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Abstract
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Introduction

Let A be a polarized abelian variety defined over a finitely generated field K.
Denote by K (respectively, Kep) the algebraic (resp., separable) closure of K.
It is well known that the Mordell-Weil group A(K) is a finitely generated Z-
module. On the other hand A(K) is a divisible group with an infinite torsion
part A(K)ior and A(K) has infinite rank, unless K is algebraic over a finite field.
Hence, it is of fundamental interest to study the structure of the groups A(Q)
for infinite algebraic extensions /K smaller than K. For example, Ribet in
[26] and Zarhin in [37] considered the question of finiteness of A(Kab)tor, where
K1, is the maximal abelian extension of K.

We denote by G := G(Ksep/K) the absolute Galois group of K. For a positive
integer e and for o = (01,02,...,0¢) in the group G = Gk xXGgx ... xGk,
we denote by Kgep(0) the subfield in Kep fixed by 01,09, . .., 0c. There exists a
substantial literature on arithmetic properties of the fields Kep(0). In particu-
lar, the Mordell-Weil groups A(Ksep(0)) have been already studied, e.g., Larsen
formulated a conjecture in [22] on the rank of A(Kgep(0)) (cf. [2], [12] for results
supporting the conjecture of Larsen).

In this paper we consider the torsion part of the groups A(Ksep(0)). In order
to recall the conjecture which is mentioned in the title, we agree to say that a
property A(co) holds for almost all 0 € G5, if A(c) holds for all o € G5, except
for a set of measure zero with respect to the (unique) normalized Haar measure
on the compact group G . In [I0] Geyer and Jarden proposed the following
conjecture on the torsion part of A(Ksep(0)).

Conjecture of Geyer and Jarden. Let K be a finitely generated field. Let
A be an abelian variety defined over K.

a) For almost all 0 € Gk there are infinitely many prime numbers £ such
that the group A(Ksep(0))[l] of {—division points is nonzero.

b) Lete > 2. For almost all o € G, there are only finitely many prime num-
bers £ such that the group A(Keep(0))[€] of £—division points is nonzero.

It is known due to the work of Jacobson and Jarden [I8] that for all e > 1,
almost all 0 € G5 and all primes ¢ the group A(Ksep(0))[¢>°] is finite. This
was formerly part (c) of the conjecture. Moreover the Conjecture is known for
elliptic curves [10]. Part (b) holds true provided char(K) = 0 (see [I§]). In a
very recent preprint Zywina proves part (a) in the special case where K is a
number field (cf. [?]), stengthening results of Geyer and Jarden [11].

As for today, for an abelian variety A of dimension > 2 defined over a finitely
generated field of positive characteristic, parts (a) and (b) of the Conjecture
of Geyer and Jarden are open and part (a) is open over a finitely generated
transcendental extension of Q.



In this paper we prove the Conjecture of Geyer and Jarden for abelian varieties
with big monodromy. To formulate our main result we need some notation. Let
¢ # char(K) be a prime number. We denote by papq : Gk — Aut(A[{]) the
Galois representation attached to the action of G on the ¢-torsion points of
A. We define M (A[f]) := pajg(Gr) and call this group the mod-£ monodromy
group of A/K. We fix a polarization and denote by e;:A[¢f] x A[¢] — pe the
corresponding Weil pairing. Then Mg (A[f]) is a subgroup of the group of
symplectic similitudes GSp(A[¢], e¢) of the Weil pairing. We will say that A/K
has big monodromy if there exists a constant £y such that Mg (A[f]) contains
the symplectic group Sp(A[f],ep), for every prime number ¢ > {y. Note that
the property of having big monodromy does not depend on the choice of the
polarization.

The main result of our paper is the following

Main Theorem. [c¢f. Thm. [31 Thm. [51) Let K be a finitely generated field
and A/K an abelian variety with big monodromy. Then the Conjecture of Geyer
and Jarden holds true for A/K.

Surprisingly enough, the most difficult to prove is the case (a) of the Conjecture
for abelian varieties with big monodromy, when char(K) > 0. The method of
our proof relies in this case on the Borel-Cantelli Lemma of measure theory and
on a delicate counting argument in the group Sp,,(F¢) which was modeled after
a construction of subsets S’(¢) in SLa(FF¢) in Section 3 of the classical paper [10]
of Geyer and Jarden.

It is interesting to combine the main Theorem with existing computations of
monodromy groups for certain families of abelian varieties. Certainly, the most
prominent result of this type is the classical theorem of Serre (cf. [28], [29] for the
number field case; the generalization to finitely generated fields of characteristic
zero is well-known): If A is an abelian variety over a finitely generated field
K of characteristic zero with End(A) = Z and dim(A) = 2,6 or odd, then
A/K has big monodromy. Here End(A) = Endz(Aj) stands for the absolute
endomorphism ring of A.

In this paper we focus our attention at abelian varieties with End(A) = Z, which
have been recently considered by Chris Hall in his open image theorem [16]. To
simplify notation, we will say that an abelian variety A over a finitely generated
field K is of Hall type, if End(A) = Z and K has a discrete valuation at which
A has semistable reduction of toric dimension one. The following result, proven
in our paper [I], gives examples of abelian varieties with big monodromy in all
dimensions (and including the case char(K) > 0): If A is an abelian variety of
Hall type over a finitely generated infinite field K, then A/ K has big monodromy.
In the special case where K is a global field this has recently been shown by
Hall (cf. [15], [I6]). The generalization to an arbitrary finitely generated ground
field K is carried out in [I] using methods of group theory, finiteness properties
of the fundamental group of schemes and Galois theory of large field extensions.
In combination with the main Theorem we obtain the following



Corollary. Let A be an abelian variety over a finitely generated infinite field
K. Assume that either condition i) or ) is satisfied.

i) A is of Hall type.
it) char(K) =0, End(A) = Z and dim(A4) = 2,6 or odd.

Then the Conjecture of Geyer and Jarden holds true for AJ/K.

We thus obtain over every finitely generated infinite field and for every dimension
families of abelian varieties for which the Conjecture of Geyer and Jarden holds
true. In the case when char(K) > 0 the Corollary offers the first evidence for
the conjecture of Geyer and Jarden on torsion going beyond the case of elliptic
curves.

We warmly thank Gerhard Frey, Dieter Geyer, Cornelius Greither and Moshe
Jarden for conversations and useful comments on the topic of this paper.

1 Notation and background material

In this section we fix notation and gather some background material on Galois
representations that is important for the rest of this paper.

If K is a field, then we denote by K, (resp. K ) the separable (resp. algebraic)
closure of K and by Gx = G(Kp/K) its absolute Galois group. If G is a
profinite (hence compact) group, then it has a unique normalized Haar measure
te. The expression “assertion A(o) holds for almost all o € G” means “asser-
tion A(c) holds true for all o outside a zero set with respect to ug”. A finitely
generated field is by definition a field which is finitely generated over its prime
field. Let X be a scheme of finite type over a field K. For a geometric point
P € X(K) we denote by K(P) C K the residue field at P.

For n € N coprime to char(K), we let A[n] be the group of n-torsion points in
A(K) and define A[n>™] = |J A[n’]. For a prime ¢ # char(K) we denote by
i=1

Te(A) = @A[ﬁi] the f-adic Tate module of A. Then Aln], A[n®] and Ty(A)
€N
are GG g-modules in a natural way.

If M is a Gg-module (for example M = p, or M = A[n] where A/K is an
abelian variety), then we shall denote the corresponding representation of the
Galois group Gi by

PM - GK — Aut(M)

and define M (M) := par(Gr). We define K (M) := KX2P) t6 be the fixed
field in Kgep of the kernel of pps. Then K(M)/K is a Galois extension and
G(K(M)/K) = Mg (M).



If R is a commutative ring with 1 (usually R = Fy or R = Z;) and M is a
finitely generated free R-module equipped with a non-degenerate alternating
bilinear pairing e : M x M — R’ into a free R’-module of rank 1 (which is a
multiplicatively written R-module in our setting below), then we denote by

Sp(M,e) ={f € Autr(M) | Vo,yeM:e(f(z), f(y)) = e(z,y)}
the corresponding symplectic group and by
GSp(M.e) = {f € Autr(M) | Je€ R*:Va,ye M :e(f(x), f(y)) = ce(z,y)}
the corresponding group of symplectic similitudes.

Let n be an integer coprime to char(K') and £ be a prime different from char(K).
Let A/K be an abelian variety. We denote by AV the dual abelian variety and
let ey, : Aln] x AV[n] = p, and ep : TyA X Ty AV — Z4(1) be the corresponding
Weil pairings. If A : A — A" is a polarization, then we deduce Weil pairings e;) :
Aln] x Aln] — pn, and € : TpAx Ty A — Z(1) in the obvious way. If £ does not
divide deg()\) and if n is coprime to deg()\), then e and €. are non-degenerate,
alternating, G g-equivariant pairings. Hence we have representations

pam) : Gk — GSp(Aln],e;),

pr,a: G — GSp(TLA, €))

with images Mg (A[n]) C GSp(A[n],e}) and Mg (TyA) C GSp(TvA, e).). We
shall say that an abelian variety (A, \) over a field K has big monodromy, if there
is a constant £o > max(char(K),deg())) such that Mg (A[f]) D Sp(A[f], e}) for
every prime number ¢ > (.

2 Properties of abelian varieties with big mon-
odromy

Let (A, ) be a polarized abelian variety with big monodromy over a finitely
generated field K. Then Sp(A[f],e}) C Mg (A[f]) for sufficiently large primes
¢. In this section we determine Mg (A[n]) completely for every “sufficiently
large” integer n. The main result (cf. Proposition [Z4] below) is due to Serre in
the number field case, and the general case requires only a slight adaption of
Serre’s line of reasoning. However, as the final outcome is somewhat different in
positive characteristic, we do include the details. Proposition [2.4] will be crucial
for our results on the Conjecture of Geyer and Jarden.

Now let K be an arbitrary field and A/K an abelian variety. Recall that for
every algebraic extension L/K we defined Mr(A[n]) = papn)(Gr) (n coprime
to char(K)) and M (TyA) = p1,4(GL) (£ > char(K) a prime number). Fur-
thermore the representations induce isomorphisms G(L(A[n])/L) =2 My (A[n])
and G(L(A[(>*]/L) =2 My (T,A). Note that My (T,A) — My (A[(?]) is surjec-
tive (because G(L(A[¢*°])/L) — G(L(A[¢?])/L) is surjective) for every integer
i. Clearly My (A[n]) is a subgroup of Mg (A[n]).



Remark 2.1. If L/K is a Galois extension, then My (A[n]) is a normal sub-
group of Mg (A[n]) and the quotient group Mg (A[n])/Mr(Aln]) is isomorphic
to G(LN K(A[n])/K).

Proposition 2.2. Let K be a field and (A, \) a polarized abelian variety over
K with big monodromy. Let L/K be an abelian Galois extension with L D
loo. Then there is a constant ¢y > max(char(K),deg()\)) with the following
properties.

a) Mp(T,A) = Sp(T, A, e?‘w) for all primes £ > {y.

b) Let ¢ be the product of all prime numbers < €y. Then My (A[n]) =
Sp(A[n], e)) for every integer n which is coprime to c.

Proof. Part a). There is a constant £y > max(char(K),deg()),5) such that
M (A[€]) D Sp(A[d],e}) for all primes £ > £y, because A has big monodromy.
Let £ > £y be a prime and define Ky := K (u¢). Then basic properties of the Weil
pairing imply that G(K,(A[(])/K,) & M, (A[f]) = Sp(A[{], e}). This group is
perfect, because £ > 5 (cf. [33] Theorem 8.7]). As L/Kj is an abelian Galois
extension, My (A[¢]) is a normal subgroup of the perfect group Mg, (A[¢]) and
the quotient Mg, (A[€])/ M (A[¢f]) is isomorphic to a subquotient of G(L/K)
(cf. Remark 2.1]), hence abelian. This implies that

ML (A[f) = M, (A[f]) = Sp(A[f], 7).
Denote by p : Sp(Tv4,e)) — Sp(A[f],e)) the canonical projection. Then
M(T,A) is a closed subgroup of Sp(TyA, € ) with
PML(TeA)) = My (A[]) = Sp(A[f], &).
Hence M (T, A) = Sp(TvA, e)-) by [21, Proposition 2.6].
Part b). Consider the map

p: G — H ML(TgA) = H Sp(TgA,@?oo)

lzlo 6260

induced by the representations pr, 4 and denote by X := p(Gp) its image. Then
X is a closed subgroup of [, Sp(T¢A4, €)= ). If pr, denotes the ¢-th projection
of the product, then pr,(X) = Sp(Ty4, e} ). Hence [31, Section 7, Lemme 2]
implies that X =[], ,, Sp(TvA, €)= ), i.e. that p is surjective.

Let ¢ be the product of all prime numbers < ¢y3. Let n be an integer coprime
to c. Then n = He|n prime £v¢ for certain integers vy > 1. The canonical map
r: Mp(A[R]) = o prime Mz (A[€7]) is injective. Consider the diagram

G ——"> Ty ML(TiA) =TI, Sp(T¥A, 1)

| | |

M (A[n]) =TTy, ML(A["])—T1,, SP(A[""], egu,).



The vertical maps are surjective. The horizontal map p’ is surjective as well,
because p is surjective. This implies, that the lower horizontal map

Me(A]) — ] Sp(Al*], ez )
ln

is in fact bijective. It follows from the Chinese Remainder Theorem that the
canonical map

[Isp(Ale] i) = Sp(Aln], ;)

ln

is bijective as well. Assertion b) follows from that. O

Corollary 2.3. Let K be a field and (A,\) a polarized abelian variety over
K with big monodromy. Then there is a constant ¢ coprime to deg(\) and
to char(K), if char(K) is positive, with the following property: M (A[n]) D
Sp(A[n],e)) for every integer n coprime to c.

Proof. Let L = K, be the maximal abelian extension. Then there is a constant
c as above, such that My (A[n]) = Sp(A[n],e)) for every n coprime to ¢ by
Proposition Furthermore My, (A[n]) C Mg (A[n]) by the discussion before
Remark .11 O

Let K be a field and (A, \) a polarized abelian variety over K with big mon-
odromy. There is a constant ¢ (divisible by deg()) and by char(K), if char(K) #
0) such that

Sp(A[n], en) € M (A[n]) € GSp(Afn], e)

for all n € N coprime to ¢ (cf. Corollary 23). One can easily determine
Mg (A[n]) completely, if K is finitely generated. Let K, := K(A[n]). There is
a commutative diagram

0 —— G(Kn/K(pin)) G(Kn/K) G(K (pn)/K) —=0
l pA[n]l Punl
0 ——Sp(A[n], ) ——= GSp(A[n], &) —— (Z/n)* ——=0

with exact rows and injective vertical maps, where p,, is the cyclotomic charac-
ter and € is the multiplicator map. The left hand vertical map is an isomorphism
for every n € N coprime to ¢. Hence

M (An)) = {f € GSp(Aln], e}) | e(f) € im(py, )}

Assume from now on that K is finitely generated. Then the image of the cyclo-
tomic character involved above has a well known explicit description. Denote
by F the algebraic closure of the prime field of K in K and define ¢ := ¢(K) :=
|F| € NU {oo}. Then, after possibly replacing ¢ by a larger constant, we have

. @ char(K) # 0,
im(py., ) = { (qZ/n)X char(K) = 0.



for all n € N coprime to c¢. Here (g) is the subgroup of (Z/n)* generated by the
residue class g of ¢ modulo n, provided q is finite. If ¢ is finite, then we define

GSp@(Aln], e3) = {f € GSp(A[n], ep) | (f) € (@)}
Finally we put GSp®)(A4[n],e}) = GSp(A[n], ). We have shown:

Proposition 2.4. Let K be a finitely generated field and (A, \) a polarized
abelian variety over K with big monodromy. Let ¢ = q(K). Then there is
a constant ¢ (divisible by deg(A\) and by char(K), if char(K) # 0) such that
Mx (Aln]) = GSp'@ (A[n], e}) for all n € N coprime to c.

3 Proof of the Conjecture of Geyer and Jarden,
part b)

Let (A, A) be a polarized abelian variety of dimension g over a field K. In this
section we will use the notation Ky, := K(A[{]) and G, := G(K,/K) for every
prime ¢ # char(K). Our main result in this section is the following theorem.

Theorem 3.1. If (A, \) has big monodromy, then for all e > 2 and almost all
o € GS (in the sense of the Haar measure) there are only finitely many primes

¢ such that A(Keep(0))[€] # 0.

The following Lemma is due to Oskar Villareal (private communication).
We thank him for his kind permission to include it into our manuscript.

Lemma 3.2. Assume that A has big monodromy. Then there is a constant £
such that [K(P) : K|7' < [K, : K]fﬁ for all primes £ > £y and all P € A[l],
where K (P) denotes the residue field of the point P.

Proof. By assumption on A, there is a constant ¢y such that Sp(A[f],e}) C
M (A[f)]) for all primes ¢ > £y. Let £ > ¢o be a prime and P € A[¢]. Then the
F-vector space generated inside A[f] by the orbit X := {f(P) : f € Mgk (A[{))}
is the whole of A[/], because A[/] is a simple F;[Sp(A[f], ¢;)]-module. Thus
we can choose an Fy-basis (Py,- -+, Pyy) of Alf] with P; = P in such a way
that each P; € X. Then each P; is conjugate to P under the action of G
and [K(P) : K] = [K(P;) : K] for all i. The field K, is the composite field
K;=K(Py)---K(Pag). It follows that

[Ko: K| < [K(P): K] [K(Py): K] =[K(P): K]*.
The desired inequality follows from that. O

The following notation will be used in the sequel: For sequences (z,), and
(yn)n of positive real numbers we shall write x,, ~ y,, provided the sequence
() converges to a positive real number. If @, ~ y, and )z, < oo, then

Zyn < 00.

The proof of Theorem B.I] will make heavy use of the following classical fact.



Lemma 3.3. (Borel-Cantelli, [9, 18.3.5]) Let (A1, Aa,---) be a sequence of
measurable subsets of a profinite group G. Let

A= ﬂ U A; ={x € G : x belongs to infinitely many A;}.

n=1i=n

a) If 370, pa(A;) < oo, then pg(A) = 0.

b) If >0, pa(A;) = oo and (A;)ien s a pg-independent sequence (i.e.
for every finite set I C N we have pg(\;c; Ai) = [licr na(Ai)), then
pa(A) = 1.

Proof of Theorem [l Assume that A/K has big monodromy and let £y be a
constant as in the definition of the term “big monodromy”. We may assume
that ¢y > char(K). Let e > 2 and define

Xp = {0 € G : A(Koop(0))[(] # 0}

for every prime ¢. Let p be the normalized Haar measure on GS,. Theorem [31]
follows from Claim 1 below, because Claim 1 together with the Borel-Cantelli
Lemma [3.3] implies that

n u x

neEN{>n prime

has measure zero.
Claim 1. The series >, ;.. #(X¢) converges.

Let ¢ > £y be a prime number. Note that

X;= |J {oeGxloi(P)=P forallit= | G5
PeAl\{0} PeAl\{0}

Let P(A[(]) = (A[£] \ {0})/F; be the projective space of lines in the Fy-vector
space A[l]. Tt is a projective space of dimension 2g — 1. For P € A[¢] \ {0} we
denote by P :=F, P the equivalence class of P in P(A[(]). For P € P(A[{]) and
P, P, € P there is an a € F, such that P, = aP, and P, = a~' Py, and this
implies K (P;) = K(P,). It follows that we can write

X,e == U G?((P) .
PeP(A[€])

Hence

w(Xe) < Z (G (py) = Z [K(P): K],

PeP(A[() PeP(A[()

and Lemma implies

_ 029 — 1 _ 029 -1 _
WXe) < Y Koz K7 = o [Ko s K702 = - |Gy /.
PcP(A[4))



But Gy contains Sp,,(F¢) and

g9
se = |Spay (Fe)| = ¢7 [T (¢* - 1)

i=1
(cf. [33]). It is thus enough to prove the following

. . 29_1 —e/2
Claim 2. The series > 3,5y prime £=1s, ¢/29 converges.

2 2 2g _ _
But sp ~ 97 T2+44+20 — p29"+9 ap(d 557—11 ~ £29=1 hence

0?9 — 1 S,e/gg
(-1 "¢
because e > 2. Claim 2 follows from that. O

~ (2971t ) — p(2=e)g—(145) < g2

4 Special sets of symplectic matrices

This section contains a construction of certain special sets of symplectic matrices
(cf. Theorem below) that will play a crucial role in the proof of part a) of
the Conjecture of Geyer and Jarden.

Let g > 2, and let V be a vector space of dimension 2g over a prime finite field
Fy, endowed with a symplectic form e : V x V — F,. Fix a symplectic basis
E ={e1,...,ez4} of V such that the symplectic form is given by the matrix

Ji
Ji
Jg = . where J; = <_01 (1)) .
Ji

For each A € GSp,,(F¢) there is an element A\ € F;* such that e(Av, Aw) =
Ae(v,w) for all v, w € V. We will say that the value A = £(A) of the multiplicator
map ¢ is the multiplier of A, and we will denote by GSp,,(F¢)[A] the set of
matrices in GSpy, (F¢) with multiplier \.

Remark 4.1. Here we collect some notation. Let p be a prime, q a power of p
and n € N.

For n not divisible by p, we will denote by ord, q the order of ¢ modulo n.

Denote by GSpg;) (Z/nZ) the set of matrices in GSpy,(Z/nZ) with multi-
plier equal to a power of ¢ modulo n.

e Denote by GSpg;O)(Z/nZ) := GSpy, (Z/nZ).

Let as, ..., 004, € Fp. Call ug = ea+azes+- -+ agge25. We denote
by Ty, [B] the morphism v — v + Be(v,uq)uq (which is a transvection if

8#0).

10



We begin with two easy lemmas that will be essential for Definition [£41

Lemma 4.2. Let { be a prime number. For each X € F[, the matrices of
GSpy, (Fe)[A] that fix the vector e1 are of the form

1| d|b by
Ol AX|0 O
0] (1)
1

.....

2g—2 € GSPQQ_Q(IFZ)[)\], d,dy,. .., dzgfz € Fy and

1[4
bk = X Z(de—lej,k — dgjbgj_l,k) f07“ each k = 1, ceey 2g — 2. (2)

Jj=1

Proof. Let A € GSpy,(F¢)[A] be such that Ae; = e;. Let us write the matrix of A
with respect to the symplectic basis {e1, e, ..., e24—1,€24}. Since e(e1,ex) =0
for all k = 3,...,2g, we obtain that e(e1, Aex) = 0. Therefore we can write the
matrix A as

11 d|b be
o(d |0 0
0 ds

I - B

where in the second row we get all entries zero save the (2,2)-th. Moreover,
since e(e1,e2) = 1, we get that e(er, Aea) = e(Aeq, Aea) = Ae(er,ez) = A, that
is to say, d’ = .

Furthermore, we have that e(es, e;) = 0forallk = 3,...,2g, hence e(Aes, Aey) =
0. These conditions give rise to the equations (2)). The rest of the conditions one
has to impose imply that B € GSpy,_5(F¢)[A]. This proves that the conditions
in the lemma are necessary. On the other hand, one can check that the product

At J, A = Ny,
so they are also sufficient. ([

Lemma 4.3. The set of matrices in GSpy, (F¢)[A] that do not have the eigen-
value 1 has cardinality greater than B(¢, g)|Spa,_o(Fe)|, where

£—2

B(t.g) = P07 (0 1)

Proof. The set of matrices A € GSp,,(F¢)[A] that fix the vector e; consists of
matrices of the form (), where B belongs to GSpy,_o(F¢)[A] and by, ..., by

11



are given by the formula ([2]) of Lemma [£2] Therefore the cardinality of the set
of such matrices is exactly

291 |GSP2g—2(F€)[)‘]| =29t |SP2g—2 (Fe)]-

On the other hand, the symplectic group acts transitively on the set of cyclic
subgroups of V' (cf. [I7, Thm. 9.9, Ch. 2]). Therefore if a matrix fixes any
nonzero vector, it can be conjugated to one of the above. Hence, to obtain an

upper bound for the number of matrices with eigenvalue 1 one has to multiply
291
—1 -

the previous number by the number of cyclic groups of V', namely

Therefore the set of matrices in GSpy,(F¢)[A] that have the eigenvalue 1 has

cardinality less than ﬂQg_MZ—_ll|Sp2972(IF¢)|. Hence the number of matrices in

GSpQggFg)[)\] that do not have the eigenvalue 1 is greater than [Spy,(F)| —
291 Ze:ll ISPay o (Fe)|-

Now apply the well known identity (see for instance the proof of [I7, Theorem
9.3. b)])
[Spag (Fe)| = (29 — 1)62971[Spy,_»(Fe)]. (3)

We thus see that the set of matrices in GSp,,(F¢)[A] that do not have the
eigenvalue 1 has cardinality greater than (¢, g)|Spa,_o(Fe)|- O

Definition 4.4. For each A € F choose once and for all a subset By of matrices
B € GSpy,_5(IF¢)[\] which do not have the eigenvalue 1, with

[Bx| = B(£, g — 1)[Spag—a(Fr)|
(which can be done by Lemmal[{.3). Define
Sx(€)o := {A of the shape [I)in Lemmal[{.2 such that:

B € By
dl,...,dgg_QGFg
d €T\ {—(br,...,bog 2)Ad = B)"' (d1, ..., dog)'},

SA(0) = {Tu 1B - AT, [B]: as,..., a4, B € Fp, A€ S;(€)o},

Let q be a power of a prime p # £. Define

ordeq

SO0y = | Su(0).
i=1
Define also

S0 = [ Sx).

A€EF)

Remark 4.5. Clearly S (¢) # 0 and S>)(¢) # (. Note moreover that all
matrices in SD () and S (¢) fix an element of V.

This section is devoted to prove the following result.
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Theorem 4.6. The following properties hold:

(1) Let q be a power of a prime number or ¢ = co. Then

Sy
SO0l _

~ |GSpSY (F.)|

In the first case £ runs through all prime numbers coprime to q and in the
second case through all prime numbers.

(2) Let q be a power of a prime number p or ¢ = co. Let {1, ... L, be different
prime numbers. If ¢ # oo assume that the £; are different from p. Let
n==~»g - £.. Then

15 (n)] :ﬁ 5@ (¢))]
GSps? (Z/nZ))| GSps? (Fy, )|

j=1

where S0 (n) C GSpo, (Z/nZ) is the set of matrices that belong to S@(¢;)
modulo £;, for all j =1,...,7.

First we will prove part (1) of Theorem We will need four lemmata.

On the one hand, the cardinality of Sy (¢)g is very easy to compute.

Lemma 4.7. It holds that

[Sx(£)o] = £2972(€ = 1)B(€, g — 1)|Spag_4 (Fo)l-

Moreover we can compute the cardinality of Sy(¢) in terms of [Sx(¢)o].

Lemma 4.8. |S\(¢)| = (£2972(0 — 1) + 1)|Sx()o|-

Proof. Let A € Sx(£)o. First of all we will see that the vectors fixed by A are
those in the cyclic subgroup generated by e;. Since the matrix A clearly fixes
the vectors in the cyclic subgroup generated by ey, it suffices to show that any
vector fixed by A must belong to this subgroup.

Consider the system of equations A(z1,...,T25)" = (z1,...,224)". Assume first
that we have a solution with 2 = 0. Then the last 2g — 2 equations boil down
to

B(Z‘g, ‘e ,$Qg)t = (563, ey £E29>t.

But since B does not have the eigenvalue 1, this equations are not simultaneously
satisfied by a nonzero tuple, hence (z1,...,2a4)" belongs to the cyclic group
generated by e;.

Assume now that we have a solution (z1,...,24)" with 22 # 0. Since 1 is not

an eigenvalue of B, the matrix Id — B is invertible, and we can write the last
2g — 2 equations as

13



(1‘3/:62, ey ZL'Qg/SCQ)t = (Id — B)il(dl, ey dgg,Q)t.
On the other hand, the first equation reads

d = 7(()1, .. .,bggfg)(l'g/l'Q, .. .,zgg/l'g)t.

Hence

d= 7(b15 .. -7b2972)(1d - B)_l(d3a s 5d29)t'

But we have precisely asked that d does not satisfy such an equation, cf. Defi-

nition [4.4]

Now one can check that, if we have A,Z € Sx(0)o and elements ag, ..., agg,
B,as,...,ay, B in Fy such that T, [8]7! - ATy, [8] = Tu.[B]7' - A - Tu.|A],
thengitherﬁzﬁanndA:gorelsgak:&b fork:S,...,Qg,ﬁ:ENand
A = A. Namely, one notices that since A = T,,_[8]Ty. [8]7' - ATy, [8)Tu: 8] 7"
fixes e1, then A fixes Ty, [8]Tu, [ﬁ]_lel. But A only fixes the elements of the
cyclic group generated by ep; hence, T, [8]Tus [B]_lel must be in the cyclic
group generated by e;. Now computing Ty, [5]Tu- [3]7Le1 one can conclude
easily.

Therefore each element of Sy(£) gives rise to a subset of Sy(¢) by conjugation
by the matrices Ty, [8], where a runs through the tuples (as,...,agq) € Fggﬁ
and 8 € Fy, and Sy (¢) is the disjoint union of these subsets. Furthermore, each
of these sets has cardinality £2972(¢ — 1) + 1.

O
To prove the first part of Theorem [£.G6] we only need one more lemma, which is
an easy consequence of the Chinese Remainder Theorem.

Lemma 4.9. (1) Let q be a power of a prime number p, and let n be a square-
free natural number such that p ¥ n. The cardinality of GSpé‘;) (Z/nZ)
equals ord,(q) - Han |SP2g (Fe)l-

(2) Let ¢ = oo, and let n be a squarefree natural number. The cardinality of
GSpé‘;) (Z/nZ) equals Han(f — 1)|Sp2g(IFg)|.

Proof of Theorem [{.0|(1)

Let ¢ be a power of a prime p or ¢ = 0o, and let £ be a prime. In the first case,
let us also assume ¢ # p. Applying the identity (B]) in the proof of Lemma [£3]

twice to the cardinality of GSpg;) (Fy) and Lemmas [£.8] 1.7 and 9, we obtain

|S@O@) (@A —1) + )T —1)B(L g —1)|Spay_a(Fe)| 1
|GSpSY) (F)| (629 — 1)£2971(£2972 — 1)02973(Spy,_4 (Fe)| 2
and the sum 37, e 7 diverges. O
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To prove the second part of Theorem we need one auxiliary lemma. For the
rest of the section, ¢ will be a power of a prime p.

For each squarefree n not divisible by p and each ¢ = 1,...,0rd,(q), define
Syi(n) :={A € S@(n):e(A) = ¢° modulo n}.

Lemma 4.10. Let g be a power of a prime number p. Let {1,...,¢, be dis-
tinct primes which are different from p, and consider n = 1 ---- - {.. Let
i€{l,...,ordy(q)}. Then there is a bijection

Sqi(n) ~ qu(gl) X X qu(gr)

Proof. Consider the canonical projection

T Sql(n) — Sqi(fl) X oo X Sqi(fr)
A— (A modt,...,A mod{,).

This is clearly an injective map. Now we want to prove surjectivity. For each
J, take some matrix B; € Sy (¢;).

By the Chinese Remainder Theorem, there exists A € GSp,,(Z/nZ) such that
A projects onto B; for each j. Note that in particular A € S(@(n). Since £(A)

is congruent to £(B;) = ¢* modulo ¢; for all j, we get that e(A) = ¢' modulo n.
Therefore A € S;i(n). O

Proof of Theorem [{.0](2)
Case q # oo: On the one hand, since the cardinality of |S,: (¢)| does not depend
on 7, we obtain

H |S(q) (f)l - H Ord@ H
tin |GSDSY (Fp)| iy Orde(d >|Sp2g l ng

On the other hand, taking into account again that S, (¢)| is independent of i,
Lemma L9, and that [S,:(n)| =[], Sy (¢)| by Lemma ELI0, we get

SOy @ s S (T Se )

|GSp(Q)(Z/nZ)| ~ ord,(gq ) ILej 1SP2g (Fe)| ~ ordn(q) [Lepn [SP2g (Fe)| -

S (Mo 15001)  ordata) (TTyn 194(0))

~ ordn (@) Ty ISPagFO] — 0rdn(q) [Ty, [SPog (Fe)|
154(0)]
i [SP2g (FO)]

15



Case ¢ = co: By the Chinese Remainder Theorem, there is a canonical isomor-
phism

¢: GSpY) (Z/n) = H GSps(Z/4:)
and
S5 (n) = 718 (1)) x -+ x §()(¢,))
by the definition of S(>)(n). It follows that

15C) (n)] fﬁ 15C) (4,)]
GSps(Z/n)| =1 |GSPS (Z/4)]

as desired. O

Remark 4.11. In the definition of the set Sy i(€)o (cf. Definition [{.4), we
choose a subset By of matrices in GSpy,_o(Fe)lg’] without the eigenvalue 1,
which is large enough to ensure that part (1) of Theorem [{.6] holds. For a
concrete value of g, one can choose such set more explicitly. For instance, when
g = 2, instead of By one can consider the set

bii b ;
Bio={(,"" 1) b1 €Fp, bap €F\{1—b11+q'},
ba1 bapo

bia €F), bay = bi%(b1,1b2,2 —q")}

of £(£—1)% matrices, which can also be used to prove the second part of Theorem
[£-6] in the case of the group GSp,(Fy).

5 Proof of the Conjecture of Geyer and Jarden,
part a)

Theorem 5.1. Let (A, \) be a polarized abelian variety over a finitely generated
field K. Assume that A/K has big monodromy. Then for almost all 0 € Gg
there are infinitely many prime numbers ¢ such that A(Ksep(0))[4] # 0.

Proof. Let p := char(K). Let G = Gk and g := dim(A). We fix once and for
all for every prime number ¢ # p a symplectic basis of TyA. This defines an
isometry of symplectic spaces (A[n],e)) = ((Z/n)%9,e3), where " denotes
the standard symplectic pairing on (Z/n)?9, for every n € N which is not divis-
ible by p. We get an isomorphism GSp(A[n], e;) = GSp,,(Z/n) for every such
n, and we consider the representations

pn : G — GSpy,(Z/n)

attached to A/K after these choices. If m is a divisor of n, then we denote by
Tnm * GSpyy(Z/n) — GSpy,(Z/m) the corresponding canonical map, such that

Tnym © Pn = Pm-
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Let g := ¢(K) be the cardinality of the algebraic closure of the prime field of
K in K. Thus ¢ = oo if p = 0 and ¢ is a power of p otherwise. As A has big
monodromy, we find by Proposition 2.4 an integer ¢ (divisible by p, if p # 0)

such that im(p,) = GSp(q) (Z/n), for every n coprime to c.
For every prime number ¢ > ¢, we define

Xo = {0 € Gk | A(Ksep(0))[€] # 0}

It is enough to prove that (1,5, Usspn prime X¢ has measure 1. Let S@(n)

GSp(Q) (Z/n) be the special sets of symplectic matrices defined in Section 4.
By remark EEH p; ' (S@(¢)) ¢ X, for every prime number ¢ > c. It is thus
enough to prove that (,o.Us>n prime py (S@(£)) has measure 1. Clearly

(q) _ _189m) -
pe(pr (S (n))) GSo (2] for all integers m coprime to c¢. Hence part

(1) of Theorem implies that 3, . | ime pc(p; (S (0))) = .

Furthermore, if ¢1,--- ¢, > ¢ are different prime numbers and n = ¢ ---4,,
then

ﬂ pi (8 () = i (S ()

and part (2) of Theorem 6 implies

([P (89 H,LLG LS@(£,))).

Hence (p; ' (S@(£)))¢>c is a pe-independent sequence of subsets of G. Now
Lemma 3.3 implies that (1,5 . Ursr prime py H(S@(£)) has measure 1, as desired.
(|
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