

In the previous section, we started with a mod p representation p : Gg — GLQ(E,)
and found a finite extension L/Q, and a p-adic representation p : Gg — GL2(Op)
lifting p, thereby fulfilling the first part of the wish list of section 5.1. In this
section we will build a compatible system around p.

By Taylor’s potential modularity theorem (Proposition 5.1), we know that
there is a Galois totally real field F'/Q such that pq, is modular. By the mod-
ularity lifting theorems of Diamond and Fujiwara that were mentioned in the
previous section, we know that pi¢, is modular as well. Let G = Gal(F/Q). By
Brauer’s theorem (see, for instance, chapter 10 of [53]) there exist solvable sub-
groups H; C G, integers n; € Z, and one-dimensional representations y; of H;
such that

t
(5.2) 1= Znﬂnd%xi,

i=1

in the Grothendieck group of GG, where 1 is the trivial representation of G. Note
that even though 1 is a true representation, some of the n; might be negative.
This will cause us problems later. Set F; to be the fixed field of H;. Tensoring
with p, we obtain that

t
e
(5.3) p= Znilndci (P1Gr, @ Xi)-

i=1

Since Gal(F'/F;) = H; is solvable, we conclude by Langlands-Tunnell solvable
base change that each P|Gy, arises from an automorphic form m; on F;. Hence we
can trivially rewrite (5.3) as

t
G
(5.4) p=p,= Z nndg}, (prip ® Xi)-
=1

Since each pr, , comes from an automorphic form and therefore sits in a com-
patible system of representations of G, it is very tempting to define

t
(5.5) pr=">_ mIndg? (pr ® Xi)

i=1

for arbitrary primes [. In fact, this idea works. If we knew that the p; were true
representations and not just virtual ones, then the compatible system properties
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of the {p,,;} would easily imply that {p;} is a compatible system as well. In fact,
it can indeed be checked that the {p;} are true representations. This fulfills the
second part of the wish list.

6 Proof of Serre’s conjecture

We are finally in a position to give an exceedingly impressionistic sketch of the
strategy behind the proof of Serre’s conjecture. For more detail, the reader is
referred to Wintenberger’s excellent expository article [62] and to Khare’s expo-
sition [35], which has somewhat fewer details but paints the big picture in bold
strokes. For simplicity, we will only consider the level one case of Serre’s conjec-
ture. This means that we start with a Galois representation p : Gg — GLy(F,)
that is continuous, irreducible, odd, and unramified outside p. Recall from Section
2.5 that the lack of ramification outside p means that the prime-to-p part of the
Artin conductor n(p) is trivial, and hence N(p) = 1. We aim to prove that p is
modular.

It is important to note that some special cases of Serre’s conjecture were known
well before Khare’s idea of applying Taylor’s potential modularity results and
Kisin’s modularity lifting techniques to this problem. In the 1970’s Tate used
discriminant bounds to prove that there are no continuous irreducible odd rep-
resentations p : Gg — GLa(Fy), and therefore that the level one case of Serre’s
modularity conjecture is vacuously true for p = 2. Serre extended his argument to
p = 3 shortly afterwards, and these two results are essential to the work of Khare
and Wintenberger, since they constitute the base cases of their induction argu-
ment. We note that the level one case of Serre’s conjecture for p = 5 was proved
by Brueggeman [13] contingent on the generalized Riemann hypothesis, and that,
with some local hypotheses at small primes but no restriction on the level, the
conjecture was proved for p with image lying in GLy(F7) by Manoharmayum [40]
and for p with image lying in GLy(FFg) by Ellenberg [20].

To give a taste of the inductive argument that proves Serre’s conjecture, and
to illustrate its crucial reliance on modularity lifting theorems, we will first fla-
grantly disregard the current reality and describe what the proof would look like
if modularity lifting technology were more advanced than it actually is. Assume
the following, for the moment:

Dream 6.1. Let p : Gg — GL2(Q,) be continuous, irreducible, unramified outside
p, and crystalline at p with Hodge- Tate weights {w,0} for some w < 2p. Suppose
that its reduction p is modular. Then p is modular.

This dream follows, of course, from the Fontaine-Mazur conjecture. It was
considered totally out of reach when Khare and Wintenberger did their work,
but such a modularity lifting result has since been proved in most cases by Kisin
[38]. In fact, since Serre’s conjecture is now known, his work implies most cases
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of Fontaine-Mazur for two-dimensional representations of Gg. In any case, let us
assume the dream and then prove Serre’s conjecture in level one.

Let p, be the n-th prime. We will prove Serre’s conjecture by induction on n.
It is known for p; = 2 and p; = 3 by the theorems of Tate and Serre that were
mentioned above. Suppose that it is also known for p,_1. Let p: Gg — GLy(F,,)
be continuous, irreducible, odd, and unramified outside p,. By the methods of
Sections 5.3 and 5.4, we can find a lift p of p that sits in a compatible system
{oi}, so that p,, =~ p. Consider p, ; it is modular by induction. Moreover,
by the properties of compatible systems, p,, , is unramified outside p,_; and is
crystalline of Hodge-Tate weight (0, k(5) —1). As we saw at the beginning of these
notes, up to a twist we can assume that k(p) < p, < 2p,_1, where the second
inequality is Bertrand’s Postulate. By the Dream, p,, , is modular. Hence p,, is
modular by the compatible system, and hence p is modular and we are done.

The powerful modularity lifting theorem of the Dream can be seen as a fulfill-
ment of the third part of the wish list of Section 5.1. Even though the Dream is not
yet known, the modularity lifting theorems available to Khare and Wintenberger
in 2005 were enough to prove Serre’s conjecture, albeit with lots of technical work.
The modularity lifting theorems available now, and still more those available then,
come with long lists of technical hypotheses, and one must be very careful to en-
sure that the liftings of p and the compatible systems obtained from the methods
of Sections 5.3 and 5.4 satisfy these. In these notes we have entirely ignored these
technical points, which complicate the work tremendously. However, at its core
the basic idea is the simple one presented here.

We conclude with the unfortunate observation that it does not appear to be
possible, at least not without a major new idea, to generalize the beautiful ar-
gument of Khare and Wintenberger to obtain a proof of the generalizations of
Serre’s conjecture to totally real fields that were incorporated into Conjecture 2.9
above. While all the ingredients of their proof — potential modularity, construc-
tion of lifts, compatible systems, modularity lifting theorems — are less developed
for arbitrary totally real fields than for @, a more fundamental problem is that
any inductive argument on the places of F' would require that enough base cases
be proved first, and it is not yet known how to prove them. Recall that Tate and
Serre proved (the level one case of) Serre’s conjecture for p = 2 and p = 3 by
showing that it was vacuously true, i.e. that there were no p that were contin-
uous, irreducible, odd, and unramified outside p. While analogous non-existence
theorems have been proved for some small primes and a few specific quadratic real
fields (see, for instance, [41] and [50]), we know that for general totally real fields,
even quadratic ones, Serre’s conjecture is never vacuously true. Indeed, for general
totally real fields, for all p there exist continuous, irreducible, odd mod p Galois
representations that are unramified outside p; see the introduction to [14] for an
example in the case of F' = Q(+/29). Thus, to get the base case for an induction
argument, one would need to establish a sufficiently large number of non-vacuous
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cases of Serre’s conjecture, and it is not clear at all at the present time how to
attack this problem. Serre’s modularity conjecture will likely continue to be an
important motivation and source of research problems for some time to come.
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We present a theorem of Kollar on the density property of valued PAC
fields and a theorem of Abraham Robinson on the model completeness of
the theory of algebraically closed non-trivial valued fields. Then we prove
that the theory T' of non-trivial valued fields in an appropriate first order
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Introduction

A field K is said to be PAC (pseudo algebraically closed) if every absolutely
irreducible variety V' defined over K (i.e. a geometrically integral K-scheme) has
a K-rational point. Here and throughout the paper we use K to denote a fixed
algebraic closure of K.

The notion of PAC fields has been introduced in [Ax68] (although not by
this name) in connection with the decidability of the elementary theory of finite
fields. Each countable Hilbertian field K has an abundance of separable algebraic
extensions of K which are PAC. Indeed, for each positive integer e and for almost
all o € Gal(K)e, the fixed field K (o) is PAC [FrJ08, Thm. 18.6.1]. Here K,
is the separable algebraic closure of K, Gal(K) = Gal(K,/K) is the absolute
Galois group of K, “almost all” is meant in the sense of the Haar measure of
Gal(K)® with respect to its Krull topology, and K,(o) is the fixed field in K of
the coordinates of o = (o7y,...,0).

Chapter 11 of [FrJ08] gives an extensive treatment of PAC fields. In particular,
it points out that if K is PAC, then V(K) is Zariski dense in V(K) for each
absolutely irreducible variety V' defined over K [FrJ08, p. 192, Prop. 11.1.1] and
asks whether V(K) is even v-dense in V(K) for each valuation v of K [FrJ05,
Problem 11.5.4]. If this happens, we say that K has the density property.

The latter problem goes back to [GeJ75, Problem 1], where the following the-
orem is proved: Let K be a countable Hilbertian field and e a positive integer.
Then for every valuation v of K, for almost all o € Gal(K)®, and for every abso-
lutely irreducible variety V defined over K, the set V(K (o)) is v-dense in V(K
[GeJ75, Thm. 6.2]. Note that the order of the quantifiers “for every valuation v”
and “for almost all & € Gal(K)®” can not be exchanged without a substantial
argument, because K has in general uncountably many valuations. That argu-
ment is supplied in [FrJ76], where the “stability of PAC fields” is proved [FrJ76,
Thm. 3.4]. As aresult, it is proved that K (o) has the density property for almost
all o € Gal(K)°.

For a general PAC field K and an arbitrary valuation v of K, Prestel proved
that K is v-dense in K [FrJO8, p. 204, Prop. 11.5.3]. The proof is based on the
observation that if f € K[X] is a nonconstant separable polynomial and ¢ € K*,
then f(X;)f(Xs) — ¢* is an absolutely irreducible polynomial. Thus, there exist
11,79 € K with f(x1) f(x9) = ¢, s0o v(f(21)) > v(c) or v(f(x2)) > v(c).

Jénos Kolldr refined Prestel’s trick and proved that every PAC field has the
density property [Kol07, Thm. 2]. Using the stability property of PAC fields with
an extra condition (which Kollar proves), he reduces the theorem to proving that
if K is a PAC field and f € K[X,Y] is an absolutely irreducible polynomial
which is Galois in Y, then one can approximate each zero (075) e K2 of f by
a zero (a,b) € K?. The main point is to find ¢ € K* with v(c) large such that
the algebraic set defined by f(X;,Y;) = 0, f(Xs,Y3) = 0, and X; X, = ¢? is an
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absolutely irreducible variety defined over K. This is done by using a lemma of
Enriques-Severi-Zariski followed by smoothness arguments.

The first goal of this note is to give a self contained presentation of Kollar’s
proof. Then we present Abraham Robinson’s proof that the theory of non-trivial
algebraically closed valued field is model complete. Finally, we apply the density
property of PAC fields and Robinson’s result to prove that the elementary the-
ory of PAC valued fields, in an appropriate first order language, is itself model
complete. Moreover, it admits elimination of quantifiers.

Acknowledgements: The authors are indebted to Dan Haran for a useful discus-
sion on the subject and to Aharon Razon for a critical reading of the manuscript.

1 Convention

We follow [Wei62, Section I1.1] and choose a universal extension U of K that
contains the algebraic closure K of K. Thus, U is an algebraically closed field
containing K with trans.deg(U3/K) = oo. For each non-negative integer n and
every field K C L C U we follow the classical algebraic geometry and consider
A™(L) as the set of all points a = (a4, ...,a,) with coordinates ai,...,a, € L.
Likewise we consider P"(L) as the set of all points a = (ag:a;: - - - :a,,) which are, as
usual, equivalence classes of (n+1)-tuples (ag, a1, . . ., a,) of elements of U modulo
multiplication by a non-zero element of U such that there exists 0 < i < n with
a; #0and 2 € L for j = 0,...,n. In this case K (%, % ... %) s the residue
field of a. The elements Qg, a1, ..., 0, are homogenéods coordinates of a.
Next we consider the affine n-dimensional space

A% = Spec(K[Xy,...,X,))
over K and the projective n-dimensional space
P} = Proj(K[Xo, ..., X,)])

over K. We say that V' is an absolutely irreducible variety in A%, (resp. PJ)
defined over K, if V is a Zariski-closed subscheme of A% (resp. P) such that
the scheme V' X U obtained from V' by extending the field of scalars from K to
U is integral. Equivalently, V x ; K is an integral scheme.

If V = Spec(K[X,...,X,]/I) (resp. V = Proj(K[Xo,...,X,]/I)) is an ab-
solutely irreducible variety in A% (resp. P%) defined over K, then for each field
K C L CU, we consider V(L) as the set of all zeros a € A*(L) (resp. a € P*(L))
of I. Note that there is a natural bijective correspondence between V(L) and
Mor g (Spec(L), V). In particular, we may identify each point a € V(K) with a
unique scheme theoretic K-rational point of V' (i.e. a point of V' whose residue
field is K).
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A point x € V(U) is a generic point of V' over K if the field FF = K(x) is
regular over K and trans.deg(F/K) = dim(V'). In this case, F' is the function
field of V over K. Note that F' is unique up to a K-isomorphism. Moreover, it
is always possible to choose the homogeneous coordinates of x in F'. Indeed, if in
the projective case x = (z¢:---:x,) and z; # 0, then F = K (x; 'z, ..., 2, x,).

With this notation, a reduced closed subscheme V of A}, is an absolutely
irreducible variety in A} defined over K if and only if the scheme V xx U (al-

ternatively V' xx K) is irreducible and the ideal of U[X7, ..., X,] (alternatively
K[Xi,...,X,]) of all polynomials that vanish on V(0) (alternatively V(K)) is
generated by polynomials with coefficients in K.

Note that if p = char(K) > 0, a € K has no pth root in K, and we set
V = Spec(K[X]/K[X](X?—a)), then V(K) consists of one point, namely ¥/a. In
particular Vi is irreducible. However, the polynomial X — ¢/a vanishes on V (K)
but does not belong to K[X](X?—a), so V is not an absolutely irreducible variety
in A} defined over K.

A reduced closed subscheme V' of P} is an absolutely irreducible variety
in P} which is defined over K if and only if each of the standard affine open
subsets of V' is an absolutely irreducible variety in A% defined over K.

By [FrJ08, p. 175, Cor. 10.2.2(a)] or [GoW10, p. 136, Prop. 5.51], a reduced
irreducible closed subscheme V' of A, or P}, is an absolutely irreducible variety
which is defined over K if and only if the function field F' of V is a regular
extension of K, i.e. K is algebraically closed in K and F'/K is separable.

Thus, our definition of an “absolutely irreducible variety in A% (resp. P})
defined over K” is equivalent to the definition of the same notion in the classical
language of algebraic geometry (see also [FrJ08, Sec. 10.2]).

For each absolutely irreducible variety V defined over K we write V for the
variety V x x K obtained from V by extending the base field from K to K. We
also say that V is defined over K. If p: V — W is a morphism of absolutely
irreducible varieties defined over K and L is a field extension of K in U, we abuse
notation and write ¢: V(L) — W(L) also for the set theoretic map induced from
the morphism ¢. Finally we write ¢: V — W for the morphism obtained from ¢
by extending the base field from K to K.

. . 1 1
2 Conics in Py x Py

We consider the direct product P x P of two copies of the projective line over
an arbitrary field K, define a pencil of conics in that space, and then blow it up
at two points.
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2.1 The Conics H,

We consider two copies of Pf, one with homogeneous coordinates (Xo:X;) and the
other one with homogeneous coordinates (Yy:Y1). For each a = (ag:a;) € P*(K)
we associate the conic H, in IP}( X ]P’}( defined by the bi-homogeneous equation

(21) alX()Yb = (]JoXlYi.

If a € P'(K), we denote by H, the conic in P}, x P}, defined by (2.1). In this case
we also have a € IP”(K ) and H, = H, xx K, in accordance with our convention.
The scheme P! x P! is covered by the open subsets

U7 = {(x,y) € P! x P'| z;y; # 0}, i,j=0,1

which are isomorphic to the affine plane A% with the affine coordinates X, = f(’
and Yy = <, where {i,7'} = {j,7'} = {0,1}. Therefore, the conic H, is covered

by the open afﬁne subsets H;J = U N H, fori,j = 0,1. As subsets of A? the
latter subsets are defined by the following equations:
[:[202 aq :a()X1Y'1, Hgli G,lYE) :a0X1

2.2 . ~
( ) H;OI a1X0 = (l()le, H;l.' (llX()YE) = Qagp.

Thus, HY is a line or a hyperbola. Hence,

(3.3) if a € PY(K) is not in the set B = {(1:0), (0:1)} of the base points of P*,
ie. if aga; # 0, then H, is a smooth absolutely irreducible curve defined
over K(a).

The origins of the affine planes U% and U'° are the points

q: = ((1:0), (0:1)), respectively  qo = ((0:1), (1:0)),
which are the only points (x,y) € P! x P! with xoyo = 0 = z13;. They satisfy:

(3.4) For each a € P1(K ) we have q;,qs € H Moreover, if a ¢ B, then the slope
of the tangent of Ha at qi (resp. o) is 4% (resp. —) if a; # 0 (resp. ap # 0).

(3.5) The conic ﬁ(ho) is defined by the equation X;Y; = 0. Let L; = (1:0) x IP’I
be the line defined by X; = 0 and Ly = P} x (1:0) be the line defined by
Yy = 0. Then L; goes through q;, Lo goes through qa, H(1.0) = L1 U Lo,
and both lines go through ((1:0), (1:0)) which is therefore a node of Hiy.g)
and actually its only singular point.
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(3.6) The conic H(g.y) is defined by the equation XoYy = 0. Let Lj = (0:1) x PL
be the line defined by Xy = 0, Ly = PL x (0:1) be the line defined by
Yo = 0. Then L} goes through q,, L} goes through qy, H(m) =Ly UL,
and both lines go through ((0:1), (0:1)) which is therefore a node of Hg.
and actually its only singular point.

Summing up the information about the tangents of the Hy’s at ¢ and qa, we
have:

(3.7) Let i € {1,2}. If a and a’ are distinct points of P!(K), then the tangents
of H, and H, at q; are distinct. Moreover, as a ranges over all points
of P'(K), the tangents of Hy at q; (resp. qz) form the full pencil of lines
through q; (resp. qz) in U (resp. in U'?).

(3.8) If a # a’, then q; and q are the only points of intersection of H, and Hy.

Indeed, suppose q € H, N ﬂ; with q = ((zo:x1), (Yo:11)) # q1,92 and a # a'.
Then,

(3.8a) a1zoyo = apr1yy and ajxoyo = apTiys,
and

(3.8b) zoyo # 0 or z1y; # 0 (otherwise 9 =y =0 and q =qz or yop = 21 =0
and q = qy).

If a,a’ ¢ B, then Z—;moyo = %xoyo and S0xiyr = :—%:plyl, hence a = a’. If
a = (1:0), then z;y; = 0 and @} # 0, so x¢yo = 0 in contrast to (3.8b). If
a = (0:1), then zoyo = 0 and ag # 0, so x1y; = 0, in contrast to (3.8b). Similarly,
the assumption a’ € B contradicts (3.8b).

(3.9) P'(K) x PY(K) = Uneps (i) HalK).

Indeed, if ((xo:71), (Yo:y1)) # Qi,de, then zoyo # 0 or z1y; # 0. Hence, the
equality (z1y1)zoyo = (zoyo)z1y1 implies that ((zo:21), (Yo:y1)) € Hzgyoizryy)- This
together with (3.8) proves (3.9).

Lemma 2.1. Let ¢: H — H be a birational surjective morphism of a curve H'
onto a normal curve H over K. Then @ 1S an isomorphism.

Proof. Let F be the common field of functions of H and H' over K. Consider
p’ € H'(K) and let p = ¢(p’). Then Ounp C Oprp C F. By assumption, Og p, is
a discrete valuation ring and Og p a proper local ring of F'. Hence, Opp = O .
Therefore, ¢ is an isomorphism. O
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2.2 Blowing up

We blow up Pk x P} at the set {q;, g2} to obtain a surface S in (Pk x P}, ) x P}, x PL-
such that the projection o: S — P) x P} on the first factor is a birational
projective K-morphism, (the second factor Pk comes from blowing up at qi, and
the third factor P} comes from blowing up at qz). The morphism o has the
following properties [Mum88, pp. 219-225]:

(3.10a) S is an absolutely irreducible surface defined over K. We set S = S x x K
but use o to denote also the map S — ]P’}( X IP)}( obtained by extending the
base field from K to K. Note that S(K) can be naturally identified with
S(K).

(3.10b) The restriction of ¢ to S~ o' ({qa1,q2}) is an isomorphism onto Pj x
P ~{qi,q2}. In particular, over each point (a,a’) € P1(K) x P}(K) not in
{a1,qo} there lies a unique point of S(K) which we also denote by (a,a’).

(3.10c) For i = 1,2, the fiber 07'(q;) is of dimension 1, indeed the fiber is iso-
morphic to Pj.

(3.10d) For each a € P! (K) let H be the Zariski-closure in S of
0~ Y (Ha~{q1,92}). Then o maps H. isomorphically onto H,.

Proof of (3.10d). Since ¢ is a morphism, it is Zariski-continuous. Hence, using a
bar to denote the Zariski-closure, we have

o(HL) = o (0 (Ha ~ai,a2})) C oo (Ha a1, a2})) = Ha — {a1. a2} = Ha.

Since o is projective, it is closed [Liu06, p. 108]. Hence, o(HY}) is a Zariski-closed
subset of H,. Since Hy~{qi,qo} C o(H.), we get that o(H,) = H,. Further,
since by (3.10b) o maps o' (Ha ~{q1,q2}) isomorphically onto Hy “{qy, qz}, o
maps H, birationally onto H,.

If a # (0:1), (1:0), then, by (3.3), Ha is smooth, hence normal. By Lemma 2.1,
o maps H| isomorphically onto H,.

If a = (1:0), then by (3.5), H, is defined in P x PL by the equation X,Y; = 0.
Thus, Hy = Ly U Ly, where L, is the line defined by X7 = 0 and L is the line
defined by Y3 = 0. For i = 1,2 consider the closed set L; = o~'(L;)N H}. Since L;
is smooth, we have as in the previous case that o maps L, isomorphically onto L;.
Next note that the point Ly N Ly = ((1:0), (1:0)) (see (3.5)) is different from q; and
from qo. Since o is an isomorphism beyond o~1({qi,qs}), 0 maps H, = L} U L},
isomorphically onto H, =L, U L.

The case where a = (0:1) is symmetric to the case where a = (1:0). O

(3.11) S(K) = Uaer (i) HalK):
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Proof of (3.11). By the second part of (3.7), the lines 0=1(q;) and o~!(qs) are
contained in the right hand side of (3.11). Taking the inverse images of (3.9) under
o and using (3.10d), we have that S(K) = UaelP’l(K) H!(K). Tt remains to prove
that the union is disjoint. To this end let ¢ € {1,2} and note that since q; is a
simple point of P1(K) x P*(K), o71(q;) is isomorphic to the projectivised tangent
cone of Pk x P}, at that point [Mum88, p. 225 (V.)]. Let i € {1,2} and let a,a’
be distinct points of P'(K). Then, H.(K)No~(q;)(K) and H.,(K)No~(q;)(K)
are points of § (f( ) that correspond under that isomorphism to the tangents of
H, and [:Ia/, respectively, at q;. By (3.7), those tangents are distinct. Hence,

H(K) N HLY(K) N o ' ({a1,q2})(K) = 0. Since, by (3.8), Ha(K) N Hay(K) =

{a1,q2}, it follows from (3.10b) that H.(K) N H. (K) = 0, as claimed. O

(3.12) For each a € P'(K), the projection 7 of S on the second factor PL of
(P x PL) x PL x PL is an epimorphism that maps each [, onto a.

Proof of (3.12). The affine (Yp, X;)-plane A = U% is a Zariski-open neighborhood
of q in Py x PL. By (3.2), the intersection H' = H,N A is defined by a,Y; =
apX1. The blow up of A at q; is the subset A’ of A x IF’}( defined by the equation
Z1Yy = Zy X, where (Zy:Z;) are the homogeneous coordinates of IF’l Let m: Ax
PL — PL be the projection on the second factor. Then, 7;"'(a ) NA = HO.
Since the blow up of P x PL is done in two stages, first in q; and then in
the inverse image of qq (which we identify with q,) and since qu ¢ A(K), we
have 7(o~'(H2")) = a. By the Zariski-continuity of 7, we have 7(H.) = a, as
claimed. O

Since, by (3.11), the H, are disjoint,
(3.13) 7~ '(a) = H}.

3 Irreducible Curves

Let K be a fixed algebraic closure of a field K, D a smooth projective irreducible
curve over K, and GE D— ]P’1 a surjective morphism. Given a morphism a: X —
Y of schemes and a point y 6 Y, we say that o is smooth over y if « is smooth
at each € X with a(z) = y. With this terminology, we assume

(4.1) ¢ is smooth over (0:1).

As in Section 2 we consider two copies of P}( with respective homogeneous
coordinates (Xo:X1) and (Yp:Y1). For each a = (ag:a1) € P'(K) we consider the
conic H, defined in IP’l X IP’l by the equation a; XYy = agX,Y;. Let §: D X D —
P x P be the product ¢ x ¢ and consider the inverse image I, = 6 (H,). By
[AlK?O p. 129, Prop. 1.7(d)],
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(42a) 6: D x D — PL x P% is smooth over ((0:1), (0:1)).

Since D is a smooth projective curve and ¢: D — IP’}( is a surjective morphism,
@ is finite (see [Sha77, p. 122, Thm. 11] or [Har77, p. 137, Prop. 6.8]). Since the
property of being finite is stable under composition and base change [GoW, p. 325,
Prop. 12.11(3)],

(4.2b) 4 is a finite morphism, hence proper [GoW10, p. 325, Prop. 12.12].

Since dim( a) = 1, it follows from (4.2b) that dim(,) = 1. By (3.9) of Section
2, D(K) x D(K) = UaE]P’l(K) L(K).

Lemma 3.1. For all a € P'(K) ~{(0:1),(1:0)}, I, is a connected scheme.

Proof. First we note that

(4.3) each of the conics H,, with a = (ag:a1) € P'(K) ~{(0:1), (1:0)}, considered
as an irreducible divisor of ]P’}( X IP’}(, is very ample.

To this end we consider the Segre embedding s: Pr x P — P% given by
s((xo:z1), (Yory1)) = (20:21:22:23), where zg = Zoyo, 21 = ToY1, 22 = T1Yo, and
z3 = x1y1. Then s is a closed immersion onto a closed subsurface P of IE”% [GoW10,
p. 112, Prop. 4.39]. Hence, s induces an isomorphism of Op(1) represented by the
divisor P, of ]P’% defined by the linear equation a;Zy = agZs onto the invertible
sheaf £, of IP}{ X ]P’}( corresponding to H,. By definition, H, is very ample [Har77,
p. 120, Def. and p. 307].

By (4.3) and by definition [Har77, p. 307], H, is an effective ample divisor.
By (4.2b) and [Har77, p. 232, Exer. 5.7(d)], Io = 6 '(H,) is an effective ample
divisor of D x D. By assumption, D x D is an integral smooth (hence normal)
projective variety. It follows from a Lemma of Enriques-Severi-Zariski [Har77,
p. 244, Cor. 7.9] that I, is connected. O]

Remark 3.2 (Singular points). Let x: X — Y be a morphism of finite type
between schemes of finite type over the algebraically closed field K. We set

Sing(k) = {z € X | k is not smooth at z}.

By [Gro64, 6.8.7] or [Liu06, p. 224, Cor. 2.12], Sing(k) is a closed subset of X. If
A:Y — Z is another morphism of finite type between schemes of finite type over
K, then

(3.4) Sing(\ o %) C Sing(k) U k~*(Sing())),

because composition of smooth morphisms is smooth [Liu06, p. 143, Prop. 3.38]. If
Y = Spec(K), then Sing(X) = Sing(x) is the set of singular points of X. Applying
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the equivalent definition of smoothness given by [Liu06, p. 142, Definition 3.35],
we find that

(3.5) Sing(x) = | J Sing(x ()

yey
if k is flat.

Lemma 3.3. For almost all a € PY(K), I, is a smooth scheme.

((0:1), (1:0)) of PY(K) x P'(K). As in Subsection 2.2, let S be the closed K-
subsurface of (Pl x PL) x PL x PL obtained by blowing up Py x Pl at the
set {d1,da}, let 0: S — (PL x PL) be the projection on the first factor, and
TS — IP’}{ the projection on the second factor. Both morphisms are projective,
hence proper [Liu06, p. 108, Thm. 3.30]. Now we break up the rest of the proof
into several parts.

Proof. As in Section 2, we consider the points q; = ((1:0),(0:1)) and q; =

PART A: A commutative diagram. Let T = (D X D) X (@l xPL) S be the fibred

product of 6 and 0. Let 7: T"— S be the projection on the second factor and let
7p = mo 1. Since 0 is proper (by (4.2b)), so is 7 [Liu06, p. 104, Cor. 3.16(c)].
Since also 7 is proper,

(4.6) mp = mo 7 is also proper [Liu06, p. 104, Cor. 3.16(b)].
By (3.11) of Section 2, S(K) = Uaer (i) H!(K), where H! is a curve on S that

o maps isomorphically onto H,. For eacha € P'(K) let I, = r~'(H.) = I, x 7 HL.

Then, T(K) = U aepr (i) La(K). Moreover, by (3.13) of Section 2, 7 (a) = H.,

so with mr = m o 7, we have
(4.7) npM(a) = 7z~ Ya)) = 7 1(H.) = I for each a € P*(K).
This gives a commutative diagram
(38)  Uaer(i) LLi=DxD~"-T= Uaerr (i) la — P
| I |
Uaept (7 a, :P}'{ X ]P}z <78 =Uacpi (i) Ha =P

where the left square is cartesian. By (4.2b), ¢ is finite. Since finiteness of mor-
phisms is preserved under base change [GoW10, p. 325, Prop. 12.11(2)],

(4.9) 7 is a finite morphism.
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Since dim(P) = 1 and P is smooth, P} is a Dedekind scheme. In addition
7 is not a constant map. Since o is birational, S is integral, so by [Liu06, p. 137,
Cor. 3.10],

(4.10) = is flat.
Similarly, since o is birational, T is integral, so by [Liu06, p. 137, Cor. 3.10],

(4.11) mp = mwo 7 is flat.

PART B: Finiteness of 7 '(Sing(w)). By (4.10) and (4.5), and by (3.13) of
Section 2,

(3.12) Sing(m) = | J Sing(r '(a))= [J Sing(H}).

acP!(K) acPl(K)

Let a € P'(K). By (3.10d) of Section 2, H. = H,. By (3.3) of Section 2, H, is
smooth if a # (1:0), (0:1), so Sing(H}) is empty. By (3.5) and (3.6) of Section 2,
each of the conics H(.g) and H(.1) has a unique singular point. It follows from
(4.12) that Sing(n) is finite. By (4.9), the set 7!(Sing(r)) is finite.

PART C: Finiteness of mp(Sing(mr) N Sing(7)). Let a € P'(K). By (3.10d) of
Section 2, the morphism ¢ maps H} isomorphically onto H,. Since the diagram

5V (H,) =L <210 = 77 (HL)
S
Ij[a <L Hzli )

where the arrows are the corresponding restrictions of the arrows of the left square
of Diagram (4.8), is cartesian,

(4.13) o7, maps I, isomorphically onto .

By (3.6) of Section 2, Hgp.1y = ((0:1) x P%) U (P% x (0:1)). Therefore, by
(4.13), I{yy is isomorphic to I(g.1) = (¢~((0:1)) x D)U (D x ¢~'((0:1)). Since D
is smooth, the latter scheme is smooth except for nodes lying over the intersection

point of the two components of H(g.1), namely over ((0:1), (0:1)). Therefore, using
Convention (3.10b) of Section 2,

(3.14) 7(Sing([{g.)) = {((0:1), (0:1))}.

By (3.13) of Section 2, 77'((0:1)) = H,,,,. Hence,

(3.19) 7 ((0:1)) = 7717 71((0:1))) = 7 (H{ga)) = T{oa)-
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Therefore, by (4.11) and (4.5),
Sing(I{.1)) = Sing(7'((0:1))) = Sing(mr) N [{g.y).-

It follows by (4.14) that
(3.16) 7(Sing(mr) N Ip,yy) = 7(Sing(L{g.1y)) = {((0:1), (0:1))}.

On the other hand, by (4.2a), ¢ is smooth over ((0:1),(0:1)), so by [Liu06,
p. 143, Prop. 3.38], 7 is also smooth over the point ((0:1), (0:1)) of S (Convention
(3.10b) of Section 2). In other words,

(3.17) 771(((0:1), (0:1))) N Sing(7) = (.
It follows from (4.16) and (4.17) that
(3.18) Sing(7r) N Sing(7) N Iy, = 0.

By (4.6), mp is proper. By Remark 3.2, Sing(77)NSing(7) is closed in T'. Hence,
the set 77 (Sing(7r) N Sing(7)) is closed in P Therefore, 77(Sing(77) N Sing(7))
is either P or a finite set. In the former case, each point in Iy = 7 ((0:1))
(see (4.15)) lies in Sing(w7) N Sing(7), which contradicts (4.18). Therefore,

(4.19) the set mp(Sing(m7) N Sing(7)) is finite.

PART D: Finiteness of mr(Sing(mr)). Now note by (4.4) that Sing(mr) =
Sing(7 o 7) C Sing(7) U 77! (Sing(7)). Hence,

7r(Sing(7r)) € 77 (Sing(7r) N Sing(7)) U 77 (771 (Sing())).

It follows from (4.19) and the finiteness of 7~!(Sing(7)) (Part B) that 77 (Sing(7r))
is finite.

PART E: End of proof. We consider a € P'(K) mp(Sing(nr)). By (4.7),
7y (a) = Ij. Hence, I, is smooth. By (4.13), I} is isomorphic to I,. Hence, I,
is smooth. It follows from Part D that I, is smooth for almost all a € P!(K), as

claimed. O

Since normal (in particular, smooth) connected K-schemes of finite type are
irreducible (e.g. [GoW10, p. 168, Exer. 6.20]), a combination of Lemma 3.1 and
Lemma 3.3 yields the following result:

Corollary 3.4. For almost all a € PY(K), I, is an irreducible smooth curve.
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4 The Open Mapping Theorem

As in Section 2, we fix an algebraic closure K of a field K. We also fix a valuation
v of K and prove an open map theorem for varieties over K in the v- topology.

Our proof is based on a theorem about the continuity of roots for not neces-
sarily separable polynomials. A convenient reference is [Jar91, Prop. 12.2].

Lemma 4.1. Let p(X) = [[L,(X — a;) be a monic polynomial with coefficients
in K. Then, for each ¢ € K* there exists ¢ € K* such that if q € K[X} s a
monic polynomial of degree n and v(q — p) > v(c), then q¢(X) may be presented
as a product ¢(X) = [[7, (X — b;) such that v(b; — a;) > v(c) fori=1,...,n

Here and throughout we write v( >, ¢;X*) > v(b) for cq,...,c, € K and
b€ K* as an abbreviation for “v(c;) > v(b) fori =0,...,n.”

Lemma 4.2. Let V' be a vector space of finite dimension d over an infinite field
Ko. Then V' has an infinite subset Vo such that every subset of Vy of cardinality
d is a basis of V.

Proof. By assumption, V' has a subset of cardinality d which is a basis of V.
Inductively suppose that U is a finite subset of V' with e > d elements such that
every subset of U of cardinality d is a basis of V. We denote the collection of
all subsets of U of cardinality d — 1 by U. By assumption, for each Uy € U the
dimension of the subspace ZueUO Kou of V is d — 1, so that subspace is properly
contained in V. It follows that also Uy, ¢y 2 uep, Kou is a proper subset of V.
We choose an element v € V ™\ Uy, ey 2 _uer, Kou. Then, for each Uy € U we have
dim(Kov + >, ey, Kou) = d, so {v} U U is a basis of V. Consequently, every
subset of U U {v} of cardinality d is a basis of V. This completes the induction
and the proof of the lemma. O

Remark 4.3 (The v-topology on Max(A)). Let B be a finitely generated integral
domain over K. We denote the set of all maximal ideals of B by Max(B). For
each q € Max(B) we identify B/q with K and let z(q) be the residue of z € B
at q. The v-topology of K induces a v-topology on Max(B). A basic open
neighborhood of a point q¢ € Max(B) is a set

(4.1) V = ({a € Max(B) | v(y:(a) - y:(do)) > v(co)},

i=1

where yp,...,y, € B and ¢y € K*. Thus, each z € B may be viewed as a
v-continuous (i.e. continuous in the v-topology) map from Max(B) to K.

Let A be an integral domain that contains K with quotient field E. Suppose
that F = Quot(B) is an extension of F and that B is an integral extension of
A. If g € Max(B), then p = qN A € Max(A) and we identify z(p) with z(q) for
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each x € A. Then, the canonical morphism ¢: Max(B) — Max(A) defined by
»(q) = qN A is v-continuous.
Indeed, consider a basic open neighborhood

U = ({p € Max(A)| v(i(p) — wi(po)) > v(ao)}

i=1

of a point py € Max(A) with z1,...,2,, € A and qy € K*. By the going up

theorem, ¢(Max(B)) = Max(A) [Lan93, p. 339, Prop. 1.10]. Hence, with qo €
—1

© ™ (po),

piU) = _ﬂ{q € Max(B) | v(zi(a) — #i(q0)) > v(ao)},

is v-open in Max(B).

We use Lemma 4.1 to prove that the map ¢ of Remark 4.3 is v-open if F/E
is finite and separable and A is integrally closed.

Lemma 4.4. Let A be an integrally closed domain which contains K, F =
Quot(A), F a finite separable extension of E, and B a subdomain of F which
contains A and is integral over A. Then the canonical morphism ¢: Max(B) —
Max(A) defined by ©(q) = qN A is a v-open map.

Proof. Let F be the Galois closure of F/E, B the integral closure of B in F,
and 1: Max(B) — Max(B) the canonical map. Then, B is also the integral
closure of A in F and ¢ = ¢ o1 is the canonical map of Max(B) to Max(A).
Let V be a v-open subset of Max(B). By Remark 4.3, ¢ is v-continuous. Hence,
V = ¢~ (V) is a v-open subset of Max(B). If (V) is v-open in Max(A), then so
is (V) = @(¥~1(V)). Therefore, replacing F' by F, we may assume that F/E is
Galois of degree n with G = Gal(F/FE) and B is the integral closure of A in F.
Consider a point q € Max(B) and let p = ¢(q). It suffices to prove that for
every basic v-open neighborhood V = (;_,{q’ € Max(B) | v(y:(q")—v:i(q)) > v(c)}
of q in Max(B) with y1,...,y, € B, and ¢ € K*, the point p of Max(A) has a
v-open neighborhood in (V). We break the proof of this statement into several

parts.

PART A: Many bases of a vector space. We consider the vector space V =
S Ky; spanned by yy,...,y, over K and let d = dim(V). By Lemma 4.2,
there exists an infinite subset Z” of V such that every subset of Z” of cardinality
d is a basis of V. We choose a finite subset Z’ of Z" of cardinality greater than
(d — 1)n. Since K C A, the vector space V is contained in B, hence Z' C B. In
particular, every z € 7’ is integral over A.

Let Z be the collection of all subsets of Z’ of cardinality d. For every 1 <i <r

and Z € Z there exists a presentation

(4.2) Y = Z Qi z.% With a; 7, € K.

z€Z
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We set
(4-3) a = min(U(ai,Z,z)z':l ,,,,, r,Zez,zez)«

PART B: Continuity of roots. Since A is integrally closed, Part A implies that
for each z € 7'

(5.4) f.(X) =]l,ec(X —02) is a monic polynomial of degree n with coefficients
in A.

Then,

(4.5) L0)(X) = L(@)(X) = [T(X = (@2)(@) = [T(X — =7 a).
oeG oeG
Let p" € Max(A) and choose q' € Max(B) over p’. As in (5.5), f.(p')(X) =
[I,ca(X —2(c7'q)). By Lemma 4.1, there exists ¢ € K* and there exists 0, € G
such that

(5.6) if v(f.(p") = fo(p)) > v(c), then v(z(07'q") = 2(q)) > v(c) — a.

Let s: Z' — G be the map defined by s(z) = 0,. Then (d — 1)n < |Z'| =
Y e |s71(0)]. Hence, there exists 0 € G such that [s~'(¢)| > d. Choose a subset
Z of s7(0) of cardinality d, in particular Z € Z. By (5.6), if v(f.(p) — f.(p)) >
v(c’) for each z € Z, then

(4.7) v(2(c7'q") — 2(q)) > v(c) —a for all z € Z.

PART C: Conclusion of the proof. We prove that the open neighborhood

U ={p' e Max(A)| A v(f-p) = fo(p)) > v()}

z€Z

of p in Max(A) is contained in (V).

Indeed, let p’ € U and choose q' € Max(B) with ¢(q") = p’. Then, v(f.(p") —
f2(p)) > v(¢) for each 2z € Z, so (5.7) holds. We set q” = o~'q’ and notice that
w(q”) =p’. By (5.7), v(z(q") — 2(q)) > v(c) — « for each z € Z. In addition, by
(5.3), v(@iz.) > afori=1,...,r and for each z € Z. It follows from (5.2) that

o(yi(a") = ya(@) = (D aiz=(2(a") = 2(1)))

z€Z

> min (v(a; z:) + v(2(a") = 2(q))) > v(c)

fori=1,...,r. Consequently, " € V, as claimed. O
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Proposition 4.5. Let (f(., v) be an algebraically closed valued field and p: W — V/
a finite morphism of absolutely irreducible varieties defined over K with V' normal.
Then, the v-continuous map ¢: W(K) — V(K) is v-open.

Proof. The morphism ¢ decomposes into a purely inseparable finite morphism
followed by a separable finite morphism. Since inseparable finite morphisms induce
v-homeomorphisms on the corresponding sets of K-rational points, we may assume
that ¢ is separable.

By definition, V' has a cover consisting of affine Zariski-open subsets V; whose
inverse images W; under ¢ are also affine, such that for each ¢, T'(V;, Oy) is an inte-
grally closed domain, T'(W;, Oy ) is an integral domain which is finitely generated
as a module over I'(V;, Oy ). It follows that T'(W;, Ow) is integral over T'(V;, Oy).
Since every Zariski-open subset of a variety is also v-open, our proposition is a
consequence of Lemma 4.4. [

Remark 4.6. Proposition 4.5 is related to [GPR95, Thm. 9.4(1)]. The latter
result says that if (K,v) is an arbitrary Henselian field and o: W — V is a
smooth surjective morphism of absolutely irreducible varieties V' and W defined
over K, then the map ¢: W(K) — V(K) is v-open.

5 A Density Property of Smooth Curves over
PAC Fields

The aim of this short section is to prove a density result for curves over PAC
fields.

We start with an arbitrary field K. As in Section 2 we consider for each
a = (ag:a;) € PY(K) the conic H, defined in PL x PL by the equation a; XYy =
apX1Y1. We consider a smooth projective absolutely irreducible curve D defined
over K. Using the Segre embedding [GoW10, p. 112, Prop. 4.39], we may consider
H, also as a closed subscheme of P%. Let ¢: D — Pk be a non-constant separable
morphism. We assume that

(6.1) ¢ is smooth over (0:1).

Let §: D x D — P} x Pk be the product ¢ x ¢ and consider the inverse image
I, =071 (H,).

Recall that we use a tilde to denote the constant extension from K to K of
algebro-geometrical objects.

Lemma 5.1. Under Assumption (6.1), for almost all a € P*(K), the scheme I,
1s an absolutely irreducible smooth curve defined over K.

Proof. Since D is absolutely irreducible and defined over K, the curve Dis K-
irreducible, and the morphism ¢: D — IP’}-{ is surjective [Har77, p. 137, Prop. 6.8]
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and smooth over (0:1). Also, I, = (§)~'(Ha). By Corollary 3.4, for almost all
a € PY(K), I, is irreducible. Moreover, by the latter corollary, I, is also smooth.
Hence, each point p of I, is regular. Therefore, O;, p is an integral domain. It
follows that I, is an absolutely irreducible curve defined over K. O

Lemma 5.2. Lety: W — V be a finite morphism of integral schemes over a field
K such that V is normal. Consider the inclusion of the function field E of V into
the function field F' of W that v induces and assume that F'/E is Galois. Suppose
that the natural action of G = Gal(F/E) on the generic point of W extends to an
action on W over V' such that Oy is the fized subsheaf of the induced action of
G on Ow. Then, for every q,q' € W with 1(q) = ¢¥(q’) there exists 0 € G such
that oq = q'.

Proof. Let p € V and q,q' € W such that ¢¥(q) = p and ¥(q) = p. Let
Vo = Spec(A) be an affine Zariski-open neighborhood of p in V. Since V is
integral and normal, A is an integrally closed domain with Quot(A) = E. Since
v is finite, Wy = ¢ 1(V}) is also affine, say Wy = Spec(B), where B is an integral
domain which is integral over A. By assumption, F' = Quot(B) is a finite Galois
extension of E. Also, G acts on B with A being the fixed ring of B under G.
Finally, we may identify q and q’ with prime ideals of B and p with the prime
ideal of A lying under both q and ¢'. By [Bou89, p. 331, Thm. 2(i)], there exists
o € G such that oq = ¢/, as claimed. O

The proof of the following lemma uses a trick of Prestel [FrJ08, p. 204, proof
of Prop. 11.5.3].

Lemma 5.3. Let K be a PAC field and let v be a valuation of K. Let E be the
function field of P}, and let F bea finite Galois extension of E which is reqular
over K. Suppose the morphism ¢: D — P introduced at the beginning of this
section (in particular ¢ satisfies (6.1)) is the normalization of Pk in F [Liu06,
p. 120, Def. 1.24).

Let p be a point in D(K) such that $(p) = (1:0) and let V be a v-open
neighborhood of p in D(K). Then V N D(K) # 0.

Proof. Let G A=~Gal(~F /E). Since F is a regular extension of K, we may identify
G with Gal(F'K/EK). Note that 'K /EK is the function field extension that
corresponds to the morphism ¢: D — Pl Thus, the action of G on D extends to

an action of G on D. Moreover, IP’ - 1S normal and (/)Ipﬂ is the fixed subsheaf under

the action of G on Op. Also, by [L1u06 p. 121, Prop 1.25], ¢ is finite, hence ¢
is finite. It follows from Lemma 5.2 (with K replacmg K, <p D — IP’ replacing

¢: W — V,and FK/EK replacing F/E) that if q,¢ € D(K) and <p( ) =o(qd),
then there exists o € G such that oq = ¢'. Since o fixes the elements of K, we
have

(6.2) if g € D(K), then ' =0q € o(D(K)) = D(K).
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By Proposition 4.5, U = $(V) is a v-open neighborhood of (1:0) in P*(K).
Hence, there exists a € K* such that

(6.3) if b € K* and v(b) > v(a), then (1:b) € U.

By definition, I(1.,2y C D x D. Avoiding finitely many elements of K*, we
may use Lemma 5.1 to choose a in K such that the curve I(;..2) is absolutely
irreducible and is defined over K. Moreover, H(j,.2y = 6(/(1.42)) is defined by the
equation a’XoYy = X;Y;. Let U be the nonempty Zariski-open subset of H.a2)
defined by the inequalities Xy # 0 and Yy # 0. Let V = 6~ }(U). Since K is PAC,
there exists (q,r) € V(K). That is, q,r € D(K), ¢(q) = (1:b), ¢(r) = (L:¢),
and be = a? for some b,c € K*. Thus, v(b) + v(c) = 2v(a). We may assume
without loss that v(b) > v(a). By (6.3), ¢(q) = (1:b) € U. Hence, there exists
q €V with ¢(q') = ¢(q). Since q € D(K), it follows from (6.2) that ' € D(K).
Consequently, VN D(K) # 0. O

6 On the Density Property of PAC Fields

We prove Kollér’s result saying that if V' is an absolutely irreducible variety defined
over a PAC field K and v is a valuation of K, then V(K) is v-dense in V(K).

Remark 6.1. Let F/E be a Galois extension of degree n.

Cram: If w,w' are valuations of F such that O, = O and w|p = W'|g,
then w = w' Indeed, let x € F. Since (w(F™) : w(EX))|n, there exists a € F
such that nw(z) = w(a). Hence, w(z"a™) = 0, so z"a™' € OX. Therefore,
z"a"t € OF, hence, w'(z"a™) = 0, so nw'(z) = w'(a). Since w(a) = w'(a), we
get nw(z) = nw'(x), consequently w(z) = w'(x), as claimed.

In particular, if an element o of Gal(F/E) belongs to the decomposition group
D,, of w over E, then Oo, = O,. In addition w o o|g = w|g. Hence, by the
claim, w =woo.

Now suppose that wy, ..., w,, are all of the extensions to F' (up to equivalence)
of a valuation v of E. Then O,,, ..., O,,, are all of the valuation rings of F' whose
intersections with E are O,. Then for each 1 < i < n there exists o; € Gal(F/E)
such that O,, = 0,0,,, that is Oy,0s;, = O,,. By the preceding paragraph,
w; = Wy © 0;.

Lemma 6.2. Let (E,v) be a valued field, F a finite separable extension of E, and
F the Galos closure of F/E. Suppose v totally splits in F. Then v totally splits
n F.

Proof. Let w be a valuation of F lying over v. It suffices to prove that the

decomposition group D,,/, of w over v is trivial. Consider o € D/, .

Cramv: o € Gal(F/F). Let d = [F : E]. By assumption F has d distinct
valuations vy, ..., v, extending v. For each 1 < i < d we extend v; to a valuation
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w; of F such that w; = w. By Remark 6.1, there exists o; € Gal(F/F) such that
w; = woo; and o = 1. If some 1 < j < d satisfies 0,Gal(F/F) = 0,Gal(F/F),
then for each = € F we have v;(z) = w;(z) = w(ox) = w(ojzr) = w;(x) = vi(x),
50 v; = vj, hence i = j. Thus, 0,Gal(F/F),...,04Gal(F/F) are distinct cosets of
Gal(F/F) in Gal(F/E). Since (Gal(F'/E) : Gal(F/F)) = d, we have Gal(F/E) =
UL, o,Gal(F/F).

It follows that o = o;n for some 1 < i < d and n € Gal(F/F). If 2 <4 <d,
then v; = w|p = woo|p = wo ;0| = wi|p = v;, which is a contradiction. It
follows that i = 1, so o € Gal(F/F), as claimed.

Now, since v totally splits in F', it totally splits in each of the conjugates F’
of F over E. By the claim, o belongs to Gal(F'/F’). Since the compositum of all
of the fields F’ is F, we conclude that o = 1, as asserted. O

When we speak about a function field of one variable F'/ K, we always assume
that F/K is a regular extension [FrJ08, Section 3.1]. If D = """ | a; P, is a divisor
of F/K with distinct prime divisors P, ..., P, and integral coefficients ay, . .., a,,
we write vp(D) = q; for a prime divisor P of F'/K, if P = P, for some i between 1
and n, and vp(D) = 0 otherwise. The divisor and the pole divisor of an element
[ e F*arediv(f) = Y pop(f)P and dive(f) = =3, (py<o vr(f) P, where P
ranges over all prime divisors of F'/K and vp is here the normalized valuation
of F associated with P. Note that deg(dive(f)) = [F : K(f)]. We say that
dive(f) totally splits in F' if dive(f) = Py + -+ - + Py, where m = [F : K(f)]
and Py, ..., P, are distinct prime divisors of F'/K. This holds if and only if the
valuation v, of K(f)/K defined by v (f) = —1 totally splits in F.

Lemma 6.3. Let F' be a function field of one variable over a PAC field K. Then
F/K has a separating transcendental element f such that the Galois closure F
of F/K(f) is a regular extension of K. Moreover, given a prime divisor P of
FK/K, we may choose f € F such that vp(f) > 0 and dive(f) totally splits in
F and in F.

Proof. The prime divisor P is already defined over a finite extension M of K.
Let 0y,...,04 be the distinct K-embeddings of M into K. If p = char(K) > 0,
let ¢ = p’ be the inseparable degree of M/K. If char(K) = 0, put ¢ = 1. Then
D= Zle qo; P is a positive divisor of F//K and vp(D) > 0.

Since K is PAC, F/K has for each positive integer m distinct prime divisors
Q1,...,Qm of degree 1 with Q; # P, i = 1,...,m. Taking m sufficiently large,
there exists by Riemann-Roch an element f € F'* such that

(7.1a) div(f) + Q1+ -+ Qm > D,

and

(7.1b) divee(f) = Q1+ -+ + Qni.
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By (7.1a), vp(f) > 0. By (7.1b), [F : K(f)] = deg(divao(f)) = m, so by (7.1b)
again, dive(f) totally splits in F'. In particular, F//K(f) is a finite separable
extension. Let F' be the Galois closure of F/K(f). Then, by Lemma 6.2, div,(f)
totally splits in F.In particular, F has a K-valuation with residue field K. Thus,
by [FrJ08, p. 42, Lemma 2.6.9], F' is regular over K. O

Remark 6.4 (Comparison of proofs). We say that a field K is stable if each
finitely generated regular extension F' of K has a separating transcendence base t
such that the Galois closure F' of F/K (t) is regular over K. The stability property
of PAC fields is proved in [FrJ76]. The essential case in the proof is that where F' is
a function field of one variable over K. In that case [FrJ76, Thm. 2.3] constructs
for each large prime number [ a separating transcendental element ¢ for F/K
such that the pole divisor of ¢ over f((t) decomposes as P, + -+ P_s +2P_4,
where Py, ..., P_s, P,_; are distinct prime divisors of FIN(/IN( This leads to the
conclusion that the Galois closure F' of F/K (t) satisfies Gal(F'/K(t)) = S, from
which the regularity of F'/K easily follows [FrJ76, Lemma 2.1].

On the other hand, the proof of Lemma 6.3, due to Kollar, generates a sepa-
rating transcendental element f of F'/K for each prime divisor P of F//K of degree
1 such that P is a zero of f and the pole divisor of f over K(t) totally splits in
F and is of arbitrary large degree, not necessarily prime. This implies that each
of the pole divisors of f in F/K is of degree 1, so F/K is regular. However, that
proof gives no clue for the Galois group Gal(EF/K(f)).

The next lemma is a standard result of algebraic geometry (see [Lan58, p. 152,
Cor.] or [Har77, p. 43, Prop. 6.8]).

Lemma 6.5. Let f: C — C' be a rational map of absolutely irreducible curves
defined over a field K with C' projective and C normal. Then, [ is a morphism.

Proof. We have to prove that f is defined at each point q of C'. Replacing C' if
necessary by an affine open neighborhood of q, we may assume that C'is affine. Let
x be a generic point of C'and y = (yo:1: - - - :yn) a homogeneous generic point of C’
such that f(x) = y. Assume without loss that yo, 1, . . ., ¥, belong to the function
field ' of C' over K. Since C'is a normal curve, O¢ 4 is a discrete valuation ring.
Denote the corresponding valuation of F//K by vq. Now let u be an element of
F with vg(u) = min(vg(yo), vq(y1), - - -, vq(yn)). Then each of the elements u™'y;,
i = 0,...,n, belongs to Ocq and at least one of them is a unit. Hence, f is
defined at q and its value is ((uv " yo)(q):(u ™ y1)(q): - - :(u™ yn)(Q))- O

Theorem 6.6 (Density theorem). Let K be a PAC field, v a valuation of K, and
V' an absolutely irreducible variety defined over K. Then, V(K) is v-dense in
V(K).

Proof. We break up the proof into several parts.
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PART A: We prove that C(K) is v-dense in C(K) for each absolutely irreducible
projective normal curve C' which is defined over K. Let p € C(f() and let U be
a v-open neighborhood of p in C(K). Denote the function field of C' over K by
F. Then F is an algebraic function field of one variable over K which is regular
over K [FrJ08, p. 175, Cor. 10.2.2(a)]. Let P be a prime divisor of FK /K whose
center at Ci is p. Lemma 6.3 gives an f € F such that F/K(f) is a finite
separable extension and the Galois closure F' of F/K(f) is a regular extension of
K. Tt follows that we may identify G = Gal(FK/K(f)) with Gal(F/K(f)) via
the restriction map. Moreover,

(7.2) vp(f) > 0 and diva(f) totally splits in F.

We consider f also as a rational map from C into PL. By Lemma 6.5, f is
a morphism. Since C' is projective, f is proper [GoW10, p. 386, Cor. 13.41]. By
(7.2), f is not constant, hence each of the fibers of f is finite (Otherwise there
exists a point a € P} such that f~'(a) is infinite. Since the fiber is closed and
C'is an irreducible curve, f~!(a) = C, hence f(C) = a, in contrast to the former
conclusion.) i.e. f is quasi-finite. It follows that f: C' — P is a finite morphism
[GoW10, p. 358, Cor. 89]. The corresponding function field extension is F/K(f).

Now let m: D — C' be the projective normalization of C' in a [Lan58, p. 143,
Thm. 5], in particular, D is normal and 7 is finite [Liu06, p. 121, Prop. 1.25].
Then ¢ = f o is a finite morphism of D onto Pk. It follows that ¢: D — PL is
the normalization of P in F' [Liu06, p. 120, Def. 1.24].

We may interpret (7.2) as

(7:3) f(p) = (1:0) and [¢~'((0:1))| = [ K(f)].

In particular, ¢ is unramified over (0:1). Since the local ring OP}{@:D is a discrete
valuation ring, it is a Dedekind domain. Therefore, each of the local rings of D
lying over Op1_ (0.1 is flat over Op1_(g.1) [Liu06, p. 11, Corollary 2.14]. It follows
that ¢ is étale over (0:1), hence smooth over (0:1).

Since m: D — C'is finite, so is 7: D — C' [GoW10, p. 325, Prop. 12.11(2)].
Hence, the map 7: D(K) — C(K) is surjective [GoW10, p. 339, Prop. 12.43(2)]
and v-continuous. Let q be a point in D(K) lying over p. By (7.3), 3(q) = (1:0)
and V = 771 (U) is an open neighborhood of q in D(K). By Lemma 5.3, there
exists ¢ € VN D(K). Then, p’ = 7(q') € U N C(K). Thus, C(K) is v-dense in
C(K).

PART B: We prove that C(K) is v-dense in C(K) for each absolutely irreducible
curve C which is defined over K. Again, let p € C(K) and let U be a v-open
neighborhood of p in C(f() Let Cgimp be the Zariski-open subset of C' consisting of
all simple points. Then Cyipp(K) is v-open and v-dense in C(K) [GeJ75, Lemma
2.2], in particular, Uy = Csimp(f( ) NU is nonempty and v-open. Replacing U by
Uy and C by Cgimp, we may assume that C' is smooth. Similarly, replacing C' by
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a nonempty Zariski-open affine subset, we may assume that ¢’ C A}, for some
positive integer n.

Let C* be the Zariski-closure of C' in P}.. In particular, we may view C as a
Zariski-open subset of C*. Let m: D — C* be the projective normalization of C*
[Lan58, p. 143, Thm. 5]. Since C' is normal, the restriction of 7 to 7=1(C) is an
isomorphism. Since 7~1(C) is Zariski-open in D, 7~(U) is a nonempty v-open
subset of D(K). By Part A, # () N D(K) # 0. Hence, by [GeJ75, Lemma 2.2],
W U)NTH(C(K)) # 0. Tt follows that U N C(K) # 0, as desired.

PART C: The general case. Again, let U be a nonempty v-open subset of V.
By [GeJ75, Lemma 2.4], V(K,) is v-dense in V(K. Hence, we may assume that
U NV (K,) contains a point p. Let C' be an absolutely irreducible subcurve of
V defined over K with p € C(K,) [JaR98, Lemma 10.1]. Then, & N C(K) is a
v-open neighborhood of p in C(K). By Part B, U N C(K) # (. Consequently,

UNV(K) # 0, as desired. O

7 Embedding Lemma

The essential step in the proof of Abraham Robinson’s result about the model
completeness of the theory of algebraically closed valued fields is the embedding
lemma 7.3 that we prove below. Our presentation follows that of Alexander Prestel
in [Pre86, pp. 236-241]. In this section and the following ones we allow valuations
of fields to be trivial.

Lemma 7.1. Let K be an algebraically closed field, E a field extension of K, and
v a valuation of E. We denote the valuation ring of v by O, and use a bar to
denote reduction modulo v.

(a) K is algebraically closed, v(K*) is a divisible group, and division in v(K*)
by each n € N is unique. Moreover, if K is an algebraic closure of a subfield
Ko, then v(K*) is the divisible closure of v(K{).

(b) The ordered group T' = v(K*) is dense in itself. That is, for all a,5 € T
with o < [ there exists v € T’ such that o« < v < (. Moreover, if v is
non-trivial, then for each o € I there exist §,0" € T such that 6 < a < ¢'.

(c) Let x be an element of E such that T is transcendental over K. Then for
all ag, ..., a, € K we have v(3_;_; a;z") = min(v(ap), ..., v(a,)).

(d) Let x be an element of E* such that v(x) ¢ v(K*). Then the order of v(z)
in v(E*) is infinite and v(K(x)*) = v(K*) ® Zv(x).
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Proof.

Proof of (a): Consider a polynomial f(X) = X" + @, ;X" ' + .- + @, with
n >1and ag,...,a,_1 € O,NK. Since K is algebraically closed, there exists x €
K with f(z) =0. If v(z) <0, then v(z™') > 0 and 1+ a, 1z 1+ +agz™" = 0.
Taking residues on both sides, we get the contradiction 1 = 0. Thus, v(z) > 0
and f(7) = 0, as desired.

Now let @ € K* and let n a positive integer. Then a'/" € K* and v(a) =
nv(a*/™). Hence, v(K*) is divisible. Since v(K*) is an ordered group, division
by n is unique. Finally, e = (v(Ko(a)™) : v(K{)) < co. Hence, ev(a) = v(ayg) for
some ag € Kjy.

Proof of (b): Using (a), we may take v = %ﬂ to prove the first claim in (b). If
v is non-trivial, there exists a positive e € I'. Then o —e < o < a + ¢, as desired.

Proof of (c): We choose a 0 < j < n with v(a;) = min(v(ag),...,v(a,)) and
let b; = a;a 1,2—1 nThenb—landb € K fori=0,...,n. Since T
is transcendental over K, we have Zl: bzt # 0, s0 v(Y 1, bix') = O. Therefore,
o300 ') = v(ay) + o300, bir’) = min(v(ap), . .., v(ay)), as claimed.

Proof of (d): First note that the order of v(z) is not only infinite but even
infinite modulo v(K™*). Indeed, if there exist n € N and a € K* such that
nv(z) = v(a), then v(z) = v(a'/") € v(K*), in contrast to the assumption on x.

Next consider an element ;' a;2" in K[z]. If 0 < i < j < n, then v(aq;z") #
v(aja?). Otherwise, (j — i)v(z) = U(al ') € v(K), in contrast to the preceding
paragraph. It follows that

Za, = min(v(ap),v(a1) + v(x),...,v(a,) + nv(x)) € v(K™*) 4+ Zv(x).

By the preceding paragraph, the sum on the right hand side is direct. O

An embedding of a valued field (F,v) into a valued field (F,w) is a pair
(p,¢'), where ¢: E — F is an embedding of fields, ¢': v(E*) — w(F*) is an
embedding of ordered groups, and w(p(e)) = ¢'(v(e)) for each e € E*. In the
sequel we sometimes abuse our language and write ¢ also for ¢’ and also for the
pair (¢, ¢’). If K is a common subfield of F and F, ¢ is the identity on K, and
¢ is the identity on v(K*), we say that ¢ is a K-embedding.

Lemma 7.2. Let ¢o: Ey — Fy be an isomorphism of fields. Let (E,v) and
(F,w) be valued fields such that E is an algebraic extension of Ey and F is a
field extension of Fy which is algebraically closed. Let ¢f: v(Ey) — w(Fy) be
an isomorphism of valued groups. Suppose w(po(e)) = ¢h(v(e)) for each e € Ef .
Then it is possible to extend @y to an embedding p: E — F and to extend ¢ to
an embedding ¢’ : v(E™) — w(F>) of ordered groups such that w(p(e)) = ¢'(v(e))
for each e € E*.
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Proof. We choose an algebraic closure Ej of Ey that contains E and an algebraic
closure Fy of Fyy in F. Then we extend ¢, to an isomorphism ¢: Ey — Fy. By
Chevalley’s theorem, v extends to a valuation @ of Ey. Let 7 € v(E{) (resp. 0 €
w(F)). Then, there exists n € N and there exists a unique v € v(E}) (resp. 6y €
w(Fy)) such that vy = n7 (resp. &y = no) (Lemma 7.1(a)). Hence, ¢; uniquely
extends to an isomorphism ¢': 0(Eg) — w(Fy). Then, w = w|z and ¢’ oo™}
are valuations of Fy that coincide on Fjy. Hence, there exists o € Aut(l:}) /Fo) such
that woo = ¢ oG o @' [Efr06, p. 131, Thm. 14.3.2], so 0 = ¢’ 0 50 (g 0 §) L.
Then, ¢ = 0o @|g is an embedding of F into F that extends ¢y and ¢’ = g;’|Ex is
an embedding of v(E*) into w(F*) that extends ¢} such that w(p(e)) = ¢'(v(e))
for each e € E*. O

Recall that a structure A of a language £ with a domain A is N;-saturated
if it satisfies the following condition: Let @1, s, @3, ... be formulas of £ in the
free variables X7, X5, X3,... with parameters in A. Suppose for each n there
exist ay,as, as,... € A such that ¢i(a),...,¢,(a) hold in A. Then there exist
T1,T2,T3,... € A such that each ¢, (x) holds in A [FrJ08, p. 143].

Lemma 7.3 (Embedding lemma). Let K be a countable algebraically closed field,
(E,v) a valued field such that E is a function field of one variable over K, and
(F,w) an N;-saturated algebraically closed non-trivial valued field such that K C F
and v|g = w|gk. Then there exists a K-embedding p: (E,v) — (F,w).

Proof. Let O = O,NK = O,,NK and use a bar to denote reduction with respect to
both v and w. In particular, K, E, F are the residue fields of K, E, F, respectively,
K C E,F, and both K and F are algebraically closed (Lemma 7.1(a)).

If x € E is transcendental over K, then by assumption, E is algebraic over
Ey = K(z). Hence, in order to prove the lemma, it suffices by Lemma 7.2 to prove
the following claim.

CrLAM: There exist x € E and y € F transcendental over K, and there exists
a K-isomorphism

p: (K (), o(K(2)")) = (K(y), w(K(y)"))
such that ¢(z) =y and w(p(e)) = ¢'(v(e)) for each e € K(x)*.

The proof of the Claim splits into three cases.

Case 1: K # E. We choose z € O, such that ¢ K. Then z ¢ K, so z is
transcendental over K.

Since K is algebraically closed, K is infinite. Hence, for all ay, ..., a, € O there
exists y € O such that § # @;, sow(y—a;) = v(y—a;) =0fori=1,...,n. Since O
is countable and (F, w) is Ny-saturated, there exists y € O,, such that w(y—a) =0
for each @ € O. This means that § ¢ K. As in the preceding paragraph, y is
transcendental over K. Therefore, there is a unique K-isomorphism ¢: K(z) —
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K (y) such that ¢(z) = y. Moreover, since both Z and ¢ are transcendental over
K, Lemma 7.1(c) implies that w(3>"_, a;y’) = v(3 1 a;z’) for all aq, . .., a, € K.
Thus, w(p(e)) = v(e) = ¢'(v(e)), where ' = idyg(z)x), for all e € K(x)*, as
desired.

CASE 2: v(E*) # v(K*). We choose z € E* such that
(8.1) v(x) ¢ v(K™).

We consider aq, . ..,a, € K and assume without loss that
(7.2) v(a)) < -+ < v(ay) <v(@) < v(amyr) < - <v(ay,)

for some m between 0 and n. By convention, if m = 0, then relation (8.2)
becomes v(z) < v(a;) < --- < wv(a,) and if m = n, then relation (8.2) simplifies
to v(ay) < -+ < wla,) < v(z). By assumption, w(a;) = v(a;) for i = 1,... n. If
m = 0, then Lemma 7.1(b) gives y € F such that w(y) < w(ay). If m = n, then
Lemma 7.1(b) gives y € F such that w(a,) < w(y). Otherwise, Lemma 7.1(b)
gives y € F such that w(am,) < w(y) < w(ams1). Note that the first two cases use
the assumption that w is non-trivial.

Since K is countable and (F,w) is R;-saturated, there exists y € F' such that

(8.3) for all @« € K, wv(zr) < v(a) implies that w(y) < w(a), and v(z) > v(a)
implies that w(y) > w(a).

In particular,
(8.4) y ¢ K and w(y) ¢ w(K™).

Since K is algebraically closed, both x and y are transcendental over K.
Let ¢: K(z) — K(y) be the unique K-isomorphism with ¢(z) = y. By (8.1)
(resp. (8.4)) and Lemma 7.1(d), the order of v(z) (resp. w(y)) modulo v(K*) is
infinite and

(8.5) v(K(x)*) = v(K*) ® Zv(z) (resp. w(K(y)*) = v(K*) & Zuw(y)).

Hence, there is an isomorphism ¢': v(K(z)*) — v(K(y)*) of ordered groups (by
(8.3)) which is the identity map on v(K ™) such that ¢'(v(x)) = w(y). It follows
from (8.3) that ¢'(v(z — a)) = w(y — a) for each a € K. Hence,

¢'(v(ag H(l’ —a;))) = w(ag H(y - a;))

for all ag, ay, ..., a, € K with ag # 0. Since K is algebraically closed, this implies
that w(p(e)) = ¢'(v(e)) for each e € K(z)*, as claimed.

Cast 3: E = K and v(E*) = v(K*). We choose r € E, transcendental over
K and prove:
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(8.6) For all ay,...,a, € K there exists y € K such that w(y — a;) = v(z — a;),
1=1,...,n.

Indeed, by assumption there exists for each 1 < ¢ < n an element b; €
K* such that v(z — a;) = v(b;). We choose 1 < j < n such that v(b;) =
max(v(by), ..., v(by)). Then, v((x —a;)b;') = 0, so by assumption, there exists

c € K with ¢ = (z — a;)b;". Hence,

U(.rf (angFij)) _ v(-T;j“j _c) > 0.

Set y = a; + ¢b;. Then, v(z —y) > v(b;) > v(b;) = v(z — a;), hence

wly —a;) =v(y —a;) =v((x —a;) — (x —y)) = v(z — a;), i=1,...,n,

as claimed.
Since K is countable and (F,w) is Rj-saturated, there exists y € F' such that

(8.7) w(y—a)=v(x —a) for all a € K.

Since x ¢ K, (8.7) implies that y ¢ K. Since K is algebraically closed, y is
transcendental over K. Let ¢: K(x) — K(y) be the unique K-isomorphism with
p(x) = y. Again, since K is algebraically closed, each non-constant u € Klx]

can be written as u = ¢ [[1,(z — ¢;) with ¢g,c1,...,¢, € K and ¢y # 0, so
o(u) = ¢ [[1%,(y — ¢;). It follows from (8.7) that w(p(u)) = v(u). Hence, the
latter relation holds for each u € K (x)*, as desired. O

8 Algebraically Closed Valued Fields

The goal of this section is to prove Abraham Robinson’s model completeness
theorem for the theory of algebraically closed valued fields and also the stronger
result about the elimination of quantifiers in that theory. For both goals we have
to fix the first order language with which we want to speak about the algebraically
closed fields. If we restrict ourselves only to the model completeness, it suffices to
extend the language L£(ring) of rings [FrJ08, p. 135, Example 7.3.1] with a unary
predicate symbol O whose interpretation in a valued field (K, v) is the valuation
ring O,,.

We start with the language of rings L£(ring) with the constant symbols 0, 1,
the binary function symbol + (for addition), the binary function symbol - (for
multiplication), and the unary function symbol — (for taking the negative)?. The

2Note that the symbol — does not appear among the function symbols of £(ring) in [FrJO0S,
p. 135, Example 7.3.1]. We have been forced here to include this symbol in £(ring) in order to
be able to prove Lemma 8.1(a).
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axioms for fields in that language are:

VX)VY)VOI(X +Y)+Z =X+ (Y + 2)];
VX)W X +Y =Y + X];
(VX)X 4+ 0= X];
(VX)X + (=X) = 0];

51) (VX)(WY)(¥2)[(XV)Z = X(Y Z)];
(VX)(VY)[XY =Y X];
(VX)[1-X = X];
(VX)X # 0 — @V)[XY = 1]};
1 #0; and
VX)(VWY)VZ)X(Y +2Z) = XY + X Z].

Note that a substructure R of a field K in the language L(ring) is a subset of
K that contains 0,1 and is closed under addition, negation, and multiplication.
Thus, R is an integral domain. If K = Quot(R) is a valued field, then the main
axiom for valued fields, “for all nonzero x we have x € O or 27! € O”, does
not make sense over R. This forces us to replace the monadic symbol O by the
division relation associated with each valued field.

For each valued field (K, v) we define a binary relation |, on K by

(8.2) alyb <= v(a) < v(b).

It satisfies the following axioms (where we omit the index v):

(VY)
(YY)[X|Y VY |X].
VY)V2)[X|Y — XZ|Y Z].

YY) (VZ)[X|Y A X|Z — X|(Y + 2).

We call | a division relation on K.

Conversely, if | is a division relation on K, then O = {a € K| 1la} is a
valuation ring of K. Indeed, by (9.3a) and (9.3b), 0,1 € O. By (9.3d), we have
1]—1or —1|1. By (9.3¢), the latter case implies 1| —1. Hence, in any case —1 € O.
If a,b € O, then 1]a and 1]b, so a +b € O, by (9.3f). By (9.3e), alab, so by (9.3c),
1|ab, which implies ab € O. Finally, if a € K*, then 1|a or a|l (by (9.3d)). In
the latter case 1|a! (by (9.3e)), so in each case either a € O or a™* € O. Thus,
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O defines a valuation of K (which may be trivial) whose division relation is |. It
follows that the correspondence between valuations and division relations on K is
bijective. We denote the division relation on K that corresponds to a valuation
v of K by |,. The advantage of the division relation is that it allows to treat
valuation rings as first order structures.

The language of valued fields will therefore be the extension of £(ring) by the
division symbol |. We denote the extended language by L. (ring). Let Ty be
the theory of L., (ring) that consists of the axioms (9.1) of fields and the axioms
(9.3) for |.

Lemma 8.1. Let (E,v) and (F,w) be valued fields. Let wo: (R, |v0) — (S, |wo)
be an isomorphism of substructures of (E,|,) and (F,|,), respectively. Let K =
Quot(R) and L = Quot(S). Then

(a) o extends to an isomorphism ¢: (K,v|kx) — (L,wl|y) of valued fields.

(b) If E and F are algebraically closed, then ¢ extends to an isomorphism
p: (K7U|f{) - (L7w|i)'
Proof. As usual, ¢g extends to an isomorphism ¢: K — L of the quotient fields.
If z,y € K satisfy z|,y, then there exists b € R, b # 0, such that bz,by € R,
and then bz|,by. Hence, ¢(bx)|,e(by), so ¢(b)e(z)|wp(d)e(y). Since ¢(b) # 0,
we have ¢(x)|,p(y). It follows that ¢: (K, v|x) — (L, w|;) is an isomorphism of
valued fields, which proves (a).

In order to prove (b), we use the valuations rather than the division relations.
Let 10: K — L be an isomorphism of fields that extends . Then, there exists o €
Aut(L/L) such that o o : (K,v|z) — (L,w|;) extends ¢: (K,v|x) — (L,w|L)
[Efr06, p. 131, Thm. 14.3.21]. Thus, ¢ = ¢ 0 ¢ is the desired isomorphism. O

Whenever we speak about a “formula ¢(X3,...,X,)” we mean that the free
variables of that formula belong to the set {Xi,..., X,}.

Definition 8.2. Let T be a theory in a first order language L.

(a) We say that T' is model complete if whenever a model A of T is a substruc-
ture of another model B of T, the model A is an elementary substructure of

B.

(b) We say that T has the amalgamation property if whenever two models
B,C of T contain a common L-substructure A, there exists a model D of T
and embeddings f: B — D and g: C — D that coincide on A.

(¢) We say that T' admits elimination of quantifiers if for every formula
o(Xy, ..., X,) of the language L there exists a quantifier free formula
(X1, ..., Xy) such that for every model A of T with a domain A and for
all ay,...,a, € A, the truth of ¢(a) in A is equivalent to the truth of ¢(a)
in A.
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We cite two theorems about the concepts just defined.
Proposition 8.3. Let T be a theory in a first order language L.

(a) T admits elimination of quantifiers if and only if T is model complete and
has the amalgamation property [Pre86, p. 193, Satz 3.22].

(b) T admits elimination of quantifiers if for every two models B,C of T with
domains B, C respectively, for every finitely generated common substructure
A with domain A, and for every quantifier free formula n(X) with param-
eters in A, the existence of b € B such that n(b) holds in B implies the
ezistence of ¢ € C' such that n(c) holds in C [Pre86, p. 187, Satz 3.20)].

A valued field (K, v) is non-trivial if and only if there exists a € K such that
v(a) > 0, equivalently if

(9.4) there exists x € K such that —(1|x).

Theorem 8.4 (Abraham Robinson). The theory of algebraically closed non-trivial
valued fields in the language L. (ring) admits elimination of quantifiers, hence it
1s model complete and has the amalgamation property.

Proof. By Proposition 8.3, it suffices to consider algebraically closed non-trivial
valued fields (E,v) and (F,w), a common finitely generated substructure (K, |)
of (E,|,) and (F,|,), a quantifier free formula n(X) with parameters in K such
that there exists € E with FE |= n(z), and to prove that there exists y € F such
that F' = n(y). In particular, K is a countable integral domain. By Lemma 8.1,
we may replace K with the algebraic closure of Quot(K). We therefore assume
that K is an algebraically closed field and use henceforth valuations rather than
division relations.

Now recall that if (F*, w*) = (F,w)Y /D is a nonprincipal ultrapower of (F,w),
then (F* w*) is Ny-saturated [FrJ08, p. 143, Lemma 7.7.4] and is an elementary
extension of (F,w) [FrJ08, p. 144, Prop. 7.7.5]. Replacing (F,w) by (F*, w*), if
necessary, we may assume that (F,w) is N;-saturated.

Let n and z be as in the first paragraph of the proof. By the embedding lemma
7.3, there exists a K-embedding ¢: (K (2),v|k()) — (F,w) of valued fields. Set
y = ¢(x). Since n(X) is quantifier free, n(z) holds in (K (x),v|k ). Hence, n(y)
holds in (K (y), w|k(y)) and therefore also in (F,w), as desired. O

9 Existential Closedness of PAC Fields

Using the density theorem 6.6, we prove that every PAC valued field (K,v) is
existentially closed in each regular valued field extension (F, v) such that F' is also

PAC.
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Theorem 9.1. Let (F,v)/(K,v) be an extension of non-trivial valued fields such
that K is PAC and F/K is reqular. Then (K,v) is existentially closed in (F,v)

in the language L (ring).

Proof. We break up the proof into two parts.

PART A: Simplified form for existential formulas. Let X = (X3,...,X,,) and
Y = (Y3,...,Y,) be tuples of variables and let f(X,Y) and ¢g(X,Y) be polyno-
mials with coefficients in K. We may replace the formula f(X,Y)|g(X,Y) by the
equivalent formula v(g(X,Y)) > v(f(X,Y)) and the formula f(X,Y) t ¢(X,Y)
by the equivalent formula v(f(X,Y)) > v(¢9(X,Y)). Thus, every existential for-
mula (X7, ..., X,,) in L,,(ring) with parameters in K is equivalent (in the theory
of valued fields) to a formula of the form

@) @) VA (X Y) =04 f5(XY) #0
i€l jeJ
(9.1) ,
Av(gi5(X,Y)) = v(g;(X,Y))
Aol (X,Y)) > (), (X, Y))]
where [ and J are finite sets, and fi;, fi;, 9ij, 9i;, hij, hi; are polynomials with
coefficients in K for all (i,5) € I x J. We have to prove that

(10.2) if there exists x € F™ such that ¢(x) holds in (F,v), then there exists
a € K™ such that ¢(a) holds in (K, v).

First note that the disjunction symbol commutes with the existential quanti-
fiers. Moreover, if (10.2) holds for one of the disjuncts of ¢, it also holds for ¢.
Thus, it suffices to consider ¢ of the form

(@035 A\ 506 Y) = 08 F(X,¥) £0
(5:3) | A v(g;(X.Y)) = (g, (X, Y))

Av(hi(X,Y)) > v(h}(X,Y))],

where f;, f}, g;, g, hj, Iy € K[X, Y] for all j € J.

The formula f1(X,Y) # 0 is equivalent to (37;1)[Z;; f}(X,Y) — 1 = 0]. The
formula v(g;(X,Y)) > v(g;(X,Y)) is equivalent to

[9;(X,Y) =0/ gj(X,Y) = 0]
Vg (X,Y) £ 0A (3Z5)[9;(X,Y) = Zjagi (X, Y) Av(Zj2) > 0]].

Finally, the formula v(h;(X,Y)) > v(h}(X,Y)) is equivalent to
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[hj(X,Y) =0AR(X,Y) # 0]
V [hi(X,Y) # 0N (3Z3)[hi(X,Y) = Zishy (X, Y) Av(Zjs) > 0]].

Since Zj1, Zj2, Z;3 do not occur among the coordinates of Y, we may pull over the
quantifiers 371, 3Z;9, and 3Z;3 to the left of (10.3). Then we rename each Z;
as Y, for some r > n and finally enlarge n and repeat the first two simplification
steps to conclude that ¢ has the form

(1) - (@) ALK Y) =0A0(Y1) =1 0A -+ Av(Y,) =, 0],

jedJ

where for ¢ = 1,...,n the relation >; is either >, or >, or the trivial relation
0=0.

PART B: Ezistential closedness. Let x € F'™ be such that ¢(x) holds in (F,v).
Then there exists y € F™ such that

/\[fj(X7Y) =0 /\U(yl) ~1 ONn--- /\U(yn) ~n 0}

jeJ

Since F'/K is a regular extension, so is K(x,y)/K. Thus, (x,y) is a generic
point of an affine absolutely irreducible variety W defined in A™*" over K [FrJ08,
p. 175, Cor. 10.2.2]. Now we extend v to a valuation v of F and again denote the
restriction of v to K by v. By Theorem 8.4, the first order theory of algebraically
closed non-trivial valued field is model complete. In particular, (f( ,v) is an ele-
mentary substructure of (F,v). Therefore, there exists (&, b) € W(K) such that
v(b;) > 0 for each 4. Since W (K) is v-dense in W (K) (Theorem 6.6), we conclude
that there exists (a,b) € W(K) such that v(b;) >=; 0 for each i. Consequently,

©(a) holds in (K, v). O

10 Model Companion

Model companions and model completions of first order theories generalize the
relation that the theory of algebraically closed fields has relative to the theory of
all fields. In this section we prove the existence of a model companion for the
theory of non-trivial valued fields in a language that allows only extensions L/K
of fields such that K is algebraically closed in L. In the next section we add
more predicates to the language that force the field extensions we consider to be
regular. This results in a model completion of the corresponding theory.

Definition 10.1. Let T" and T be theories in a first order language £. We say
that T is a model companion of T if the following holds:
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(11.1a) Each model of T'is a model of 7.
(11.1b) Each model of T can be embedded into a model of 7.
(11.1c) T is model complete (Definition 8.2(a)).

We say that T is a model completion of T if in addition
(11.1d) T has the amalgamation property (Definition 8.2(b)).

Remark 10.2. By (11.1a) and (11.1b) of Definition 10.1, (11.1d) is equivalent to
the statement

(11.1.d°) T has the amalgamation property.

In this case T admits, by Proposition 8.3(a), elimination of quantifiers.

Example 10.3. (a) The theory of algebraically closed fields is the model com-
pletion of the theory of fields in £(ring).
(Essentially [FrJ08, p. 168, Cor. 9.3.2]).

(b) The theory RCF of real closed fields is the model companion of the theory OF
of ordered fields in the language £(ring, <), where < is the ordering symbol
[Pre86, Kor. 4.8]. By [VAD78, p. 40], RCF is even the model completion of
OF.

(¢) The theory ACF, of algebraically closed non-trivial valued fields is the mod-
el completion of the theory Fy, of valued fields in the language L..i(ring).
This follows from Chevalley’s extension theorem of valuations and from The-
orem 8.4 of Abraham Robinson [Pre86, p. 241, Kor. 4.18].

Example 10.4. We augment the language L(ring) to a language Lg(ring) by an
n-ary relation symbol R, for each positive integer n. Let Tx be the theory of
fields together with the axioms

(10.2) Ry(X1,...,X,) & @D 72"+ X, 2"+ + X, =0].

For each field K and every n we interpret R, in K in the unique way such that
(11.2) holds. Then consider K also as a model of Tx. If an L(ring)-structure L is
a field, then an Lg(ring)-substructure K of the Lz (ring)-structure L is an integral
domain contained in L such that every equation X" 4+ a, 1 X" ' 4+ - -4+ ay =0
with coefficients in K that has a root in L has a root in K. In particular, if K is
a field, then K is algebraically closed in L.

By [FrJO8, p. 663, Thm. 27.2.3], Tk has a model companion Tx. A field K is a
model of T if and only if K is 1-imperfect (i.e. char(K) = 0 or char(K) =p > 0
and [K : K?] = p), w-free (i.e. every finite embedding problem over K is solvable),
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and PAC. However, Tr has no model completion, because T does not have the
amalgamation property [FrJ08, p. 664, Example 27.2.4].

Let Tva be the theory of Ly, (ring) that consists of the usual axioms of fields
(9.1) of Section 8 and the axioms (9.3) of Section 8 for |.

Adding the division symbol to the language Lg(ring), we get a first order lan-
guage L va(ring) for valued fields such that a valued field (F,|) is a substructure
of another valued field (F’,|") if and only if F' is an algebraically closed subfield of
F’ and the restriction of |" to F'is |. Let T ya be the theory in Lgy.(ring) that
consists of T and the axioms (9.3) of Section 8.

Remark 10.5. Every valued field (K, v) has an extension (K’,v"), where K'/K
is regular and ¢’ is a non-trivial valuation of K’.

Indeed, if v is non-trivial, let K/ = K and v = v. Otherwise, choose an
indeterminate ¢, let K’/ = K (t) and v’ any of the valuations of K'/K (e.g. the one
with v/(t) = —1).

Theorem 10.6. The theory Trva of valued fields has a model companion YTR,Val
in the language Lpgya(ring). A non-trivial valued field (K, v) is a model of Tgya
if and only if K is 1-imperfect, w-free, and PAC.

Proof. Let TR,val be the theory Tx of Example 10.4 together with the axioms (9.3)
and (9.4) of Section 8 for non-trivial valued fields.

If (K, v) is a model of Tgya, then K is a model of Tk. By Example 10.4, K
is 1-imperfect, w-free, and PAC. Conversely, if a field K is 1-imperfect, w-free,
and PAC, then by Example 10.4, K is a model of Tk. Hence, if v is a non-trivial
valuation of K, then (K, v) is a model of TR,Val.

If (K,v) is a valued field, we extend it to another model (K’ v') with K'/K
regular and v’ non-trivial (Remark 10.5). By Example 10.4 and by Definition
10.1(b), there exists a field extension L of K’ which is l-imperfect, w-free and
PAC such that K’ is algebraically closed in L. Then, K is algebraically closed
in L. By Chevalley, v’ extends to a valuation w of L [Lan58, p. 8, Thm. 1]. In
particular w is non-trivial. Hence, (L, w) is a model of Tg. that extends (K, v)
in the language £pvai(ring). Thus, Th v satisfies Condition (11.1a) and (11.1b)
of Definition 10.1.

Cramv: If (K,v) C (L, w) is an extension of models of TR,\,al, then the field L
is a reqular extension of K. Indeed, by Example 10.4, K is algebraically closed
in L. Moreover, by the second paragraph of the proof, K is 1-imperfect. Hence,
by [FrJO8, p. 47, Lemma 2.7.5], L/K is a regular extension.

Next observe that if (K, v) and (L, w) are models of TRN&I and (K,v) C (L,w),
then K is PAC, and L/K is a regular extension (by the Claim). Moreover, both
v and w are non-trivial valuations. Hence, by Theorem 9.1, (K,v) is existen-
tially closed in (L, w) in the language L.(ring). Since each of the axioms R,, is
equivalent to an existential formula of L., (ring) (Example 10.4), (K, v) is existen-
tially closed in (L, w) in the language Lp va(ring). By Abraham Robinson, T, Ryval
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is model complete [FrJO08, p. 659, Lemma 27.1.11], that is it satisfies Condition
(11.1c) of Definition 10.1. Consequently, T va1 is @ model companion of T vay. O

11 The Non-Amalgamation Property of T,

Example 27.2.4 of [FrJ08] constructs fields K and L of positive characteristic p
that are algebraically closed in no common field extension. However, K and L
are isomorphic, so that example does not prove that the theory Tk does not have
the amalgamation property, as the paragraph before that example claims.

In this section we correct that example by constructing three fields F, K, L of
characteristic p such that E is algebraically closed in both K and L but K and L
are algebraically closed in no common field extension. This implies that none of
the theories T and Tg . has the amalgamation property.

Our construction uses the notions of differentials of fields. For each field L of
characteristic p we consider the vector space Der(L, L) over I, of all derivations
of L into L and the map dr: L — Hom(Der(L, L), L) defined by (dya)(D) = Da
for each a € L. It satisfies the relations

(11.1) p-dra=0, dp(a+0b) =dra+dpb, and di(ab) = adpb+ bdra

for all a,b € L. Each dpa with a € L is called a differential of L. Repeated
application of (12.1) leads for ag, a1, ..., a, € L to the following formula:

n
P, i1 in) _ D i1 G- =l i i ]
(11.2) dr(abatt ---ar) = E apay' ---aj7y dijail ajl ay - dpag.
Jj=1

Lemma 11.1. Let L be a field extension of F, and let a € L. Then dra = 0 if
and only if a € LP.

Proof. If a = af for some ag € LP, then dpa = pal™" - dpag = 0. Conversely,
assume that a ¢ LP. Then a can be completed to a p-basis of L [FrJ08, p. 45,
Lemma 2.7.1]. By [Lan58, Thm. 1] or [Geyl3, Prop. (d) of Section 1.18], the
trivial derivative of L? extends to a derivative D € Der(L, L) such that Da = 1.
Hence, (dpa)(D) = Da # 0, so dra # 0. O

Lemma 11.2. Let E be a field extension of F, with [E : EP] = p", where n > 2 is
an integer, let ay, ..., a, be a p-basis for E over EP, and let x be an indeterminate.
Fori=2,...,n let

(11.3) v =a;hw +a;”

and let L = E(x,ys,...,yn). Then E is algebraically closed in L. Moreover, for
1=2,...,n we have

(11.4) (E(z,va,...,9:) : E(x)] =p" "
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Proof. We break the proof into three parts.

PART A: Proof of (12.4). By assumption, [E(ai/p) cEl=pfori=1,...,n
and the fields E(al’?),..., E(al/?) are linearly disjoint over E. Hence, E/ =
E(ay’, ... ax/®) satisfies [E' : E] = p", so [E'(z) : E(z)] = p". By (12.3),
y; € F'(x ) for i = 2,...,n,s0 L C E'(x). Moreover, by (12.3), y¥ € E(x), so
[E(z,y2, . yiv1) s BE(x,ye, ... u)] <pfori=2,... n—1and [E(x,y) : E(x)] <
p. Finally, by (12.3), L(a 1/p) = E(x,ys,... ,yn,ai/p) = F'(z) and [F'(z) : L] < p.
It follows that (12.4) holds for i = 2,...,n and also

(11.5) [E'(z) : L] = p.

PART B: For each e € E with dge # 0 we have dre # 0. Otherwise, there
exists e € F/ such that

(11.6) dge # 0 but dre = 0.
We denote the set of all n-tuples j = (j1,...,Jn) with 0 < jq,..., 5, <p—1hby J.
By our assumption on ay, ..., a,, there exist ¢; € E, j € J, such that
(11.7) e—Zepajl’ 2. alr.
jeJ

Taking differentials of both sides of (12.7) and using formula (12.2), we get
€1,...,&n € E such that

(11.8) dpe = ZsidEai and 0 = dre = ZeidLai.
i=1 i=1
Next we raise (12.3) to the pth power and get
(11.9) an =yl — ap12?,  an_1 =y | —an,o2®, ..., ay=yh—aa’.
Applying dj, on the latter equalities, we get
(1110) dLan = —xdean_l, dLCLn_l = —.’rdean_z, ey dL(IQ = —m”d,;al.

Now we successively substitute dpa,,dra,_1,...,dras from (12.10) in the right
equality of (12.8) to get a relation

(11.11) 0= +ea™)dpay.

i=1

If dpa; = 0, then by Lemma 11.1, a; € LP. Hence, by (12.9), as,...,a, € LP. It
follows that L = E’(z), in contrast to (12.5). It follows from this contradiction



Model completeness of valued PAC fields 209

that dpa; is a nonzero element of L. Hence, by (12.11), 3" | de;z(-Vr = 0.
Therefore, €1, ...,&, =0, so by (12.8), dge = 0, in contrast to (12.6).

PART C: E is algebraically closed in L. Let u be an element of L which is
algebraic over E. Then u belongs to F’'(z) and is algebraic over E’. Hence,
u € E'. Since (E')? C E, we have ug = u? € E N LP. Therefore, djug = 0. By
Part B, dgug = 0. Hence, by Lemma 11.1, uy € EP. Consequently, u € E, as
claimed. O

Proposition 11.3. None of the theories Tr and Trya have the amalgamation
property.

Proof. We choose a field E of positive characteristic p such that [E : EP] = p* and
let a, b, ¢ be p-basis for E over EP. For example, we may take a, b, ¢ as algebraically
independent elements over F,, and set E = F,(a, b, ¢) [FrJ08, p. 45, proof of Lemma
2.7.2]. Then, let x be a transcendental element over E, set y = a'/?z + b'/? and
2z = b’y 4 M7 and let K = E(x,y) and L = E(z,y,2). By Lemma 11.2, E is
algebraically closed in both K and L.

We assume there exist a field M and embeddings ¢: K — M and ¢¥: L — M
that coincide on E such that K’ = ¢(K) and L' = ¢(L) are algebraically closed
in M. We may assume without loss that K’ = K and ¢ is the identity map. Then
p(F) = E, so E is algebraically closed in M.

Raising y and z to the pth power we get

(11.12) Yy’ = ax? +band 2 = ba? +c.
Hence, 2’ = (), v = ¥(y), and 2’ = 1(z) satisfy

(11.13) (y')P = a(z")? + b and (2')P = b(z')P + c.

If 2/ # x, then by (12.12) and (12.13), (y/_y-)p = a. Hence, a'/? € M NE = E,

which is a contradiction.

If 2/ = x, then ¥/ = y and 2’ = 2. Hence, L' = L, so L C M. However, by
Lemma 11.2, L is a proper algebraic extension of K, so K is not algebraically
closed in M, which is again a contradiction.

We conclude that an M as above does not exist, so Tg does not have the
amalgamation property.

Now we choose a valuation vg of E and extend vg, by Chevalley, to valuations
vg and vy, of K and L, respectively. Then (E,vg) is a Tgya-submodel of (K, vg)
and of (L,v;). But (K,vk) and (L,vr) can not be embedded into a common
TR va-model (M, vyr) over (E,vg), because K will then be algebraically closed in
M, in contrast to the construction of K above. Thus, Tk, does not have the
amalgamation property. O
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In the next section we rectify the deficiency of Tk va expressed in Proposition
11.3 by adding more relation symbols to the language Lg ya1. The new relations
will ensure that if a model of the new language is contained in another model,
then the underlying field of the latter model will be a regular extension of the
underlying field of the former model.

12 Elimination of Quantifiers

Let (K,v) and (L,w) be valued fields and consider them as structures for the
language Lgvai(ring) (Example 10.4). If (K, v) is a substructure for (L, w), then
by that example, K is algebraically closed in L. However, L is not necessarily a
regular extension of K. We rectify this deficiency of Lg y.(ring) by adding more
relations to the language and prove that the theory of the non-trivial valued fields
in the new language has a model completion admitting elimination of quantifiers.

Example 12.1. Asin [FrJ08, p. 664, Sec. 27.3] we augment the language £g(ring)
(Example 10.4) to a language Lr g(ring) by adding n-ary relation symbols @,
one for each prime number p and each positive integer n. Let Tk ¢ be the theory
of Lro(ring) consisting of T (Example 10.4) together with the axioms

(12.1) Qpn(X1,.... X)) & p=0A (F0h)ies (D _UPX} - Xin =0A\/ Ui #0),

iel iel

one for each pair (p,n), where I is the set of all n-tuples (i1, ...,4,) of integers
between 0 and p — 1. Given a field K, we may uniquely regard K as a model
of Trg. Indeed, if char(K) = p > 0, we define @Q),,, as the set of all n-tuples
of elements of K satisfying the right hand side of (13.1), i.e. all n-tuples of p-
dependent elements of K. In this case (), is the empty relation for each prime
number p’ # p. Therefore, if K C L is an extension of fields considered as models
of Trg, if p = char(K) > 0, and if xy,...,z, € K are p-independent in K,
then =Q,n(x1,...,%,) is true in K, hence in L, and therefore z1,...,x, are p-
independent in L. It follows that L/K is a separable extension [FrJO8, p. 38,
Lemma 2.6.1]. Considering L/K as an Lg(ring)-extension, we find that K is
algebraically closed in L (Example 10.4). Therefore, L/K is a regular extension
[FrJo8, p. 39, Lemma 2.6.4].

Conversely, every regular extension L/K of fields is an extension of structures
for the language Lg o(ring).

Definition 12.2. We say that a field K is w-imperfect if either char(K) =0 or
char(K) = p > 0 and [K'/? : K] = co. In the latter case, if L is a separable field
extension of K, then L is linearly disjoint from K'/? over K, hence [L'/? : L] = oo
so L is also w-imperfect.

)
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Note that if char(K) = p > 0, K isamodel of Tg ¢, and 2, . . ., ¥, are elements
of K such that =Q,,(z1,...,x,) holds in K, then, by (13.1), [K(x}/p7 . 7$}/p) :
K] = p™. Hence, if cach of the sentences

(12.2) (3X1) - (3X0)Qpn(X1, ..., Xp)
holds in K, then K is w-imperfect.
The following result is [FrJ08, p. 665, Thm. 27.3.1].

Proposition 12.3. The theory Tro has a model completion Tr o whose models
are the w-imperfect w-free PAC fields.

The axioms of Tg ¢ differ from the axioms of Ty by the sentences (13.2) that
replace the axioms for 1-imperfectness.

Adding the division symbol to the language Lrg(ring), we get a first order
language Lg g val(ring) for valued fields. Then we augment the theory Tr o to a
theory T gva in the language Lr ¢ va(ring) by adding the axioms (9.3) of Section
8 to Trq. We also augment Tg g to a theory Tr g .va of the language Lz g vai(ring)
by adding the axioms (9.3) and (9.4) of Section 8 to Tr¢. In particular, each of
the models (K, v) of TRWQ_,VM is a non-trivial valued field.

Lemma 12.4. The theory T qva has the amalgamation property.

Proof. Let (Li,v1) and (Lo, v2) be two models of Tg ¢ va that contain a common
substructure for T g va. By Lemma 8.1(a), we may assume that this model is a
common valued subfield (K, v). In particular, L; and Ly are regular extensions of
K. Replacing (Ls,v9) by an isomorphic valued field extension (L}, v5) of (K, v),
we may assume, in addition, that L; and L, are algebraically independent over
K. Hence, Ly and Ly are linearly disjoint over K [FrJ08, p. 41, Lemma 2.6.7]. In
particular, the compositum L = L; L, is a regular extension of K [FrJ08, p. 41,
Cor. 2.6.8(b)]. By [FrJ08, p. 35, Lemma 2.5.5], L has a valuation w that extends
both vy and ve. Thus, (L, w) is a model of Tk g va that extends both (Lq,v1) and
(L, v2), as desired. O

We are now in a position to prove an analog of both Theorem 10.6 and Propo-
sition 12.3.

Theorem 12.5. The theory Tr g va has a model completion TR,Q,val whose models
are the non-trivial valued fields (F,w) such that F is an w-imperfect, w-free PAC
field. Moreover, Tr o val admits elimination of quantifiers.

Proof. 1t (K, v) is a model of TRQNM, then K is a model of TR,Q. By Proposition
12.3, K is w-imperfect, w-free, and PAC. Conversely, if a field K is w-imperfect,
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w-free, and PAC, then by Proposition 12.3, K is a model of TR’Q. Hence, if v is a
non-trivial valuation of K, then (K, v) is a model of Tr ¢ va-

If (K, v) is a model of Tx ¢ va1, We replace it by a regular valued field extension,
if necessary, to assume that v is non-trivial (Remark 10.5). By Proposition 12.3,
K has a regular field extension L which is w-imperfect, w-free and PAC. Note that
the regularity of L/ K is forced by the language Tk g val, as noted in Example 12.1.
By Chevalley, v extends to a valuation w of L [Lan58, p. 8, Thm. 1], so (L,w) is a
model of TR,Q,val that extends (K, v) in the language Lg ¢ va(ring). Thus, TR,Q,VM
satisfies Conditions (11.1a) and (11.1b) of Definition 10.1.

Next observe that if (E,v) and (F,w) are models of Tgqya and (E,v) C
(F,w), then E is PAC and F/E is a regular extension. Moreover, both v and w
are non-trivial valuations. Hence, by Theorem 9.1, (F,v) is existentially closed
in (F,w) in the language L., (ring). Since each of the axioms R, and Q,, is
equivalent to an existential formula of Ly, (ring) (Example 10.4 and Example
12.1), (E,v) is existentially closed in (F,w) in the language Lg g va(ring). Thus,
TR,Q,Val is model complete, that is it satisfies Condition (11.1¢) of Definition 10.1.
Consequently, TR,Q,VM is a model companion of Tk ¢ va. By Lemma 12.4, TR,Q,VM
is a model completion of Tk ¢ va1. By Remark 10.2, TR,QWI admits elimination of
quantifiers. O
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