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A BICATEGORY OF REDUCED ORBIFOLDS FROM THE
POINT OF VIEW OF DIFFERENTIAL GEOMETRY

MATTEO TOMMASINI

ABsTrRACT. We describe a bicategory (Red Orb) of reduced orbifolds in the
framework of differential geometry (i.e. without any explicit reference to no-
tions of Lie groupoids or differentiable stacks, but only using orbifold atlases,
local lifts and changes of charts). In order to construct such a bicategory we
first define a 2-category (Red Atl) whose objects are reduced orbifold atlases
(on paracompact, second countable, Hausdorff topological spaces). The defi-
nition of morphisms is obtained as a slight modification of a definition by A.
Pohl, while the definition of 2-morphisms and compositions of them is new in
this setup. By using the bicalculus of fractions described by D. Pronk, we are
able to construct from such a 2-category the bicategory (Red Orb). We prove
that it is weakly equivalent to the bicategory of reduced orbifolds described in
terms of proper, effective, étale Lie groupoids by D. Pronk and I. Moerdijk and
to the 2-category of reduced orbifolds described by several authors in the past
in terms of a suitable class of differentiable Deligne-Mumford stacks . Finally,
we give a simple description of the homotopy category of (Red Orb).
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INTRODUCTION

A well known issue in mathematics is that of modelling geometric objects where
points have non-trivial groups of automorphisms. In topology and differential ge-
ometry the standard approach to these objects (when the groups associated to every
point are finite) is through orbifolds. This concept was formalized for the first time
by Ikiro Satake in 1956 in [Sa] with some different hypothesis than the current ones,
although the informal idea dates back at least to Henri Poincaré (for example, see
[Poi]). Currently there are at least 3 main approaches to orbifolds:

(a) via orbifold atlases (see for example [CR] and [Po] for the reduced case, but
take into account the fact that [CR] and [Po] give no compatible descriptions
for what concerns morphisms of orbifolds),

(b) via a class of Lie groupoids (see for example [Pr], [M] and [MM]),

(c) via a class of C*°-Deligne-Mumford stacks (see for example [J1] and [J2]).

On the one hand, the approaches in (a) give rise to 1-categories; on the other hand,
the approach in (b) gives rise to a bicategory (i.e. almost a 2-category, except that
we don’t require that compositions of 1-morphisms is associative, but only that it
is associative up to canonical 2-morphisms) and the approach in (c¢) gives rise to a
2-category. It was proved in [Pr] that (b) and (c) are weakly equivalent as bicate-
gories. Since (b) and (c) are compatible approaches, then one shall argue that there
should also exist a non-trivial structure of 2-category or bicategory having as objects
orbifold atlases or equivalence classes of them (i.e. orbifold structures). Moreover,
one would like to describe such a structure so that it is compatible with (b) and (c).

In the present paper we manage to get such results for the class of all reduced
orbifolds, i.e. orbifolds that are locally modelled on open connected sets of some
R™, modulo finite groups acting smoothly and effectively on them. In order to do
that, we proceed as follows.

(1) We describe a 2-category (Red Atl) whose objects are reduced orbifold atlases
on any paracompact, second countable, Hausdorff topological space. The defini-
tion of morphisms is obtained as a slight modification of an analogous definition
given by Anke Pohl in [Po], while the notion of 2-morphisms (and compositions
of them) is new in this setup (see definitions and [LT9)). Such definitions
are useful for differential geometers mainly because they don’t require any pre-
vious knowledge of Lie groupoids and/or differentiable stacks. (Red Atl) is a
2-category (see proposition B4, but it is still not the structure that we are
trying to get since in this 2-category different orbifold atlases that represent
the same orbifold structure are not related by an isomorphism neither by an
equivalence.

(2) We recall briefly the definition of the 2-category (PEE Gpd) whose objects
are proper, effective, étale Lie groupoids and we describe a 2-functor F' from
(Red Atl) to (PEE Gpd) (see theorem FL.IF).

(3) In [Pr] Dorette Pronk proved that the set Wpgg gq of all weak equivalences

(also known as Morita equivalences or essential equivalences) in (PEE Gpd)
admits a right calculus of fractions. Roughly speaking, this amounts to saying

.. . . ‘ 1
that it is possible to construct a bicategory (PEE gpd) [WPEE Gpd} and a

pseudofunctor
G : (PEE Gpd) — (PEEgpd) [W;;E, Gpd}

that sends each weak equivalence to an equivalence and that is universal with
respect to this property (see proposition [5.3]). The bicategory obtained in this
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way is the bicategory we mentioned in (b) above if we restrict to the case of re-
duced orbifolds. Using the same technique, we are able to identify in (Red Atl)
a set WRed at1 of 1-morphisms (that we call again “weak equivalences”, see de-
finition [6.1)) and to prove that it admits a right calculus of fractions. Roughly
speaking, such weak equivalences are in bijection with weak equivalences of
Lie groupoids via the 2-functor F' (we refer to proposition for the precise
statement). Since we have a right calculus of fractions, we are able to construct
a bicategory (Red Atl) and a pseudofunctor

H : (Red Atl) — (Red Orb) := (Red Atl) [Wgly ]

that sends each weak equivalence to an equivalence and that is universal with
respect to this property (see proposition [6.8). Objects in this new bicategory
are again reduced orbifold atlases; a morphism from an atlas I/ to an atlas V is
a triple consisting of an atlas U’, a weak equivalence ' — U and a morphism
U — V (in other terms, a morphism is given first by replacing the source with
a new atlas that is weakly equivalent to the original one, then by considering
a morphism from the new atlas to the fixed target). We refer to (6.7 for the
description of 2-morphisms in this bicategory.

(4) We are able to prove that the pseudofunctor Go F' sends each weak equivalence
of orbifold atlases to an equivalence. Therefore, by the universal property of H,
there exists a unique pseudofunctor L making the following diagram commute

F

(Red Atl) (PEE Gpd)
H % G
L z -1
(RedOrb) — =, (PEE Gpd) [WPEE Gpd} .

(5) Then we are able to prove (see theorem [6.9) that L is a weak equivalence
of bicategories (and an equivalence of bicategories if one uses the axiom of
choice). This proves that the approach described in (Red Orb) is compatible
with the approach (b) to reduced orbifolds in terms of proper, effective, étale Lie
groupoids. Since (b) and (c) are equivalent approaches by [Pr], this allows us
to prove that (Red Orb) is weakly equivalent to the 2-category of effective orb-
ifolds described as a full 2-subcategory of the category of C'°°-Deligne-Mumford
stacks (see theorem [7.1]).

In the last part of this paper we will also provide a simple description of a 1-category
(Ho) whose objects are reduced orbifold structures (i.e. classes of equivalent re-
duced orbifold atlases on a topological space), whose morphisms are suitable classes
of morphisms (see definition 4] and that contains the category of C*°-manifolds
as a full subcategory. We prove (see theorem B.8)) that (Ho) is equivalent to the
homotopy category of (Red Orb) (i.e. the 1-category obtained from (Red Orb)
by identifying any pair of morphisms connected by an invertible 2-morphism).

Some problems remain open:

(i) we have described a bicategory structure by restricting to the case of reduced
orbifolds. Is it possible to give an analogous description also in the more
general case of non-reduced orbifolds? Since (b) and (c) are defined also
for non-reduced orbifolds, in principle this should be possible, but it seems
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that it will require more work (for example, the notion of morphisms and
2-morphisms will be much more complicated in that setup).

(ii) Our approach is compatible with the one in terms of Lie groupoids and in
terms of C'*°-Deligne-Mumford stacks, but it seems that the 1-category (Ho)
that we obtain is not equivalent to the 1-category described in [CR]. To
be more precise, the description given in [CR] holds also for non-reduced
orbifolds; if we restrict to the full subcategory of reduced orbifolds, then the
objects are exactly the same of (Ho), but the morphisms (described there as
“good maps”, i.e. equivalence classes of “compatible systems”) appear to be a
strict subset of the morphisms in (Ho). The most important obstruction for
having a complete agreement is the request in [CR] §4.4| that a compatible
system should give a bijection between a collection of open connected sets that
cover the topological space in the source and a collection of open connected
sets covering (part of) the topological space in the target. This implies that
the trivial map from a manifold consisting of 2 disjoint copies of a unit ball
in some R™ to a manifold consisting of the same unit ball (both considered
as trivial orbifolds) can’t be a morphism according to [CR]. On the other
hand, any such morphism is obviously a morphism of manifolds, hence it is
also a morphism of orbifolds in (Ho). Therefore, in order to have a complete
compatibility between the 1-category in [CR] and (Red Orb) (or, equivalently,
Lie groupoids or C°-Deligne-Mumford stacks) one should relax a bit the
axioms used in [CR].

1. REDUCED ORBIFOLD ATLASES
Let us review some basic definitions about orbifolds.

Definition 1.1. [MP] §1] Let X be a paracompact, second countable, Hausdorff
topological space and let U C X be open and non-empty. Then a reduced orbifold
chart (also known as reduced uniformizing system) of dimension n for U is the
datum of:

e a connected open subset U of R™;

e a finite group G of diffeomorphisms of U ;

e a continuous, surjective and G-invariant map 7 : U—U , which induces an

homeomorphism between U /G and U, where we give to U /G the quotient to-

pology.

Remark 1.2. We will always assume that G acts effectively; the orbifolds that
have this property are usually called reduced or effective. Since we will only consider
reduced orbifolds, we will sometimes omit the name “reduced”. Some of the current
literature on orbifolds assumes that U is only a connected smooth manifold of
dimension n instead of an open connected subset of R™. This makes a difference for
the definition of charts, but the arising notion of orbifold is not affected by that.
To be more precise, to any orbifold atlas (see below) where the U’s are connected
smooth manifolds of dimension n, one can associate easily another orbifold atlas
where the U’s are open connected subsets of R™ and the 2 orbifold atlases give rise
to the same orbifold structure (see below).

Definition 1.3. [Pol §2.1] Let us fix any 2 charts (ﬁ, G,m) and (ﬁ’, G',7') for
non-empty open subsets U, U’ of X. Then a change of charts with source (ﬁ ,G,m)
and target (ﬁ "G, ') is any diffeomorphism A : U — U’ defined between connected
open sets U C Uand U’ C ﬁ’, such that 7o A = 7. In particular, for consistency of
notations, we will say that also the empty map @ — @ is a change of charts. If X is
any change of charts, we denote by dom f its domain and by cod f its codomain. If
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2 € dom f, then germ,, f denotes the germ of f at xz. An embedding is any change of
charts A as before, such that dom A = U. Two charts as before are called compatible
if for each pair € U, ' € U’ with (%) = 7/(Z’) there exists a change of charts \
with 7 € dom X\ and 7’ € cod .

Remark 1.4. Let us suppose that we have any change of charts A from (ﬁ ,G,m)

o} (ﬁ’, G',7'); let us also fix any pair of points & € dom A and Z’ € cod A with
m(2) = n'(2') and any open neighbourhood A of ¥ in dom A\. Then there exists an
open neighbourhood A C 4 of 7 such that (A, Gz, 7| ) is a chart (where G7 is the
stabilizer of Z in G); in particular, A| 7 is an embedding of charts. Up to composing
A with an element of G’ we can also assume that A\(Z) = 7.

Definition 1.5. [MP] §1] Let X be a paracompact, second countable, Hausdorff
topological space; a reduced orbifold atlas of dimension n on X is any family U =
{(U;, Gi, ;) bier of reduced orbifolds charts of dimension n, such that:

(i) the family {m;(U;)}ies is an open cover of X;

(i) for every pair (¢,4) € I x I and for every x € m(ﬁ) N7y (Uy) there exists a
chart (U, G, 7) such that z € ﬂ'(U) C m(U) N Tis /(Uy) and there exists a pair
of embeddings of (U G,m) in (Ul, G;, ;) and (UZ , Gy, i) respectively.

Given any orbifold atlas U as before and any pair (i,4') € I x I, we denote by
Ch(U,1,1") the set of all changes of charts A from (ﬁz, G;,m;) to (ﬁi/,Gi/,m—/) and
we set Ch(U) == [1(; inerxs CHU, i, 7).

Remark 1.6. By remark [[4] (ii) is equivalent to imposing that any 2 charts of
U are compatible. In the literature there is also a more restrictive notion of atlas
where (ii) is replaced by
(i) same condition as (i) but we require that the chart (U, G, ) belongs to the
atlas U.

The atlases that are determined by (i)’ are a strict subset of those determined
by (ii); nonetheless the orbifold structures (see below) that one gets are the same.
In particular, the chart (ﬁ, G,m) will always belong to the maximal atlas Y™
associated to U (see below).

Definition 1.7. [MPl §1] Let ¢ and U’ be reduced orbifold atlases for the same
topological space X. We say that they are equivalent if their union is again an
orbifold atlas for X, i.e. if and only if any chart of i is compatible with any chart of
U'. This gives a partial order on the set of atlases for X; a reduced orbifold structure
of dimension n on X is any maximal orbifold atlas in that set, or equivalently, any
equivalence class with respect to compatibility of atlases. A reduced orbifold of
dimension n is any pair (X, []) consisting of a paracompact, second countable,
Hausdorff topological space X and a reduced orbifold structure [4] on X. Any
atlas in [U] is called an orbifold atlas for (X, [U]).

Definition 1.8. [CR], §4.1] Let f : X — Y be any continuous map between topo-
logical spaces and let U C X and V' C Y be open subsets such that f(U) C V.
Let us suppose that there exists charts (17, G, ) for U and (‘7, H,¢) for V. Then
a local lift of f with respect to these 2 charts is any smooth map f: U — V such
that (bof: fom.

Definition 1.9. Let us fix any orbifold atlas U/ as before and let P be any subset
of Ch(U). We say that P is a good subset of Ch(U) if the following property hold:

(P1) for each A € Ch(U) and for each & € dom X there exists A € P such that
Z € dom A and germz; A = germz .
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Since P is a subset of Ch(U), for each (i,i") € I x I we write for simplicity P(i, i) :=
PNChU,i,i") and P(i,—) := []; c; P(i,7).

Remark 1.10. In the notations of [Po|, (P1) is the condition that P generates
the pseudogroup Ch(U) (inside the larger pseudogroup ¥(U) defined in [Pd]). In
[Po] there are other two technical conditions (axioms of “quasi-pseudogroup”), but
they are implied by (P1) in our case, so we omit them. Under this remark, our
definition of morphism (see below) will be almost equivalent to that stated in [Pol
definition 4.10]; the only difference will be that the morphisms of the form v(\) in
[Po] are required to be embeddings between orbifold charts (small enough), while
we only require that they are changes of charts. Anyway, it is easy to see that the
two definitions give rise to the same notion of morphism between orbifold atlases.

Definition 1.11. Let U = {(U;, Gi,m)Yier and V = {(V;, H;, ¢;)}jes be orbifold
atlases for X and Y respectively. Then a representative of a morphism from U to
V is any tuple f := (f, ], {ﬁ'}ie[, Py, vy) that satisfies the following conditions:
(Ql) f: X —Y is any continuous map;
(Q2) f:1— Jis any set map;
(Q3) for each ¢ € I, the map ﬁ is a local lift of f with respect to the orbifold
charts(Uz, G;,m;) € U and ( Fliy» f(l),qb—(z )EV;
(Q4) P is any good subset of Ch(U);
(Q5) vy : P — Ch(V) is any set map that assigns to each A € P(i,4') a change of
charts v¢(X\) € Ch(V, f(i), f(i")), such that:
(a) domuwy () is an open set containing fi(dom \),
(b) codwys () is an open set containing fir(cod \),
(c) l’o)‘_l/f( o fildom A,
(d) for alli e I, for all \, N € Py(i,—) and for all ; € dom A Ndom \ with
germgz, A = germg, \', we have

germy oy vp(A) = germy ve(XN),

e) for all (i,4',4") € I3, for all A € Py (i,4’), for all u € P(3’,i") and for all
f f
Z; € A1 (cod A N dom 1) we have

germy () Vi (k) - germg, g vp(A) = germg ) vy (n)

where 7 is any element of P(i,i"”) such that germz n = germz, po A (it
exists by (P1)),

(f) foralli € I, for all X € P(i,4) and for all 7; € dom A such that germz A =
germg, idg , we have

germg ) vy (A) = germy. @) id‘77(¢)'
Definition 1.12. Let us fix two orbifold atlases U = {(ﬁi,Gi,m)}ie[ and V =
{(V;,Hj, ¢j)}jes for X and Y respectively and let

P= (17} ) g (17 (), 2it)

be two representatives of orbifold maps from U to V. We say that f is equivalent
to f/if and only if f = f/, f = f/, fi= fl forallie I, and

germy, 5 vp(A) = germy o v (N)
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for all i € I, for all A € Py(i,—), N € P;(i,—) and for all ; € dom A N dom \
with germz A = germz \'. This defines an equivalence relation (it is reflexive by

(Q5d)). The equivalence class of f will be denoted by

[f] = <f577 {ﬁ}ief s [Pf77/f]) U —Y
and it is called an orbifold map from U to V over the continuous map f: X — Y.

Definition 1.13. Let us fix any orbifold atlas U := {((71, G;,m;)}icr on a topo-
logical space X and let U™®* be the maximal atlas associated to 4. Then there
is an obvious morphism ¢ over idx from U to U™?* given by considering every
chart in U as a chart in 4™?* and by considering every change of charts in U as
a change of charts in Y™ (in particular, we can choose as good subset P the set

Ch(U) C Ch(U™)).

We need to define compositions of morphisms of orbifold atlases. In order to do
that we follow [Po, construction 5.9], with the only difference due to remark [L.T0Ol

Construction 1.14. Let us fix any triple of orbifold atlases

U={(U,Gimi)ier, Vi={V;,Hj,¢;)}jes, W={(Wi,E;,&)}er
for 3 topological spaces X, Y and Z respectively. Let us also fix morphisms

1= <f, RN Vf]) UV,

[9] = (g,ﬁa {Ej}jeJ, [Pg,vg]) SV — WL

Then we define a composition

i€

(8]0 f] =[] = <go ISR [Ph,yh]) U W

Here we construct the class [Py, v,] as follows: first of all we fix representatives
(Pr,vy) for [Pr,vy] and (Py,vy) for [Py,v,]. Then let us fix any ¢ € I, any \ €
P;(i,—) and any point Z; € dom . Since P, is a good subset of Ch(V), then by

(P1) there exists Vi@ € Lo and an open set

ViGow,on € domuvs(A) N dom'yﬁ_(zi)yyf@) < Vi
such that f;(Z;) € \7}71_(51_) vy and

() ‘v

fi(ii)yl'f(A)

- (Vf?(a),ufm) ‘a :

Fi@) v
For each pair (A, Z;) as before, let us consider the open set

S W 7 ~
Uson = 57 (Vi ) N dom A € T
Then for each i € I and for each A € Py (i, —) we choose any set of points

{55}6615“()\) c Ui
such that:
(i) Vfi@f)ﬂ/f@) # Vi@ for all e # €’ in E()\);
(ii) the set {Uze r}ecr(n) is a covering for dom A.
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Then we set:

P, = {A|ﬁigyk, Viel, VA€ Pyi,—), Ve e E()\)}.

Since Py is a good subset of Ch(U), then by (ii) we get that also P}, is a good subset
of Ch(U). Then for each Ay € P, we set

ind — A~
vy (Mﬁzf,x) T RGE) )
Property (i) implies that Vif“d is a well-defined map from Py, to Ch(V) and a direct

computation proves that (Py, V}“d) € [Py, vy]. Then we simply define

— _ ind
Vh ()\|[75§,>\) =V (Vﬁ(ff)yl/f(/\)) =Vgoly ()\|[75§,>\)

for every Az . L€ Py,. Tt is easy to verify that vy, satisfies properties (Q5a)-(Q5d).

The construction of P, and v, depends on some choices, but it can be proved that
the equivalence class [Py, 4] does not depend on such choices. In this way we have
defined a notion of composition of morphisms of orbifold atlases.

Lemma 1.15. The composition of morphisms of orbifold atlases is associative.

The proof is obvious for what concerns the composition of maps of the form f, f and
fi; the proof of the associativity on the pairs of the form [Py, vy] is straightforward,
so we omit it.

Definition 1.16. Let us fix any continuous function f : X — Y and let & =
{(Ui, Gi,mi) Yier and V := {(V}, Hj, ¢j) }jes be orbifold atlases for X and Y respec-
tively. Moreover, let us fix 2 morphisms from U to V over f:

[fm] = (fa?ma {ﬁm}iel, [P}n,u}"]) , form=1,2.

Then a representative of a 2-morphism from [f] to [f2] is any set of data:

0= {009 e

(R1) for all 4 € I the set {ﬁf}aeA(i) is an open covering of U; (we allow the

such that:

possibility that some of the ﬁ{“s are empty sets);
(R2) for all ¢ € I and for all a € A(4), 62 is a change of charts in V with

JH(08) € domer € Vi J2(0F) Ceoddf € Ve,

(R3) for all i € I, for all a € A(i) and for all Z; € U® we have

f2(@) = 07 o fi (7a); (1.1)
(R4) for all i € I, for all a,a’ € A(i) and for all Z; € U*N U (if non empty) we
have

’

germz 5 ) 0 = germy . o7

(note that (R3) only proves that §¢ coincides with 6% on the set f1(UNU),
that in general is not an open set since f} can be non-open);
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(R5) for all (3,4") € I x I, for all (a,a’) € A(i) x A(i), for all A € Ch(U,14,4"), and
for all #; € dom A N U# such that \(Z;) € US there exist

(P}",V}") € [P}",V}"} , AT e PP(iyi') form=1,2 (1.2)
such that
T; € dom\™, germgz \™ = germz, A for m = 1,2, (1.3)

germp ) vi(\?) - germg ) 6} = BT (3 (3, 5y germp ) vi(Ah). (1.4)

Remark 1.17. Both the left hand side and the right hand side of (I4)) are well-
defined. Indeed,
J2@:) =07 0 (@)
by (LI) and
O (F @) = (V@) = F (M@)
by definition A! and by (Q5c).

Remark 1.18. Let us suppose that there exist data as in (IL2]) that satisfy condi-
tions (L3) and (L4). Let us suppose that (Py™, ™, A"™) for m = 1,2 is another set
of data as ([L2)) that satisfies condition (L3]). Then by definition [[L12] we conclude
that

germ g 5 ) vir(\™) = germﬁm(ii)y’fm (\'™) form = 1,2,
so (LF) is verified also by the new set of data. Therefore, (R5) is equivalent to:
(R5) for all (i,i") € I x I, for all (a,a’) € A(:) x A(i), for all A € Ch(U,1,1'), for

all z; € dom AN ﬁf such that A\(%;) € U and for all data (IZ2) that satisfy

(T3], we have that (T4) holds.

Definition 1.19. Let us fix any continuous function f: X — Y and let & and V
be orbifold atlases for X and Y respectively. Moreover, let us fix 2 morphisms [f1],
[f?] from U to V over f and let us fix 2 representatives of 2-morphisms from [f!]

to [f2):
0:= {(ﬁza’ 5;1) }iEI,aGA(i) , 0= {(ﬁf’ SZE) }iej,an(z') '

Then we say that ¢ is equivalent to 0 if and only if for all ¢ € I, for all pairs
(a,a) € A(i) x A(i) and for all 7; € U2 N UZ (if non-empty) we have

germy ;) 0j = germp @) 5.
This definition gives rise to an equivalence relation (it is reflexive by (R4)). We
denote by [d] : [f!] = [f?] the class of any & as before and we say that [§] is a

2-morphism from [f!] to [f2].

Remark 1.20. In principle the definition of 2-morphism can be given even if [f!]
and [ fQ] are defined from the same source but with different targets V!, V2, provided
that V! and V? are equivalent orbifold atlases. Actually, in this case we can consider
the compositions of [f1] and of [f1] with the “inclusions” ¢y and ty2 of V; and Vs in
their common maximal atlas V™ (see definition [[I3)). We prefer to give anyway

the definition of 2-morphism only in the case when the target of [f!] and of [f?] are
the same because we will need to match the axioms of a 2-category.
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2. VERTICAL AND HORIZONTAL COMPOSITIONS BETWEEN 2-MORPHISMS

Construction 2.1. Let us fix any pair of orbifold atlases U = {(171, Gi, ™) bier,
V = {(V;,H;,¢;)}jes for X and Y respectively, any continuous map f : X — Y
and any triple of morphisms from U to V over f:

)= f 7 Prourl ) f =1,2,3.
[f ] (faf 7{fz }’LGI,[ 7Vf}> or m ) 4y
In addition, let us fix any 2-morphism [6] : [f1] = [f2] and any 2-morphism [o] :

(2] = [f3]. We want to define a vertical composition [0] © [6] : [f}] = [f?]; in
order to do that, let us fix representatives

0= {(aa’ 6;1) }iel,aeA(i) 77 {(ﬁzb’ 0?) }iel,beB(i)

for [0] and [o] respectively. For each i € I and for each (a,b) € A(i) x B(i) we set

et =0 0P, Vo= (597" (codag N domaf), 0" = 0 0 08|

and we define:

0= {(17;7”, oo

Remark 2.2. Note that some of the U} Ys can be empty, but this creates no

)}iel,(a,b)eA(i)xB(i) '

problems for (R1); moreover, some of the Oﬁ’b’s can be the changes of charts of the
form @ — @, but again this gives no problems for definition [[L3l If one prefers not
to deal with empty changes of charts, then for each i € I we can simply restrict to
the set of those (a,b)’s in A(¢) x B(4) such that ﬁf’b # &; for any such (a,b) we

have automatically that also Via’b is non-empty. An analogous remark applies also
for construction below.

Lemma 2.3. The collection 6 so defined is a representative of 2-morphism from
[f1] to [f°].
See the appendix for the proof. A straightforward proof shows that the class of 0

does not depend on the choices of representatives d for [0] and o for [o]. Therefore,
it makes sense to give the following definition.

Definition 2.4. Given any pair [8], [0] as before, we define their horizontal com-
position as:

o] 18] =16 : [/'] = /"],

Construction 2.5. Let us fix any triple of orbifold atlases

u:{(ﬁi;Giaﬂ-i)}iEIa V= {(‘ZaHjﬂ(b])}JEJa W:{(V[/laKlagl)}lEL
for X, Y and Z respectively. Let us also fix any pair of morphisms

[fm] = (fa?ma {ﬁm}ief {P}",V}"}) U —V for m=1,2,

[9™] == (g,ﬁm,{%”}m, {P;”,u;”D YV —W for m=1,2.

Moreover, let us suppose that we have fixed any 2-morphism [8] : [f1] = [f2] and
any 2-morphism [n] : [§'] = [¢%]. Our aim is to define an horizontal composition
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7]+ 6] : [§4] o [fY] = [§%] o [f?]. In order to do that, we fix any representative
(P vl) for [P}, v}l] and any representative

9’79 979
9= { (ﬁ?’ 6?) }ielﬁez(i)

for [§]. For any i € I and any @ € A(i) we have that gf € Ch(V). Since P; is a
good subset of Ch(Uf), then there exists a set

a 1
{67 tocagia) € Py

such that

domggig U dom 6’
acA(i,a)

and such that for each Z; € domgf there exists a € A(i,a) such that fil (%) €
dom ¢ and germfl(i)éf = germp ;) 67, For each a € A(i,a) we set Uj :=
U N (f1)"'(dom6%); then for each i € I we set A(i) := aeA( Ali,a) and we
consider the representative

5= {(55’55)}1-61@6,4@) e [4).

We choose also any representative 1 := {(V,75)}jes.cec(j) for [n]. Then for each
iel,ae A®i) and c € O(F (i) we set

v =00 (72) 7 (codsen ¥, ).

Wia,c = (y; (5;1)) 71(c0d V; (6¢) N dom 77%2(1,)),

a,c
Vi =N

70 ° Ve (0F)

ii7a,c
W

and we define

={(Tr2) } o
i {( " i€l,(a,c)€A()XC(f (1))

Lemma 2.6. The collection v so defined is a representative of a 2-morphism from

[§%] o [f1] to [§%] o [f2].

See the appendix for the proof. A direct check proves that the class of v does
not depend on the representatives (P,,v,), 6 and 7 chosen for [P}, v,], [§] and
[n] respectively (with the condition that for each i and a the change of charts ¢

belongs to Pg1 as before). So it makes sense to give the following definition.

Definition 2.7. Given any pair [d], [n] as before, we define their vertical composi-
tion as:
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3. THE 2-CATEGORY (Red Atl)

Definition 3.1. Given any reduced orbifold atlas U = {(U;, G;, ;) }ies on a space
X, we define the identity of U as the morphism

idy = (idx,id,, {1%}.6[ , [Ch(u),uid]) U —U

where viq is the identity on Ch(U). Given any pair of reduced orbifold atlases U
and V and any morphism [f] = (f, f, {fi}ic1, [Py, vs]) from U to V, we define the

2-identity i[f] as the class of
(G
Vi) Jier

Moreover, for each orbifold atlas ¢/ on a topological space X, we set 4/ := 4iqy,.
A direct check proves that:

Lemma 3.2. The morphisms and 2-morphisms of the form id and i are the iden-
tities with respect to o and ® respectively. Moreover, any 2-morphism is invertible
with respect to ©.

Lemma 3.3. Given any diagram as follows

mm
\/U

we have

(o) (1@ 10]) = (1] *[o]) © (Il * [8])-
See the appendix for the proof.

Proposition 3.4. The definitions of reduced orbifold atlases, morphisms and 2-

morphisms, compositions o, ®,* and identities give rise to a 2-category, that we
will denote by (Red Atl).

Proof. In order to construct a 2-category, we define some data as follows.

(1) The class of objects is just the set of all reduced orbifold atlases U for every
paracompact, second countable, Hausdorff topological space X (if any).

(2) If U and V are atlases for X and Y respectively, we define a small category
(Red Atl)(U, V) as follows: the space of objects is the set of all morphisms
[ f] : U — V (if any) over all continuous maps f : X — Y for any pair of
compatible systems [ f] and [g] for f and g respectively, we define:

. all 2-morphisms [f] = [§] if f=yg
Red Atl = '
((Red A2 V) (7)) = { . =9
The composition in any such category is the vertical composition ®, that is
clearly associative; the identity over any object [f] is just i[ ' By lemma
we get that actually any such category is a groupoid, i.e. a category where all
morphisms are invertible.
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(3) For every triple U, V, W of objects, we define the functor “composition”

(Red At])(U,V) x (Red Atl)(V, W) — (Red Atl)(U, W)
as o on any pair of morphisms and as * on any pair of horizontally composable
2-morphisms. We want to prove that this gives rise to a functor. It is easy to see
that identities are preserved, so one needs only to prove that compositions are
preserved, i.e. that the interchange law (see [Bl proposition 1.3.5]) is satisfied.
This is exactly the statement of lemma [3.3]

All the other necessary proofs that (Red Atl) is a 2-category are trivial, so we omit
them. 0

4. FROM REDUCED ORBIFOLD ATLASES TO PROPER, EFFECTIVE, ETALE LIE
GROUPOIDS

We recall briefly some notions of Lie groupoids.

Definition 4.1. [[| definition 2.11] A Lie groupoid is the datum of two smooth
manifolds R,U and five smooth maps:

e 5,t: R = U such that both s and ¢ are submersions (so that the fiber products
of the form R; x5 --- ¢ x4 R (for finitely many terms) exist); these two maps
are usually called source and target of the Lie groupoid;

e m: R; Xs; R— R, called multiplication;

e i: R — R, known as inverse of the Lie groupoid;

e ¢:U — R, called identity;

which satisfy the following axioms:

(S1) soe=1y =toe;

(S2) if we denote by pri; and pre the two projections from the fibred product
R; x5 Rto R, then we have som = sopr; and t om =t o pro;

(S3) the two morphisms mo (1g x m) and mo (m x 1g) from Ry x5 Ry x5 R to
R are equal;

(S4) the two morphisms m o (e o s,1g) and mo (1g,eot) from R to R are both
equal to the identity of R;

(S5) io0i = 1g, soi = t (and therefore ¢t o i = s); moreover, we require that
mo (1g,i) =eosand mo (i,1g) =eot:

In other terms, a Lie groupoid is an internal groupoid (see [BCEL], §3.1]) in the
category of smooth manifolds, such that s and ¢ are submersions. For simplicity, we
will denote any Lie groupoid as before by R %& U. In the literature one can also find
the notations (U, R, s, t,m,e,i), Ry x;, R3 R R=U 5 R and G = (Go, G1)
(where Gy is the set U and G is the set R in our notations).

Definition 4.2. |[M, §2.1] Given two Lie groupoids R %& U and R’ jj: U, a
morphism between them is any pair (¢, V), where ¢p : U — U’ and ¥ : R — R’
are smooth morphisms, which together commute with all structure morphisms of
the two Lie groupoid. In other words, we ask that s’ o W = os, t' oW =1 ot,
Voe=e€oth, Tom=m'o(¥xT)and Poi=100.

Definition 4.3. [PS| definition 2.3] Let us suppose we have fixed 2 morphisms of
Lie groupoid (¢™,¥™): (R = U) — (R ;& U’) for m = 1,2. Then a 2-morphism
(also known as natural transformation) o : (Y1, ¥l) = (2, ¥?) is the datum of
any smooth map « : U — R’ such that the following conditions hold:

(T1) s oa=1! and t' o o = ¥?;

(T2) m/ o (awos, ¥?) =m'o (¥ aot).
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There are well known notions of compositions of morphisms, vertical and horizontal
compositions of 2-morphisms and identities; we refer to [T, §2.2] for more details.
In particular, we have:

Proposition 4.4. [PS| §2.1] The data of Lie groupoids, morphisms, and natural
transformations between them (together with compositions and identities) form a
2-category, known as (Lie Gpd).

Definition 4.5. [M| §1.2 and 1.5] A Lie groupoid R ;; U is proper if the map
(s,t) : R — U x U is proper; it is étale if the maps s and ¢ are both étale (i.e. local
diffeomorphisms).

Definition 4.6. [M| example 1.5] Let R %& U be an étale Lie groupoid, let us
fix any point v € U and let us define R, := (s,t)"*{(u,u)}, called the isotropy
subgroup of u. Since both s and ¢ are étale, for every point 7 in R, we can find a
sufficiently small open neighbourhood W, of r where both s and ¢ are invertible.
Then to every point r in R,, we can associate the set map:

Fi=to(slw,) "t s(W,) — t(W,.);
this is a diffeomorphism between two open neighbourhoods of u and it fixes wu.
Then we can define a set map (actually, a group homomorphism) x,, from R, to
the group of germs of smooth maps defined around w and which fix u. Then we say
that R %& U is effective (or reduced) if x, is injective for every u in U.

Definition 4.7. We define the 2-categories (E Gpd), (PE Gpd) and (PEE Gpd)
as full 2-subcategories of (Lie Gpd) by restricting to étale Lie groupoids, respec-
tively proper étale Lie groupoids, respectively proper, effective, étale Lie groupoids.
Morphisms and 2-morphisms are simply restricted according to that. The aim of
this section is to describe a 2-functor F' from (Red Atl) to (PEE Gpd).

Construction 4.8. (adapted from [Pol construction 2.4] and from [Pr2], §4.4]) Let
us fix any reduced orbifold atlas U = {(U;, G;, ;) }icr of dimension n. Then we
define Fy(U) := (R =2 U) as the following Lie groupoid.

e The manifold U is defined as ],

by the fact that each U, is an open subset of R™.
e As a set, we define

ﬁi, with the natural smooth structure given

R:= {germii A, Viel,VYAxeChU,i,—), VZ; € dom)\} )
For each i € T and for each A\ € Ch(U, i, —) we set

R(\) := {germz )\, VZ € dom\} C R.
Then the topological and differentiable structure on R are given by the germ

topology and by the germ differentiable structure, i.e. we require that for each
1 € I and each A\ € Ch(U, i, —) the bijection

7(A):{ R(\) = domACU; CR" (1)

germg, A+ T;
is a diffeomorphism.
e The structure maps are defined as follows:

s(germg, A) := Ty, t(germg, \) := \(Zy),
m(germg, A, germy z,) p) := germy z,) {4 - Germy, A = germg, i 0 A,

i(germg, A) := germyz,) A, e(F;) = germy, idy; .
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A direct check proves that s and t are both étale, that m, e, i are smooth and that
axioms (S1)-(S5) are satisfied, so Fo(U) is an étale Lie groupoid.

Lemma 4.9. For every reduced orbifold atlas U, the Lie groupoid Fo(U) belongs to
(PEE Gpd).

Proof. For each u € U the map x,, defined before is obviously injective, hence Fy(U)
is effective; so we need only to prove that (s,t) : R — U x U is proper. Let us fix any
compact set K C U x U and let {¢™ },nen be any sequence in (s,t)"1(K) C R. Up
to passing to a subsequence we can always assume that the sequence (s,t)(¢") € K
converges to some point (fi,fi/) S [71- X ﬁi/, so for m > my we can assume that
(s,t)(¢™) € U; x Uy and we can write (s,t)(¢™) =: (Z™,Z™). By definition of R,
we have that for m > m; there exists a (non-unique) change of charts A\ from
(ﬁi, Gi, 7T1') to (ﬁi/, Gi/, 7Ti/) such that
" €dom A", ¢™ =germz A\, N"(z]") =T;".

Since U is an orbifold atlas, then there exists a change of charts A from (171, G, ;)
to ([71-/, Gir, i) such that Z; € dom A. For m > mgy > m; we have that Z7* € dom \.
Then for each such m there exists a chart (U™, G™, Ti|gm) such that 7" € UmC
dom Andom A™ C U;. For m > my we have that both A and A™ (suitably restricted)
can be considered as embeddings from (l?’”,Gm,mhjm) to (ﬁir,Gir,m/). So by
[IMP] lemma A.1] there exists a unique g™ € Gy such that \™ |5, = g™ o A|g,..
Since G/ is a finite set, then after passing to a subsequence we can assume that
g™ is the same for all m > mq; we denote such a map by ¢g. Then by definition of
differentiable structure on R we have

lim ¢™ = lim germzm A™ = lim germzm go A = germs go A.
m—oo m—o0 i m—soo i i
So this proves that (s,t)~*(K) is compact, so (s,t) is proper. |

Construction 4.10. (adapted from [Pol proposition 4.7]) Let us fix any pair of
reduced orbifold atlases U := {(U;, Gi,mi)}icr and V = {(V}, H;, ¢j)}jes for X

and Y respectively and any morphism [f] : i/ — V with representative given by

f= (f,7, {ﬁ}ielapfayf> :
We set
R = (R2U), RV)=(RZU),

where
U:w=1lc; Ui, R:={germy \, Vi€l VA€ChU,i,~), Vi €domA},
U =11, Vi R = {germgj p, Vi€ J YueChV,j—), Vi € dom,u} .
Then we define a set map 9 : U — U’ as

— T v ’
1/)|ﬁi =fi: Ui — Vf(i) cU

for all ¢ € I. Now let r be any point in R and let &; := s(r) € U, for some i € I.
Since Py is a good subset of Ch(Uf), then there is a (non-unique) A € Py(i, —) such
that r = germ; A. We set

U(r) = germg 5 vp(A) € R
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If X' is another element of Py (i, —) such that r» = germz \’, then property (Q5d)

for f proves that U(r) has the same expression, so ¥ is a well-defined set map from
R to R'. A direct check proves that both ¢ and ¥ are smooth and that the pair
(1, U) satisfies definition [4.2] so it is a morphism from Fy(U) to Fy(V). Now let us
suppose that

o= (7R, Pit)

is another representative of [f]. Then by definition we get that the morphism
from Fo(U) to Fy(V) associated to f' coincides with (i, ¥). Therefore it makes
sense to set

Fi([f]) = (0, 9) : FoU) — Fo(V).
Construction 4.11. Now let us fix any pair of atlases &/ and V for X and Y

respectively and any pair of morphisms [f1], [f2] : i — V over a continuous function
f: X =Y, with representatives

"= (f,?m, {ﬁm}ieI’PF’y?) for m =1, 2.

Let us also fix any 2-morphism [6] : [f!] = [f?] and any representative

for it. Let us set

R = (R5U), RY) = (R = U"), Fi([fm) = (0, 0 form = 1,2

Then let us define a set map 0 : U = [[,; U; — R as

o(T;) = germg of

for every i € I, for every a € A and for every x; € [71“, this is well-defined by
property (R4) for 6. We claim that § is a 2-morphism from (01, ¥1) to (2, ¥?).
Clearly ¢ is smooth, indeed on each open subset of U of the form [71“ we have that §
coincides with the composition of f; (that is smooth by definition of local lift) and
of the inverse of the chart v(6¢) for R’ (see [@I))). Moreover, let us fix any i € I,

any a € A(7) and any z; € U?. Then

s'od(@;) =45 (germfl(ii) 6;’) = ﬁl(@) = 1(T,),
v ob(@) = ¢ (gormp g, 07) = 87 0 FA(@) F P2(@) = v(@),

so ¢ satisfies axiom (T1). Now let us fix any point r € R and let us set Z; := s(r),
Ty := t(r) for a unique pair (i,7’) € I x I. Since both P} and P} are good subsets
of Ch(U), then for m = 1,2 there exist \™ € P"(i, ') such that germyz, A™ = r. By
property (R1) there exist a € A(i) and o’ € A(i’) such that z; € ﬁf and T; € ﬁﬁl
Then:
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(m/ o (80s,W2) (r) =m' (8(z;), P?(germz, A?)) =
a o (BB
=m' (germf}(’ii) o ) GO 72 5 ) y)%()@)) = germp ;) V%()@) Sgermz 5 ) N
(R5)’ o ~
= 8eIMA (135, 0 - germy vi(AY) = m/ (V! (germz, A1), 8(N (7)) =
= (m/o (¥, dot)) (r).

So ¢ satisfies also axiom (T2), therefore § is a 2-morphism from F ([f1]) to Fy ([f2]).
By definition [[LT9 we get that 6 depends only on [4] and not on the representative
6 chosen for that class. So it makes sense to set:

Fy([0]) =6 (') = Fu([f?]).
A direct check proves that:

Lemma 4.12. For every pair of composable morphisms [f]:U =V, [9] : V = W

we have Fy([g] o [f]) = F1([9]) o Fi([f]). For every morphism [f] between orbifold
atlases we have Fg(im) = ip ((f)); Jor every orbifold atlas U we have Fy (idy) =

idpo uy-

Lemma 4.13. Let us fix any diagram as follows:

Then Fy([o] © [9]) = F2([o]) © Fa([9])-

Proof. Let us set representatives

fm = <f,?m,{ﬁm}i€I,P}”,l/}”> for m=1,2,3

for [f™] for m = 1,2,3 and representatives

0= {(Uza’ 5;1) }iel,aeA(i) 77 {(ﬁzb’ U?) }iel,beB(i)

for [0] and [o] respectively. Then let us set F5([0]) =: § and Fy([o]) =: g; let us fix
any i € I, any (a,b) € A(#) x B(i) and any z; € Ut = UfNU?. Then

(P2 (o) @ Fo (1)) ) @) = (2 ©8) (@) = m' o (3,0) (&) =

=m/ (germf}(&) of, ermp 5 ) o:-’) = germp ;) ai? FgerImz 5 0 =

= germy, ;) 0?0 0f = FQ([U] ® [4] ) ().
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Lemma 4.14. Let us fix any diagram as follows:

M [9']
/\ /\
1)
v v
[/ [8%]

Then Fy([n] * [6]) = Fa([n]) * F2([0]).

Proof. Let us set representatives

fmo= <f,7m,{ﬁm}i€I,P}”,y}”> for m=1,2,

gm = (g,gm,{%”} ,Pg”,%”) for m=1,2
jeJ

for | fm] and [¢§™] respectively and representatives

0= {(Uf’ 521) }iel,aeA(i) T {(‘7;’ njc) }jeJ,ceC(j)

for [6] and [n] respectively, with ¢ as in construction 25 Then let us set:

s s

FoU) = (R=U), FyV)= (R’ = U’) . Fy(W) = (R” = U“),

B ([fm]) = (™, um),  Fi([g™]) =: (6™, &™) for m = 1,2,
Fy([6]) =6, Fa([n]) =:n.

Let us fix any ¢ € I, any (a,c) € A(7) x C(fQ(z)) and any point

e UM =UN (ff)il (codé“ﬂVC 2 ))

Then we have

(P (In)) * F2 (19)) ) @) = (m" o (@108, m002)) () =

= m" (®1(germp ) 37), n(FF(E) ) =

—m (germg1 oFL @) vy (6¢), germ~1 fz(ml)nf (1))

— germ~1 fQ(mz) an( ) - germy 11( )of @) g((;a) —

= gomgy, iz gy 0 %5 (00) = (Il 9] ) @)

Lemmas [£.9] [1.12] and [£.14] prove that:

Theorem 4.15. The data F := (Fy, F1, F») define a 2-functor from (Red Atl) to
(PEE Gpd).

We state 2 properties of F' that we are going to use soon.

Lemma 4.16. (adapted from |[Pd, proposition 4.9]) Let us fiz any pair of orbifold
atlases U,V for X and Y respectively. Let us set Fo(U) =: (R =2 U) and Fy(V) =

s

(R j::i U"). Let us also fixz any morphism (¥, V) : (R %{ U) = (R = U"). Then
there exists a unique morphism [f] U — YV such that Fl([f]) = (¢, U).
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Proof. Let us suppose that U = {((71, G, i) bier and V = {(‘Z, H;,¢j)}es. Since
each U; is connected by definition of orbifold atlas, then the morphism ¢ : U — U’
provides a set map f : I — J such that ¢ (U;) C Vi) For each i € I we set

ﬁ' = ¢|5i : [71- — N?(Z.). Then we define continuous maps

nU=[[0:— X, «:U=][Vi—Y
iel J€J
as 7|5 = m; and 7r’|‘~,j := ¢;. It is easy to see that both 7 and 7’ are open and
surjective; moreover, for each r € R we have 7 o s(r) = 7 o t(r); analogously for
each ' € R’ we have 7’ o' (r') = 7’ ot/(r"). Let us also define aset map f: X - Y
as

f(mi(@:) =1 0 (@) = 65y 0 ful@i) Vi€l Vi €U
This is well-defined; indeed let us suppose that m;(Z;) = 7/ (%) for some ¢’ € I
and T; € [71-/. Then by definition of orbifold atlas there exists a change of charts
A from ([71-, G;,m;) to (171'/, Gy, my) with Z; € dom A and A\(Z;) = T;r. Therefore we
have

f(mi(T3)) = 7" o p(Z;) = 7' 0P o s(germz, \) = 7' 0 5" o W(germgz, \) =
=7"ot' o W(germz \) = 7’ otpot(germz, \) = 1’ o1p o \(Z;) =
= o(Ty) = f(m(Ti)),
so f is well-defined. Since 7 is open and surjective and since fonr = 7r~’ o 1), then
we conclude that f is continuous. Now let us fix any ¢ € I, any Z; € U; and any

A € Ch(U,i,—) with Z; € dom A\. By construction of R and since (1, ¥) commutes
with s and ¢, there exists p € Ch(V, f(i), —) such that

U(germg, \) = germy,z,) 4 = germg, .y f-
Now let us consider the open set U (X, Z;, 1) := dom AN fi_l(dom ). Then for each
zp € U\, 4, pb) we have
U(germs \) = GeTmy oy [

Then let us set

Pri={Apoz s Vi€ LYAEChWU,i,~), ¥ € domA

if we have 2 (or more) collections (A, Z;, ) and (N, 2}, ') such that

Mooz = Mooz (42)
then we simply make arbitrarily a choice of a collection (A, Z;, 1) associated to
the morphism (£2) in P;. In particular, for each )\|[7(/\75i7#) € Py we can set
Vf()‘lﬁ(k,ii,u)) := p. Then it is easy to see that

fi= (f’7’ {ﬁ}ieI’Pf’ Vf)

is a representative of a morphism from U/ to V. Since the changes of charts of
the form g are not uniquely determined, then f is not unique, but the class | f] is
so. A direct check proves that Fy([f]) = (¢, ¥); moreover it is easy to see that if
[, [f2) : U — V are such that Fy([f']) = F1([f?]), then [f] = [f2]. This suffices

to complete the proof. (I
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Lemma 4.17. Let us fix any pair of orbifold atlases U,V for 2 topological spaces
X and Y respectively and any pair of morphisms [f™] : U — V for m = 1,2 with
representatives

fm= <f577 {ﬁm}ieI,P}n,V}n> form =1,2.

Let us set

Fot) = (R U), Fo(v) = (R S U), Bi([f™) = (™, ™) form=1,2.
Let us also fix any 2-morphism « : (', Wl) = (2, W?2). Then there exists a unique
2-morphism [0] : [f1] = [f?] such that F»([0]) = a.

Proof. By definition B3] @ is a smooth map from U to R’ such that s’ o a = ¥!; s
for each i € I and for each T; € U; C U we can choose a change of charts 61’ such
that

a(T;) = germy, () 67 = = germg, (511 (4.3)

For each T; € ﬁl we consider the set

3

R(67) == {germg71 LT Vg € dom 5?} CR.

By construction 8] for R', R’ (5?) is open in R’; moreover the map ~ defined on
that set by

(germg? ) 5?) Ve
is a diffeomorphism to an open set of some R™. We set U”” =a ! (R'((S”“))OU For
each i € I we choose any collection {Z{ },ca(;) such that the set {U }aeA(z is an
open covering of U,. For simplicity of notations, we set ¢ := 4, " 7 and U @ = U ¢

We claim that the collection § := {(U 0f)}Yier,aca() is a representative of a 2-

17

morphism from [f] to [f2].
Let us fix any ¢ € I, any a € A(i) and any z; € ﬁf, by definition of this set we have

a(Z;) = germy (z,) 05 = germy of (4.4)
(in other terms, (@3] holds not only for the point Z¢, but also in an open neigh-

bourhood of that point). By definition we have t' o o = 1)?; so for each T; € ﬁf
we have

@) =¢’@) =t oa@) =1 (germfg(gi) 55) = 87 o [ (&),

so in particular

AU € domey,  FAU) € cod o
therefore properties (Rl) (R2) and (R3) are verified for §. If a,a’ are indices in
A(i) and Z; € U“ N U“ then by ([@4) we have

germp ) 0 = a(z;) = germy 5?/,
o (R4) holds. Now let us fix any (i,4') € I x I, any (a,a’) € A7) x A(i"), any
X € Ch(U,i,i') and any Z; € dom A N UZ such that \(Z;) € US . Since P; and P}
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are both good subsets of Ch(U), then for m = 1,2 there exists \™ € P;"(4,4’) such
that z; € dom A™ and germz A™ = germz A\. We recall (see construction EI0)
that

U™ (germg, \) = 8O 7 7 ) vit(A™) form = 1,2.

Therefore:

a a @d
germp, ;. 1/)% (\2) - germz ) 8¢ =m/ (germf:_l(ii) 5¢  germp o 1/]20(/\2)) =

@ (m/ o (aos,¥?)) (germz, A?) ™ (m/ o (V! aot)) (germz A') =

=m' (germf}(&) V}(}\), BEIMfL (31 (z,)) 58 ) = GOy (3 (z,) 5 - germy 5 V}(}\).
So also property (R5) holds. Therefore § is a representative of a 2-morphism from
[f1] to [f?]. Different choices of the sets {Z¢}, and {09}, give rise to different &’s,
but their equivalence class [d] is the same. Now it is easy to see that F5([d]) = a;

moreover, a direct computation proves that if [0'] and [§2] are such that Fy([6!]) =
F»([6%]), then [§'] = [62]. This suffices to conclude. O

So we have proved that for every pair of reduced orbifold atlases U,V the functor

(F1, F)(U,V) : (Red Alt)(U,V) — (PEE Gpd)(FoU), Fy(V))

is a bijection on objects and morphisms (i.e. on 1-morphisms and 2-morphisms of
(Red Atl) and of (PEE Gpd)). Fj is not injective (see remark [83] below); it is
surjective only up to “weak equivalences” (see lemma below).

5. WEAK EQUIVALENCES IN (E Gpd)

Definition 5.1. [P1] conditions 2.1] Given any 2-category or bicategory %', a subset
W of 1-morphisms of € is said to admit a right calculus of fractions if it satisfies
the following conditions

(U1) all equivalences are in W;

(U2) W is closed under compositions;

(U3) for every morphism w : A — B in W and every morphism f : C' — B, there
exist a pair of morphisms v : D — C' in W and ¢g : D — A and an invertible
2-morphism o : wo g = fow;

(U4) (i) given any morphism w : B — A in W, any pair of morphisms f,g :

C — B and any a: wo f = w o g, there exists a morphism v : D — C
in W and a 2-morphism 8 : f ov = g owv such that « * i, = i, * 3;

(ii) if @ as in (i) is invertible, then so is f;

(iii) if (v' : D' — C,p" : fov' = gow') is another pair with the same
properties of (v, ) in (i), then there exist 2 morphisms u : E — D,
v : E — D’ and an invertible 2-morphism ¢ : v o u = v’ o u’ such that
vou and v’ ou’ are both in W and

(ig*g) © (ﬁ*zu) - (6’*iu/) o (z'f*g).

The relevant diagrams for the previous identity are:



22 MATTEO TOMMASINI

\, ,

/ B
N
/ Q

(U5) if w: A — B is a morphism in W, v : A — B is any morphism and there
exists an invertible 2-morphism « : v = w, then v belongs to W.

We recall (see [Pr]) that given any 2-category or bicategory € and any set W as
before, there exists a bicategory ¢’ [W ~!] (called bicategory of fractions) together
with a pseudofunctor G : € — ¢ [W 1] that sends each element of W to an equi-
valence and that is universal with respect to such property (in the notations of [Pr]
G is called bifunctor, but this notation is no more in use). We refer to [Prl, §2.2, 2.3,
2.4] for more details on the construction of bicategories of fractions and to [PW]|
§1] for a general overview on bicategories and pseudofunctors.

We recall also (see [M| §2.4]) that a morphism (¢, ¥) : (R =2 U) — (R’ :::3 U’
between Lie groupoids is a weak equivalence (also known as Morita equivalence or
essential equivalence) iff the following 2 conditions hold:

(V1) the smooth map #' o' : R’y xy U — U’ is a surjective submersion (here
7! is the projection R’ Xy U — R’ and the fiber product exists since s is a
submersion);

(V2) the following square is cartesian (it is commutative by definition E.2])

R R
(5.1) %’t/)
()
UxU " v xu. (5.1)

Any two Lie groupoids R :j U and R’ %{ U’ are said to be weakly equivalent (or
Morita equivalent or essentially equivalent) iff there exists a third Lie groupoid

R" % U” and two weak equivalences as follows

(=) LN (R 5 0) o), (R 0).
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This is actually an equivalence relation, see for example [MM| chapter 5]. We
denote by W g4 the set of all weak equivalences in (EGpd), i.e. the set of all
weak equivalences between étale Lie groupoids. Then we have:

Proposition 5.2. [Pr} §4.1| The set Wy Gpa admits a right calculus of fractions,

so there exists a bicategory (E Gpd) [W;iled} and a pseudofunctor

— , .
G : (EGpd) — (EGpd) [WE Gpd}

that sends each weak equivalence between étale Lie groupoids to an equivalence and

that is unwversal with respect to such property.

We denote by WPEGp q and W Gpd the set of all weak equivalences be-
tween proper, étale Lie groupoids, respectively between proper, effective, étale Lie
groupoids. Then we have:

Proposition 5.3. The sets Wpp Gpd and Wppe Gpd admit a right calculus of
fractions, so there exist pseudofunctors

G : (PEGpd) — (PEGpd) [W;]l:: . d} ,

' " , .
G : (PEE Gpd) — (PEEgpd) [WPEE, Gpd}

that send each weak equivalence between proper, (effective) étale Lie groupoids to

an equivalence and that are universal with respect to such property. Moreover, both

(PE Gpd) [W;]{: Gpd] and (PEE Gpd) [W;}EE Gpd:| are a full 2-subcategories of

(E Gpd) [Wfl } and we have a commutative diagram as follows:

E Gpd
(PEEGpd) ————— (PEGpd) (E Gpd)
G N G ~ el

(PEEGpd) [Wil, . ] < (PEGpd) (WL, | —— Bapd) [wgl, |,

where each map without a name is simply an embedding as full 2-subcategories or
full bi-subcategories.

Proof. By [MM| proposition 5.26], if R %& U and R’ :::; U’ are weakly equivalent
Lie groupoids, then the first Lie groupoid is proper if and only if the second one

is so. Moreover, by [MM|, example 5.21(2)] if R = U and R’ t:,? U’ are both étale
and they are weakly equivalent, then the first Lie groupoid is effective if and only
if the second one is so (note that being étale is not preserved by weak equivalences).

Now axioms (U1), (U2) and (U5) are easily verified for the set Wppg gpq- Let us
consider (U3), so let us fix any weak equivalence w : B — A and any morphism
f:C — B with A, B,C all proper, effective, étale Lie groupoids. By proposition
5.2 we get that (U3) holds in (E Gpd) (we simply ignore the fact that A, B and C
are proper and effective). Therefore there exists an étale Lie groupoid D, a weak
equivalence v : D — C, a morphism of Lie groupoids f : D — A and an invertible
2-morphism « : wog = fowv. Now D and C are étale Lie groupoids that are weakly
equivalent and C' is proper and effective; so also D is proper and effective. Therefore
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axiom (U3) holds for the set Wppg 4. An analogous proof shows that also (U4)
holds for W Gpd- The proof for the set Wpp Gpd is the same. Therefore we
have a right calculus of fractions for those 2 sets and there exist pseudofunctors
G, G as in the claim. The last part of the claim is straightforward by looking at
the explicit construction of the bicategories of fractions in [Pr]. O

6. WEAK EQUIVALENCES IN (Red Atl)

We introduce also a notion of weak equivalence in (Red Atl) as follows. Using the
2-functor F', such definition will match with the definition of weak equivalence of
Lie groupoids (see proposition below).

Definition 6.1. Let us fix any pair of reduced orbifold atlases U = {(171, Gi, ™) bier,
and V on X and Y respectively and any morphism

[UA}] = (w,@, {{Uvi}iej 5 [Pw, Vw]) U — V.
Then we say that [0] is a weak equivalence of orbifold atlases iff the following 2

conditions hold:

(W1) the continuous map w : X — Y is an homeomorphism;
(W2) for each i € I the chart (U;,G;,wom;) on Y is compatible with the atlas V
(equivalently, it belongs to the maximal atlas V™2* associated to V).

Given any two atlases U',U?, we say that they are weakly equivalent if and only if
there is an atlas U’ and a pair of weak equivalences of orbifold atlases as follows:

[@'] [@°]

Ut u’ Uuz.

In that case we write U* ~ U? (we will prove in proposition below that actually
this is an equivalence relation).

Remark 6.2. We recall that in any bicategory it makes sense to define equivalences.
In the 2-category (Red Atl) a morphism [w] : U — V is an equivalence iff there
exists a morphism [¢0] : V — U and invertible 2-morphisms [¢] : idy = [0] o [@] and
[n] : [@] o [0] = idy that satisfy the triangle identities (see [Mac, page. 42]). Then
it is easy to see that every equivalence of orbifold atlases is a weak equivalence.

The following 2 lemmas are on the same line of [Pol propositions 5.3 and 6.2]; the
significant differences are given by a slightly different notion of morphism between
orbifold atlases (see remark [[L.T0) and by the fact that we allow more general weak
equivalences than the “unit weak equivalences” in [Po].

Lemma 6.3. If [0] : U — V is a weak equivalence of orbifold atlases, then Fy([w])
is a weak equivalence of groupoids.

Proof. Let us suppose that

U={(U,GCi,mi)ier, V=1{(V;,Hj,0;)}jer;
let us fix any representative

W= (’LU,E, {ﬂji}ie[ an;Vw)

for [w] and let us set:

R = (R=U), RV)=(F = v), Fi() = @),

Then let us fix any ¢ € I and any z; € ﬁz By definition of morphism, we have
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wom:(bm(i)o@i; (61)
by definition of weak equivalence, the chart (ﬁi,Gi,w o m;) is compatible with
the atlas V), so in particular it is compatible with (Vi(), Hg(i), w(i)). Therefore
by (G.I) applied to Z;, there exists a change of charts A from (171, Gi,w o ;) to
(Viwstiy» Hw(), $w(s)), such that T; € dom A. In particular,

Du(i) © A = WO Ml goy y - (6.2)

Then let us consider the map

yi=w; oA ! :cod N\ — IN/E(i).

For each y € cod A we have

by ©V(Y) = by © Wi o A (Tm(s)) &D wom; o A"HY) &2 bw(iy(Y)-
So for each such y as before, there exists a (in general non-unique) h € Hg(;) such
that v(y) = h(y). So by [MM, lemma 2.11] we have that there is a unique h € Hg,)
such that v = hlcoa x. Therefore,

Wi|gomy =YOA=ho

So we have proved that for each ¢ € I the map w; coincides locally with a diffeo-
morphism, hence it is étale; therefore ¢ = [, w; is étale. Hence, also the induced
morphism (see property (V1))

7T1:RIS/ X U— R
is étale. Since ¢t is also étale, we conclude that ¢’ o 7! is étale, so in particular it is a

submersion. Let us prove also that it is surjective. Let us fix any point y; € V; C U’;
since w is an homeomorphism, then it makes sense to define = := w=!(¢;(y;)). Let

(ﬁi, G;,m;) be any chart in ¢/ and Z; € ﬁz such that 7;(Z;) = «, so

womi(%;) = w(x) = ¢;(y;).

By definition of morphism between orbifold atlases, this implies

bw(i) © WilTi) = ¢ (Yy)-
Since V is an orbifold atlas, there exists a change of charts u from (‘7@(1'), Hg(iy, bw(i))
to (Vj, H;, ¢;) such that @;(Z;) € dom y and u(@;(Z;)) = 7. Then we have

D= (germmi(gi)u,ii) ER ¢ x4y U

and ¢’ o ! (p) = y;. So we have proved that ' o 7! is surjective, so (V1) holds.

In order to prove that (¢, V) is a weak equivalence, we have also to prove that the
square (B.I)) has the universal property of fiber products. In order to do that, let
us fix any smooth manifold A together with any pair of smooth maps (aq,as) :
A—=UxUand :A— R, such that (s',t) o 8 = (¢ X ) o (a1, 2). We need to
prove that there is a unique smooth map v : A — R making the following diagram
commute.
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B
%
v R'
(s,t) N (s',t")
(px3p)
UXU;’U/XUI. (63)

Let us fix any point a € A and let (%;,Ty) = (a1, a2)(a). Since (s',t') o f =
(¥ x 1) o (a1, a2), then we have that §(a) = germg, 5,y p for some p € Ch(V) such
that w;(Z;) € domp and p(w;(¥;)) = Wy (Tir). Since [W] is a morphism over w,
then this implies:

w o mi(T;) = Pw(iy © Wi(Ti) = P(iry © W 0 WiT3) = dg(iry © Wi (Tir) = w 0 mir (Tar ).
Since w is an homeomorphism, then m;(Z;) = 7y (i), so there exists a change of
charts A\ from (ﬁi,Gi,m) to ([71-/, Gy, my) such that 7; € dom A and A(Z;) = Ty
Since P, is a good subset of Ch(U), then there exists \ € P, such that 7; € dom \

and germg, A = germg, A. Now let us consider any chart (17, G,7) in Y™** around
T, such that

U C dom AN (@;)"" (domp) N U C U,
where U’ is any open neighbourhood of #; such that w; |5, is a diffeomorphism (see
before). Then both v, () o W;|5 and p o w;|; are embeddings from (U, G,w o 7)
to (Vig(iry, Hw(iry, ¢w(ivy)- Therefore, by [MP) proposition A.1] there exists a unique
h € Hey(iry such that

h o vy(A) o Wil = p o wilg.

Now

Vi (N) (@i (7)) = Wi 0 (&) = Wy (Tor) = p(Wi(T:)),

so h belongs to the stabilizer of wy (7;) in Hg(y. So by [MP) lemma A.2| there
exists a unique ¢ in the stabilizer of z; in G, such that

viw(A) o Wi 0 g = powilg.

By combining this with (Q5a) and (Q5c¢) we have a commutative diagram as follows

~ ~ < A ~
U U dom A Ui/
Wil gom 5 h
~
Wilg ~ dom v, (A Wy
o~ o ~
w;(U) — domp Vag i)

So we have
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@ir o (Ao g) = powils. (6.4)
Now \ o g is a change of charts between (ﬁi,_Cv'i,m) and ([71-/, G, mi); since Py,
is a good subset of Ch(U), then there exists A\ € P, such that Z; € dom A and
germ; Ao g = germz A. By (Q5c) we have

germg Wy o A = germg, vy, () o w;. (6.5)

By construction we have that w; is a diffeomorphism around Z;. Then:

Bla) = germg, z,) 1t @ (germgi Wy o \o g) - (germg;, ’l’lji)il =

A) =V (germgz, A) .

= (germg, @y o X) - (germy, @) "= germg, z,) Vul

Then we set

v(a) := germz A € R.
This defines a set map v : A — R; the previous construction proves that v makes
[63) commute. Moreover, using again the fact that w; is locally a diffeomorphism
it is easy to prove that for each a € A the point vy(a) defined before is the unique
point such that ¥ o v(a) = (a) and (s,t) o y(a) = (a1,a2)(a). Then in order to
conclude we have only to prove that « is locally smooth. Since s is étale, given any
point a € A there exists an open neighbourhood R(a) of v(a) such that s|gr(,) is
invertible. So the set A(a) := a'(s(R(a))) is an open neighbourhood of a in A
and | 4(q) coincides with the smooth map (s|g(q)) ™" 0 a1. O

Lemma 6.4. Let U and V be reduced orbifold atlases (for X and Y respectively).
Let (,) : Fo(U) — Fy(V) be a weak equivalence of Lie groupoids and let [0] :
U — V be the unique morphism such that Fy([W]) = (¢, ¥) (see lemma[{.10]). Then
[@] is a weak equivalence of orbifold atlases.

Proof. First of all, let us denote by

[w] = (w,@, {Witicr» [Puw, I/w])
the unique morphism obtained in lemma from (1, ¥). Then we claim that
w : X — Y is an homeomorphism. In order to prove that, we recall that in the
proof of lemma we defined

w(ﬂ'i(@)) = Qﬁﬁ(z) o ’Lﬂl(gz) Viel, vz, € U;
and this was well-defined on X; in order to prove that it is an homeomorphism, we
have to prove that it is injective, surjective and open. First of all, let us suppose
that %; € U;, Ty € Uy are such that w(m; (%)) = w(wy (Z+)). This implies that

%(l) (¢] ’l’ljz (%1) = %(i’) e} {Ei/ (fl/)
Since V is an orbifold atlas, then there exist p € Ch(V) with w;(Z;) € dom p and
w(w;(z;)) = wy (Ty). In particular, we have

(', (germa, iz, 1) = (@0(F), B0 (70) = (6 X ) (@, o),

(germ@_(ii) ,u,fi,fir) € R (o1 X(pxy) (U xU).
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Since (B.J) is cartesian, then there exists a unique r € R such that (s,¢)(r) =
(Ti, i) and W(r) = germg;, (5, #. This implies that m;(z;) = 7y (Tir); so w is injec-
tive.

Let us now fix any point ¢;(;) € Y; since (¢, ¥) is a weak equivalence, then ¢ or?
Ry xy U — U’ is surjective. Therefore there exists (r,Z;) such that s'(r') =
¥(%;) = w;(7;) and such that #'(r') = y;. Then necessarily r’ = germg, 5, p for
some p € Ch(V) with w;(Z;) € dom p and p(w;(Z;)) = y;. Therefore

?;(Y;) = ¢j o powi(Ti) = dw(iy 0 WiT;) = w(mi(Ts)),
so this proves that w is surjective. Now {m;(U;)}ies is an open covering of X; so
in order to prove that w is open it is sufficient to prove that for each ¢ € I and for
each U C m(ﬁz) open, we have that w(U) is open. By definition of chart, we have
that any such U is equal to m;(U) for some open (invariant) set U C U;, so

w(U) = wom(U) = dugiy 0 Wi(U) = pugiy 0 (U).
Since (¢, ¥) is a weak equivalence between étale Lie groupoids, then by [MM] ex-
ercise 5.16(4)| we have that 1 is étale, so in particular it is open. In addition, ¢,
is open by definition of orbifold chart; therefore w(U) is open; so w is an homeo-
morphism.

In order to prove that [w] is a weak equivalence, we need also to prove that for each
i € I the chart (UZ, GZ, wom;) onY is compatible with V. So let us fix any pair of
points (Z;, ;) € U; x V; such that w o m;(%;) = ¢;(7;). Then we have

bw(iy 0 Wi(Ti) = womi(T:) = ¢;(Y;),
so there exist a change of charts u from (XN/w(Z), w(i)» Pw(iy) to (IN/j,Hj,qﬁj) such
that w;(2;) € dom u. Since p is a change of charts, then ¢; o y = ¢g(;). Moreover,
since 1 Is étale, then w; is locally a diﬂeomorphism Therefore there exists an open
neighbourhood U of z;, contained in 157 (dom ), such that wz is an embeddmg if

restricted to U. Then X := pow;|z is an embedding from U C U, to V Moreover,
we have

(bj O/\:(bj OuO{DJ& :(bﬁ(z) O{DZ|[7 :’LUO7T1'|6,
therefore A is a change of charts from ([71-, G;,wom;) to (\7}, Hj,¢;) with 7; € dom A.
So we have proved that the chart (U;, G;,w o ;) is compatible with V for every
i € I. This suffices to conclude. (I
By combining lemmas [6.3] and [6.4] we get:

Proposition 6.5. Given any 2 reduced orbifold atlases U,V , the bijection

Fi (U, V) : (Red Atl)(U, V) — (PEE Gpd)(Fy(U), Fo(V))
of lemma [.16] induces a bijection between weak equivalences of reduced orbifold
atlases and weak equivalences of proper, effective, étale Lie groupoids.

Lemma 6.6. Let us fix any proper, effective, étale Lie groupoid R %& U. Then there
exists a reduced orbifold atlas U and a weak equivalence (1, ¥) : Fo(U) — (R =2 U).

Proof. Given R %& U, the orbifold atlas U is obtained as in the last part of the
proof of theorem 4.1 in [MP]. In [T} lemmas 4.7, 4.8 and 4.9] we proved that
we can define a weak equivalence as required. The proofs in [T] were done in the
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category of complex manifolds, but they can be easily adapted to the case of smooth
manifolds, so we omit the details. [l

Proposition 6.7. The relation ~ of definition [6.1 is actually an equivalence rela-
tion.

Proof. ~ is clearly symmetric and reflexive, hence we have only to prove transitiv-
ity. So let us suppose that we have U! ~ U? ~ U3. By lemma 6.3}, this implies
that Fo(U') is weakly equivalent to Fy(U4?), and the latter is weakly equivalent to
FoU?). We already mentioned the fact that weak equivalence of Lie groupoids
is an equivalence relation, so there exists a Lie groupoid R %{ U and two weak
equivalences

1 1 3 3
R & (RS 0) S R,

By [MM| exercise 5.22] we can always choose R ;3 U as an étale Lie groupoid. More-
over, since Fy(U') is proper and effective, then by [MM, proposition 5.26 and ex-
ample 5.21(2)] we get that R :j U is proper and effective. Then by lemma [6.6] there
exists a reduced orbifold atlas I/ and a weak equivalence (¢, ¥) : Fo(U) — (R :j U).
Since the set Wppp Gpd admits a right calculus of fractions, then compositions of
weak equivalences are weak equivalences (see property (U2)). Therefore by com-
posing we get weak equivalences:

(¢t oy, dtoW) (p30tp,®30W)
— K

Fo(ul) Q(U) —>F0(L{3)

Then by lemma we get weak equivalences of reduced orbifold atlases

ul Fy ' (¢toyp,@'00) U F Y (¢%01),8%00)

This proves that ~ is transitive. (I

Now let us prove the following fundamental result.

Proposition 6.8. The set WRed at1 consisting of all weak equivalences of reduced
orbifold atlases admits a right calculus of fractions, so there exists a bicategory

Red Orb) := (Red Atl) [Wg! and a pseudofunctor
Red Alt

H : (Red Atl) — (Red Orb)

that sends every weak equivalence of reduced orbifold atlases to an equivalence and
that is unwversal with respect to this property.

Proof. Both (Ul) and (U2) are easy to verify; let us verify (U3), so let us fix
any weak equivalence [@w] : A — B and any morphism | f] : C — B of reduced
orbifold atlases. By lemma we have that Fj([@]) is a weak equivalence of
groupoids; moreover we have proved in proposition B3] that the set Wppp Gpd
satisfies (U3). Therefore there exist a proper, effective, étale Lie groupoid R %{ U,
a weak equivalence v : (R =3 U) — Fy(C), a morphism g : (R =3 U) — Fy(A) and
a 2-morphism ¢ : Fy([@]) o g = Fi([f]) ov. By lemma there exist a reduced
orbifold atlas D and a weak equivalence of Lie groupoids m : Fy(D) — (R %& U).
Then ¥ o T is a weak equivalence of Lie groupoids. Lemmas and [T7 prove
that there exists unique morphisms [?], [¢] and a unique 2-morphism [4] as follows
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such that the 2-functor F' maps such a diagram to

\Fl(‘
(N

5*zﬂ)

/
N/

By lemma [6.4] we have that [?] is a weak equivalence of orbifold atlases; by lemma
we get that [d] is an invertible 2-morphism, so (U3) holds.

The proof that (U4) holds follows the same ideas described for (U3), so we omit
it. Lastly, if [0] : [0] = [@] is a 2-morphism of orbifold atlases, then the underlying
continuous maps of [0] and [w] are the same by definition of 2-morphism. Since
being a weak equivalence of reduced orbifold atlases depends only on the under-
lying continuous map and on the atlases in source and target, then [0] is a weak
equivalence if and only if [?] is so, so (U5) holds for Wged at1- This suffices to
conclude. g

For the explicit description of the bicategories of fractions and of the pseudofunctor
H we refer mainly to [Pr]. If we use lemmas and B.2] together with [PSl lemma
8.1], we get the following description of (Red Orb), that we are going to use soon.

e The objects of (Red Orb) are exactly the objects of (Red Atl), i.e. reduced
orbifold atlases.

e Given any two atlases U,V the 1-morphisms in (Red Orb) from the first atlas
to the second one consist of all the triples (U’, [&], [f]) where U’ is any reduced
orbifold atlas, [i] is any weak equivalence and [f] is any morphism of orbifold

atlases, as follows

[ [
U——u——1 (6.6)

e Given any pair of objects 4,V and any pair of morphisms W, '), [f]) U =V
for i = 1,2, a 2-morphism from (U, [&'], [f]) to (U2, [w?], [f2]) is an equivalence
class of data U3, [@3], [w], [6], [6%]) in (Red Atl) as follows
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(6.7)
such that both [10%] and [10%] are weak equivalences. Any other set of data

ul

("]

G N

[

(%)

u2

represents the same 2-morphism if and only if there exist a reduced orbifold
atlas U*, weak equivalences [10°], [0'®] and 2-morphisms [o!], [0?] as follows

ul

("] [@°]

Y ude—ut—ud 87

such that

(i[wz] * [02]) O] ([51] * i[ws]) © (7:[1111] * [01]) = [6"] * i)

and
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We denote by
u, 60 1), 10'], %]+ (Ut 191, 1Y) = (2, [0, [72))
the class of any such data.

e For the construction of compositions of morphisms and 2-morphisms we refer
to [Pr]. We only recall that the preliminary step for such a construction is the
following. For any pair of morphism of orbifold atlases

a] (6]
C—B—A
with [l;] weak equivalence we choose any reduced orbifold atlas D, any pair of
morphisms [a'], [b'] with [b'] weak equivalence and any 2-morphism [§] as follows
D
6] [a']
(6]
=
C— B+— A
a] [b]
Such a choice is always possible by (U3), but it is not unique (neither in general
there is a preferred choice). Different choices of “completions” as before will give
rise to different but weakly equivalent bicategories. In particular, for any such
set of choices, given any pair of morphisms as follows:
U [@] 0 (] v v (0] Vv (9] W,
we use the choice we fixed for the pair ([f],[]) in order to get a new pair of
morphisms ([f'], [¢’]) (defined from a common atlas U” to V' and U’ respectively)
and we set
(V' 181, 181) o (' 1), (1) = (w0 [] o (&), [3) o [£1) U4 — W.

e We omit the construction of the composition for 2-morphisms; we only remark
that since each 2-morphism is invertible in (Red Alt), then it is not difficult to
prove that the same property holds in (REd Orb).

e The functor H sends each reduced orbifold atlas U to the same object in
(Red Orb). For every morphism [f] : Y — V we have H([f]) = (U,idy, [f]).
For every pair of morphisms [f™] : i/ — V for m = 1, 2 and for every 2-morphism
[6] : [fY] = [f?] in (Red Atl) we have

H((6)) = [th, iy, iy, i, 18]

An analogous description holds for the bicategory (PEE Gpd) [W;;}E Gp d} and
for the pseudofunctor G.
Theorem 6.9. There is a weak equivalence of bicategories

. 0 -1

L : (Red Orb) — (PEE Gpd) [WPEE . d} .
Proof. Let us consider the functor
G o F : (Red Atl) — (PEE Gpd) — (PEE Gpd) {W;EE - d] .
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By lemma we have that F' sends each weak equivalence of reduced orbifold
atlases to a weak equivalence of Lie groupoids, therefore G o F' sends each weak
equivalence to an equivalence. Then by the universal property of the pseudofunctor
H, there exists a unique pseudofunctor

L = (Lo, L1, Ls) : (Red Orb) — (PEE Gpd) [W;]{:E, . d]

making the following diagram commute

F

(Red Atl) (PEE Gpd)
H ~ ¢
L 2 -1
(Red Orb) (PEE Gpd) [WPEE Gpd} .

In particular, we have that L acts as follows:
e for every reduced orbifold atlas U, Lo(U) = Fo(U);

e given any 1-morphism (U’, [@], [f]) : U4 — V in (Red Orb), we have

Ly ('), [f)) = (Fo@), Fa(la)). Fa (1)) : Fotd) — Fo(V);
e for every 2-morphism in (Red Orb)

o, %), [, 161, 6] = (w1 1) = (U2 1%, 17%)

we have

Lo (|U, [0%), [6%), 16", 164 ) = [Fo@s®), F* (1)), B ([a*]), F([6"]), F*([5%))]

(this is well-defined since F' is a 2-functor).

In order to conclude we need to prove that L is a weak equivalence of bicategories.
We recall from [Stl (1.33)] that a pseudofunctor L : € — 2 is a weak equivalence
of bicategories (also known as biequivalence) iff the following conditions hold:

(W1) for each object d in Z there exists an object ¢ in € and an equivalence from
L(c) to d in Z;

(W2) for each pair of objects ¢,¢’ in €, the functor L(c,c’) is an equivalence of
categories from € (c, ) to 2(L(c), L(c)).

Let us prove (W1), so let us fix any object of (PEE Gpd) {W;]{:E Gpd]; i.e. any

proper, effective, étale Lie groupoid R %& U. By lemmalG.6l we get that there exist a

reduced orbifolds atlas U and a weak equivalence of Lie groupoids (¢, ¥) : Fo(U) —

(R =2 U). Then the data

idry @) (2, 9) s
Fo(U Fo(U R=U
is a morphism from Fy(U) to R =2 U in (PEE Gpd) {W;]{:E Gpd} ; moreover it is

the image via G of the weak equivalence (1, ¥). By proposition [5.3] G sends each
weak equivalence to an equivalence. Therefore (6.8)) is an equivalence from Fy(U)
to R :j U, so (W1) is verified.
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Now let us prove (W2); this amounts to proving that given any pair of reduced
orbifold atlases U, ) we have:

(i) for any morphism

(4, %) s (¢,2)
in (PEE Gpd) {W;]{:E Gpd} there is a morphism (U, @], [f]) as in ([B8) and

there is an invertible 2-morphism from L (U, [@], [f]) to ([@3);
(ii) for every pair of morphisms (U™, [@™],[f™]) : U — V for m = 1,2, Ly induces
a bijection between the sets

{Q—morphisms from (Lll, [@'], [fl]) to (UQ, [@?], [fQ])} (6.10)

and

{Q—morphisms from (FO(L{l),Fl([wl]),Fl([fl])) to (FO(Z/[2),Fl([UA}Q])vFl([fQ]))}-
(6.11)

For any data as in (i), by lemma there is an atlas U’ and a weak equiva-
lence (0,0) : Fo(U') — (R %& U). Then we have an invertible 2-morphism in

(PEE Gpd) (WL, |
[FO(U/% (976)7idF0(u’);7;(1/;09,\1109)7i(¢09,<1>o®):| :

(R, (£00,900),(600,800)) = ((RZU),(,9),(5,®)).

By using lemma .16 and proposition we conclude that there exists a unique
pair of morphisms of reduced orbifold atlases as in ([6.6) such that

(FO(L{’), (o8, Wo0),(¢poh,®o @)) - Ll(u', (], [f]).

This suffices to prove (i). Now let us fix any set of data as in (ii) and let us fix any
2-morphism in (611 with representative:

Fo(Uu')

Fy([a'])

Fu([@%])

Fo(U?)

with R ;3 U proper, effective, étale Lie groupoid and (¢p™, ¥™) weak equivalences
of Lie groupoids for m = 1,2. By lemma there exists an orbifold atlas 2® and
a weak equivalence (¢, ®) : Fy(U3) — (R =2 U). Then it is easy to see that



A BICATEGORY OF REDUCED ORBIFOLDS 35

(R 0). (00, (42, 9%). a1 2] =

= |:F0(u3)a (1/11 © ¢a lo (I))a (¢2 © ¢a 2o (I))a ol x i(d),'ib)a o? x i(¢,q>):| . (612)

Now by using lemmas 16| and 17 and proposition we conclude that ([G.12)) is
the image of a 2-morphism in ([GI0). The proof that it is the image of a unique
2-morphism is straightforward. (I

7. A WEAK EQUIVALENCE BETWEEN (Red Orb) AND THE 2-CATEGORY OF
EFFECTIVE ORBIFOLD STACKS

As we mentioned in the introduction, a very convenient way to define a 2-category
of orbifolds is by exhibiting it as a full 2-subcategory of the 2-category of C°°-
stacks (these are called “differentiable stacks” in several papers, see for example
[P1]). For the definition of the Grothendieck topology used for this definition of
stack, we refer to [J2| definition 8.1]. A C*°-stack is called an orbifold (see [J2]
definition 9.25]) if it is equivalent to the stack [R %{ U] associated to a proper,
étale Lie groupoid R =2 U. In particular (see again [J2, definition 9.25]) every
orbifold is a separated, locally finitely presented Deligne-Mumford C'*°-stack. An
orbifold X is called effective (see [J1), definition 9.4]) if for every point [z] € Xiop
there exists a linear effective action of G := Isox([z]) on some R™, a G-invariant
open neighbourhood of 0 in R™ and a l-morphism ¢ : [U/G] — X which is an
equivalence with an open neighbourhood of [z] in X with i, (0) = [z] (if X is
not effective, we are in the same setup but the action of each G is not required
to be effective). According to [I2] we write (Orb) and (Orb°®®) for the full 2-
subcategories of orbifolds, respectively of effective orbifolds, in the 2-category of
C>-stacks (or, equivalently, in the 2-category of Deligne-Mumford C*°-stacks).
We recall that by [Prl Corollary 43] there is a weak equivalence of bicategories

M : (EGpd) {WEIGP(J — (C*° — Stacks)

and that by [J2, theorem 9.26] there is a weak equivalence of bicategories induced
by M:

M : (PEGpad) [W;]l:: . d] — (Orb).

Therefore we get easily that there is also is a weak equivalence of bicategories
induced by M:

M : (PEE Gpd) {W;EE . d} — (Orb°®).

By considering the composition:

(Red At]) [Wrly ap] ——— (PEEGpd) |

weak equiv.

Wiksapa) o (Orb°T
PEE Gpd]| weakequiv. (O )

we conclude:

Theorem 7.1. There is a weak equivalence between the bicategory (Red Orb) and
the 2-category (Orbeff) of effective orbifolds described as a full 2-subcategory of
C*°-Deligne-Mumford stacks.

If we use the axiom of choice, then each weak equivalence of bicategories is an equi-
valence of bicategories (see [PW], §1]) so under that assumption the weak equiva-
lences of theorems and [ ] are equivalences of bicategories.
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8. THE HOMOTOPY CATEGORY OF REDUCED ORBIFOLDS

Let us fix any pair of reduced orbifold atlases U, U’ that are defined on the same
topological space; then it is easy to see that there is an equivalence from U to
U' in (Red Orb) if and only if & and U’ are equivalent as atlases. Anyway, this
description seems somewhat unsatisfactory mainly because one would expect that
objects of a bicategory of (reduced) orbifolds should be simply equivalence classes
of orbifold atlases (on a fixed topological space). With the current description it
is not possible to overcome this problem, exactly as it is not possible to overcome
a similar problem in the language of Lie groupoids (conversely, in the language of
stacks such a problem does not occur).

Anyway, at least we are able to give a satisfactory description for the homotopy cat-
egory of (Red Orb). To be more precise, in this section we will describe a category
(Ho) with objects given by orbifold structures (i.e. equivalence classes of orbifold
atlases) and we will prove that (Ho) is equivalent to the homotopy category of
(Red Orb). So (Ho) should be considered as the correct 1-category of reduced
orbifolds in the language of differential geometry.

In order to construct (Ho), we first prove the following lemmas.

Lemma 8.1. Let us fix any pair of reduced orbifold atlases U,V and any pair
of weak equivalences [W™] : U — V for m = 1,2. Then the following facts are
equivalent:

(a) the underlying topological maps w' and w? coincide;
(b) there exists a 2-morphism [6] : [@!] = [@?].

Proof. Clearly (b) implies (a) by definition of 2-morphism in (Red Alt), so we need
only to prove that (a) implies (b). Let

U= {(U;,Gi,m)Yier, V:={(V;, Hj,¢;))}jes
and let

o™= (wmamma{ﬁ;zn}iELPﬁaVlT) form:1,2

be representatives for [@!] and [¢?] respectively. In the proof of lemma [6.3] we have
already shown that all the local lifts appearing in a weak equivalence of orbifold
atlases are local diffeomorphisms. Therefore for each i € I there exists an open co-
vering {ﬁf}ae A(i) of U; such that both w} and w? are diffeomorphisms if restricted

to any UZ. Since both [!] and [10!] are morphisms, for each i € I we have that

%1(,00@1'1 =w'om, qﬁEZ(i)ozEf:onm:wlom. (8.1)

Then for each i € I and for each a € A(7) we set:

-1
o = o (g )
By (B we get that each §¢ is a change of charts in Ch(V,w" (i), w?(i)). Then it is

easy to see that 0 := {(ﬁf, 0f)Yier,acA() 1s a representative of a 2-morphism from
[@1] to [w?]. O

Lemma 8.2. Let us fiz any pair of reduced orbifold atlases U',U? on the same
topological space X, then U' is equivalent to U? (see definition [L7) if and only if
there exists a pair of unit weak equivalences
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(] (7]

i.e. weak equivalences over the identity of X.

Proof. Let us suppose that ¢! and U? are equivalent and let us denote by ™2
the maximal atlas associated to both. We recall that by definition [[L. T3] there exist
natural morphisms over idx:

Lyl L2

ul C max > uQ.

Then by condition (U3) together with [PS| lemma 8.1] we get that there exists an
atlas U’, a pair of weak equivalences [9'], [#?] and a 2-morphism [§] in (Red Atl)
as follows:

umax

PN

w1 e

{1\ /[@1]
u/

Let us denote by X’ the topological space where U’ is defined and let

U= {(ﬁu Gi, ™) bier-
Since both ;1 and 2 are defined over the identity of X, then lemma [R.1] implies
that v! = v?: X’ — X. Then we can consider the atlas v}(U’) defined on X as

Ui(u/) = {(Ui, Gj,v'o i) Yier
and the obvious invertible morphism (therefore, equivalence hence weak equiva-
lence)

(@] v (U') = U’ (8.3)
over the continuous map (v!)~! = (v?)~!. Then the morphisms [@™] := [6™] o [9]
for m = 1,2 are the required unit weak equivalences. The converse implication is
obvious by definition of unit weak equivalence. O

Remark 8.3. It is obvious that for every homeomorphism v! : X’ — X and for
every reduced orbifold atlas U’ on X' as before, we have Fo(U') = Fy(vi(U')) (see
construction [£])). Therefore Fy is not injective; actually it is easy to prove that
this is the only point where Fj fails to be injective.

Definition 8.4. Given any pair of morphisms of reduced orbifold atlases [f™] :
U™ — Y™ for m = 1,2, we say that [fl] is equivalent to [f2] if and only if the
following conditions hold:

(a) V! and V? are equivalent orbifold atlases (see definition [L7)); we denote by
ymax the maximal atlas associated to both and by tym the “inclusion” of V™
in Y™ for m = 1,2 (see definition [CT3);

(b) there exists an atlas U, a pair of unit weak equivalences [w!], [?] and a 2-
morphism [d] as in the following diagram:
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ul # Vl
[@'] byl
'\
U / [5} ymax

U ———— V2
(%]
In particular, by lemma we have [U'] = [U?]; moreover [V!] = [V?]. The
previous relation is clearly symmetric and reflexive (by lemmal[3.2)). Also transitivity
is straightforward by using (U2) and (U3), [PS|, lemma 8.1] and the construction

performed in the proof of lemma We denote by [[f!]] = [[f?]] the class of
any morphism as before and we say that it is a morphism from [U'] = [U?] to
V=D

Remark 8.5. Definition R4lis equivalent to the same definition with the additional
request that each local lift in [@!] and in [¥?] is an embedding. We are not going
anyway to use this alternative description.

Now we define a 1-category (Ho) as follows. Its objects are classes [U] of equivalent
reduced orbifold atlases on the same topological space, i.e. orbifold structures. By
the lemma B2 [U!] = [4?] if and only if there is a pair of unit weak equivalences
as in (82). Given any pair of orbifold structures [U], [V], the morphisms from [I/]
to [V] are all the morphisms given by definition B4l In order to have a category,
we need also to define a composition, so let us suppose that we have fixed any pair
of morphisms

[N ) — D, gl s V] — V.
Then we choose any pair of representatives for them

fl: U —V, [§:V—W (8.4)

and we use (U3) in order to get a reduced orbifold atlas I/, a pair of morphisms [f],
[@] and a 2-morphism [d] in (Red Atl) as follows

(]
Z/{ _ V (T) VHIHX

u 4 (8.5)
and such that [@] is a unit weak equivalence. Note that a priori (U3) only gives [w]
as a weak equivalence; if [] is not a unit weak equivalence, it suffices to compose

horizontally [§] with the 2-identity over the isomorphism

woTl) =T

over w1 (see (83)) (we remark that we proved that (U3) holds by using the fact
that (U3) holds for Lie groupoids, so we didn’t describe how to get a diagram as
(B3) in the general case; however, since ¢y; is an “inclusion”, then the construction
of a diagram (B3] can be done easily directly). Then we define:
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g o (1) = [181 o (7)) : ) — WV (5.6)

A priori such a definition depends on the choices of representatives (84) and on
the choice of a diagram as (8] (since (U3) does not ensure uniqueness of such a
diagram), but actually this is not the case:

Lemma 8.6. Different choices as before give rise to the same composition in (Ho).
Proof. Let us fix pairs of representatives
Ut — v [V — W form = 1,2

for [[f]] and [[g]] respectively. In particular, we have a diagram as follows:

(8"
[A 1] vl Wl
D Lyl
V/ U/ [6] Yymax
% S _ w2
v [6°] W

with [6'] and [6?] unit weak equivalences. Now we proceed as before in order to get
(non-unique) diagrams as follows

[ tyl (/7] ty2
Z/[l RN Vl [N Vmax u2 — v2 C 5 Vmax

[o'] N[l | (o) N |

[7'] (7]
1 1 7 7 57)
with [@!] and [@?] unit weak equivalences. Now to prove that (B8] is well-defined
is equivalent to proving that the morphisms [§']o [fl] and [§?] o [TQ] are in the same
equivalence class. In order to prove that, we proceed as follows. First of all, we
apply (U3) separately to the pair ([91], [?1]) and to the pair ([0?], [?2]), so we get
diagrams as follows:

[w'] N\ [7'] o] (@] Ny [7?] (2]

Ul 4 U2 V.
As before, we choose [w'] and [w?] as unit weak equivalences. If we apply lemma
B.Ilto the pair of unit weak equivalences (g1 o [0'] and 1y, both defined V' to Y™max,

we get that there exists [y'] : 151 0[0'] = tyr. Then the existence of the 2-morphism

(iLvl * [771]) ® (['yl] * i[fl]) Dy 0 [fl] o[w'] = 1y o [f!]
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proves that [[f!]] = [[Tl]], analogously we can prove that [f2]] = [[TQ]] Then by
looking at (B7) we get that

1

PN =1F =1 =120 =17 = (152D
Therefore, there exists a diagram as follows
_ 7] ,
[@1]/ t————————y '\ij
u ‘U( [I/} ymax

with both [w!] and [w!] unit weak equivalences. Then by using the notion of 2-
morphism in (Red Alt), we have that there exists a 2-morphism

] = [F'o[@'] = [f7] o [@°]

such that [v] = i,,, * [u]. Let us consider the following diagram

(5

Wl
Lyl
4 4] yymax,
Lyy2
W2
(5°]
1 [g'10[F"] "
LWl
2] * [77 ]_ * Z[@?]) O] ([(ﬂ * [[L]) ® (Z[‘jl] * [77 } * Z[@l]) Y)max
LW2
W2
[971o[7"]

proves the claim. (I
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The proof that the composition defined in (8.6 is associative is straightforward;
the identity in (Ho) over any object [U] is simply given by [idy]. Then we have
proved that (Ho) is a category.

Remark 8.7. A straightforward proof shows that the 1-category of C°*°-manifolds
is a full subcategory of (Ho), i.e. for every pair of manifolds M and N we have a
canonical bijection between the set of smooth maps from M to N and the set of
morphisms in (Ho) from M to N, seen as reduced orbifold structures.

Theorem 8.8. The category (Ho) is equivalent to the homotopy category Ho(Red
Orb) of (Red Orb).

Proof. We recall that given any 2-category or bicategory %, its homotopy category
Ho(%) is the 1-category whose objects are the same of ¢’ and whose morphisms are
classes of equivalence of morphisms of € connected by an invertible 2-morphism.
Therefore, the homotopy category of Ho(Red Orb) is described as follows:

e its objects are the same objects of (Red Orb), i.e. reduced orbifold atlases;

e given any pair of atlases U, )V, a morphism from U to V is any class of equiva-
lence of [U/, [@], [f]] with U’ reduced orbifold atlas, [#] : U’ — U weak equiva-
lence and [f] : 4/ — V morphism of reduced orbifold atlases. Any two triples
@™, [@™],[f™]) for m = 1,2 are in the same class of equivalence if and only if
there exists data as in diagram (6.7]).

Then we define a functor N : Ho(Red Orb) — Ho as follows: for any reduced
orbifold atlas U we set N (U) := [U]; for any morphism

Wl ()] U — v
in Ho(Red Orb) we set

N([w @) 141]) = 110 le)] ) — (8:8)

where

[ w.(U) = U

is the isomorphism of orbifold atlases (over w~!) induced by w (see (83)). Note
that since [w] : U — U is a weak equivalence, then [U] = [W,.(U')]. We have to
prove that N is well-defined on morphisms. So let us suppose that

w1, 1] = [ % 1) s — v

in Ho(Red Orb). This implies that there exists data (U2, 3], [@?], [61], [6?]) as in
diagram ([G.7). By lemma BJ] we have that necessarily wq o w3 = wg 0 wy; since all
these 4 morphisms are homeomorphisms, we get

(W)™ o ()™t = (wh) "o (w?) 7. (8.9)

Now we denote by

[ w"U™) U™ form=1,2

the isomorphisms (over (w™)~!) induced by w! and w? respectively. Now we use
(U3) and [PS] lemma 8.1] separately on the pairs ([¢!], [?%]) and ([¢?], [@*]) and
we get (non-unique) diagrams as follows:



42 MATTEO TOMMASINI

[¢']

w, (U')

u® [@1]
. 2 [@?]
(") N\ [0?]
w3 (U?) S U
&7 (8.10)
with [™] weak equivalences for m = 5, - - - , 8. By using (U3) for the pair ([@°], [7])
together with [PS| lemma 8.1] we get that there exists a diagram as follows
N /
(8.11)

with [10°] and [101°] weak equivalences. Now using lemma Bl together with (8.I0)
and (BT we get that

(wS)—l ° (wl)—l O,wﬁ O,wg —_ ,w5 O’LU9 _ ’LU7 OwlO _ (’LU4)_1 ° (w2)—1 O,wS OwlO-

Using (89) we conclude that w® o w® = w® o w'®. We denote by
(@] : UT := (w® ow?), (U®) == U®

the isomorphism of orbifold atlases over (w® o w?)~! induced by w® o w®. Then the
following diagram proves that (8.8) is well-defined:

wi Ut - %
“ [f']el¢']

[@°]o[@°]o[] v

us o, = ((i[fz] * [02] * 7;[1]110]> ® ([52] * [03]) ® (i[fl] * [o1] * i[wgo) *d[p) YmAX,

[@®]o[@*°]o[2] vy

o) [£21016%] .
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The proof that N preserves identities and compositions is straightforward. More-
over it is obvious that N is surjective on objects, so in order to conclude that N
is an equivalence of categories, it suffices to prove that IV is fully faithful. Firstly,
we show that N is full. Let us fix any pair U/, V of reduced orbifold atlases and any
morphism from [U] to [V] in (Ho); let us choose any representative [f] : i — V for
such a morphism. Then we use (U3) in order to get a diagram as follows

(]

17 N v LV N Vmax

(] N 0] w

Kl

u’ 1%

with [w!] weak equivalence; as before, without loss of generality we can assume
that [@!] is a unit weak equivalence. Since [1!] is a unit weak equivalence, then U’
and U are in the same equivalence class of atlases over X. Moreover, by hypothesis
U is in the same class of /. Then by lemma B2 there exist an atlas 4" and a pair
of unit weak equivalences:

'3] ~2

(@ [@°]

u u’ u'.
The following diagram proves that in (Ho) we have [[f]] = [[f] o [w?]]:
7 (7l v
[wl]o[1ﬂ2]/ v\bv
u" “ [5] * Z'[ﬁ)Z] pmax

iduu\« A

U —— U ———V

[@°] (f]
Now let us consider the morphism
0%, 1f] o [02)] su — v

in Ho(Red Orb). Since [¢?] is a unit weak equivalence, then the induced isomor-
phism

@9 wd ") S u"

is the identity. Therefore,

N([ur @%), (1o 10%] ) = [1f 0 [9?] 0 [8%]] = [(f1 o [0] = [I71)-
This proves that N is full. Now let us suppose that we have fixed two morphisms
in Ho(Red Orb) with the same source and target:

[u’", [&™], [fm]} UV form=1,2 (8.12)
and let us suppose that they are identified by IV, i.e. let us suppose that

(17170 121] = [1721 = 12%] (8.13)
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where for m = 1,2, [$™] is the usual isomorphism (over (w™)~!) from w?(U™)
to U™. Now by ([B.I3) we have that there exist a reduced orbifold atlas U3, a pair
of unit weak equivalences [0™] : U3 — w™(U™) for m = 1,2 and a 2-morphism in
(RedAtl):

1) s o [f1]e[p' o [0 = w o [ 0 [¢%] o [8°)].
By definition of 2-morphism and of ¢y, we conclude that there exists a 2-morphism

8] : [/ e [p'] o [0') = [f?] o [¢7] o [07]
such that [u] = i, * [0%]. Now let us consider the morphisms

[@W™] o [@"]o[0™] : U — U for m=1,2. (8.14)
Since for m = 1,2 the morphism [9™] is a unit weak equivalence and since [¢™]
is defined over (w™)~!, then we get that the maps in (8I4) are both unit weak
equivalences. Therefore by lemma [R.I] we conclude that there exists a 2-morphism
[61] from the first unit weak equivalence to the second one. So we have a diagram
as follows:

wi (U?)

This proves that in Ho(Red Orb) we have:

[wh@), [0 0 [, 1/ o [']] = [w?2@?), [97] o [6%],[%] o [¢7]].

Now it is easy to see that for m = 1,2 we have

[wim @™, [ o [, [F") o [9™]] = [, L™, [F7])-
This proves that any two morphisms as in (812) are identified by N if and only if
they are already equal. So N is a faithful functor. This suffices to conclude. (I

APPENDIX - SOME TECHNICAL PROOFS
Here are the proofs of some technical lemmas stated in the previous pages.

Proof of lemmalZ3 Let us fix any ¢ € I; by definition of 2-morphism for [o] and
[0] we have that {Uf}aeA(i) and {Uf}beB(i) are both open coverings of U;, therefore
so is the set {ﬁf’b}(ayb), so (R1) holds. Also property (R2) is easy to verify. Now
let us check property (R3), so let us fix any i € I, any (a,b) € A(i) x B(i) and any
T; € ﬁf’b. Then:

@) =obo fA(@) = 0t 088 o fl(7:) = 03" o fL(&)),
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so 0 satisfies property (R3). Now let us fix any ¢ € I, let (a,b), (a/,V’) € A(i) x B(3)
and let 7; € UM NU"" . Then we have

b
germ ;. 07" = germ s ab - germ 8¢ =

= eI 5y ol - 8T 71 (5, 6 = BT 71 (5, Gf/’b/,
so 0 satisfies (R4). Let us verify also (R5), so let us fix any pair (4,¢') € I x I,
(a,b) € A(i) x B(i) and (a/,b’) € A(i’) x B(#'). Let us fix also A € Ch(U,i,)
and let Z; € domA N U™ such that A(Z;) € ﬁﬁ/’b/. By property (R5) for § we
get that there exist (P}”,I/}”) € [P}”,V}”] and A™ € Pf" for m = 1,2, such that
7; € dom A", germg A\ = germgz, A for m = 1,2 and

’

= eI (s, o5 - germy z V}(}\l). (8.15)

germp, V?()\Q) Fgerm 7 ) o
Analogously, by property (R5)’ for o we get that there exists (P}, v}) € [P}, v}]
and \* € P? such that 7; € dom A3, germg, A3 = germg, A and

/

germgs V?(/\B) - germp o ) ol = BOITF ((3,)) ol - germyp . 1/?(/\2). (8.16)

Then by multiplying (816) by germg 0¢ on the right we have:

germp, ) Z{PE germp ) ab - germz ) 68 =

: . BID
= 8OMps 3 5,)) O~ GOy V7 (AY) - germa ) OF TS

— _ b’ _ ! _ 1/y1
=" BOIMs (y(5,)) 09 BTy (35, OF - BOTMp 5y Vp(A).

Using the definition of # we can rewrite the previous identity as

’
a,
%

b a’ b’
germgs V?(/\B) S germzy 0" = BEITF (y(z,)) 0,7 - germy 1/} (AY).

Since by construction \' € P; and A\* € P} are such that germz, A\' = germz, A =
germg, A3, then this suffices to prove property (R5) for 6. O
c

Proof of lemma 28 Let us fix any ¢ € I. Then by (R2) for § we have ff([}f)

cod 6§ C ‘7?2(1.); moreover, by (R1) for n we have:

Vo= U VR
ceC(F2 (i)
Hence:
2770 a ~ 17¢
2(U%) C ; A
AU C u cod o NV
ceC(f"(4))
Therefore
~ ~ ~N —1 ~ ~
o _ a 2 NN VAN = a.c.
Ul = LJZ urn (fz) (codéz N 7 (i)) LJZ U;
ceC(F (1) ceC(f7(4))

Since 171 = UacA() 171-“, then we conclude that {ﬁf’c}(aﬁc) is an open covering of [71-,
so property (R1) is verified. Now let us fix any ¢ € I, any (a,c¢) € A(i) x C’(?Q(z))
and any z; € U"°. Then
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720~ T/c
fi (‘Tl) 6 V72 (Z),
so by (R2) for n we have:

~ _ ~1 20~ c
Wi=gp i, © fi(@;) € domn?z(i).
Now by (R3) for § and (Q5c) for g we have

~ _~1 aq fli=y — 1csay o7l Ye~3
w—g?z(l)O(Sl Ofi (‘Tl) _Vg((sl)ogfl(i) sz ((EZ)

Therefore

~ -1 —

ot Lz Liga Lige < =W = e

95 @ © fi@) e (I/g (05 )) (cod v, (07) N dom T]fz(i)) g dom~;"“. (8.17)
Now by (R2) and (R3) for n we have that

c ~\ _ =2 ~2 ~.
77?2(1) ('LU) - 9?2(1) o fz (mz)

Therefore we conclude that

72 £2 T ¢ 1 a . = @,¢
970 ° fi(@;) € M2 (cod v, (07) N dom 77f2(i)) cod ;. (8.18)
By [8I7) and (8I8) we conclude that property (R2) holds for . Now let us prove

also (R3), so let us fix any ¢ € I, any (a,c) € A(i) x C(?Q(z)) and any I; € U™".
Then

%0 G, 0 o f1(@) =1,y 0V (0F) 0 G, o fl(@) =
~1 a o F1(5.) — 12 (5
Tean © o © 01 © Ji (@) = Gy sz (@),
so property (R3) is verified. Now let us prove property (R4): let us fix any ¢ € I, any
pair (a,c¢), (a',c) € A(i) x C(fQ( )) and any Z; € U~°NU® . Then Z; € USNUY;
so by property (R4) for § we have that

germz )51 = germf}@i)@ .
Therefore, by property (Q5d) for §' we have that:

germ~1 Ofl(IZ) ;(5‘1) —_ gerrn~1 of @) g((Sa ) (8.19)

Moreover, by the hypothesm on Z;, we have that ff (ml) € 72 @) N }52, @’ Therefore,
by property (R4) for n we have:

g,‘erm~1 germ~1 (8.20)

IRYICAR 0 o T2 @0 T o
By multiplying (8.20]) by (IHQI) on the right we get.

germ~1 on(wl)n (i) germ 1 Ofl(wl) g((sa) =

— ety S 5.
germg; voffm)”f() ge m}()Of @) Ya(07)

By definition of v, this is equivalent to saying:

a C

BEIMgL, oft AN T EegL, oft@n Vi



A BICATEGORY OF REDUCED ORBIFOLDS 47

so we have proved property (R4) for . Lastly, let us prove also (R5). In order to
do that, let us denote by

= (h = gof,ﬁm =g" ofm, {TL;” = g%’%n(i) oﬁm}iEI,P,:”,l/,T> form=1,2

two representatives for [§*]o[f!] and [§2] o [f2] respectively, obtained as in construc-
tion [[LT4l In particular, we recall that in such a construction we defined set maps

}ndm Pyt — Py for m = 1,2, such that (v} ind,m B € [P v for m = 1,2; we
recall also that

m . .m ind,m _
Vp =gt ou for m=1,2.

Now let us fix any (¢,4') € I x I, any (a,c) € A(3) X C(?Q(i)), any (a/,c') € A(¥') x
C(?Q(i’)), any A € Ch(U,i,i') and any Z; € dom A N U™ such that \(Z;) € ﬁﬁ/’cl.
By (P1) there exist \™ € Py*(i,i') for m = 1,2 such that z; € domA\™ and
germz, A™ = germg, A for m = 1,2. By property (R5)’ for § we get that
germys ) vy P (V) - germp ) O = germ () 0 - germp ) v ().
' (8.21)
In the previous expression the terms 0%, 6% and de (A1) are all in P;. Since P,

is a good subset of Ch(V), then there exists u € P, such that f2(%;) € domp
and germg ;) p = g‘ermfz( )I/}nd %(A\?). By substituting in (82I)) and by using
property (Q5e) for §' we get:

1 —
germg%z(i)of?(Ii) AR germ~1 of () g(5 ) =

- germyll( )Ofl()\( 0 1(6 ) - germ~1 oF1 (7:) y; o ylflld,l()\l)-
= germ~1 ofl G vy (08 ) germhl( )yh()\l) (8.22)

If we multiply ([822) by germ~1 Of (AG) 77_ % () O1 the left we get:

B, o7 (x(e) Tty " BTG, | ofGa Vo () 0T oy g (0F) =

o g9—

:germgz(,)oi%@(zi))77?2@) germg,

oF () Va 0F) - germiy ) VE(AY).

(8.23)
Now by construction i € P}, v md 2(A2) e P? and 8OrM py 7 ) [1 = BT o o }nd 2(A2).
Then by property (R5)’ for 77 we get that

_ 2 ind,2y2y _ c _
germ§§2 _)off(fi) Vg OV (A% germglz(.)ofg(f) n?g(i) —

(i
= germgl )opoff(ii) 77%2(1) germ~1 o ofz(zl) g( ) (824)

We recall that
germii J738 f? — germf2(5) V}nd,Q()\Q) . gefmgi ,]?;2 (Q:50)

‘) germyaz,) 2 - germs, A = germy 7, 2 - germy, A,
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so we can rewrite (824) as

2032 —
germys ;) Vi (A%) - germﬁ%z(iﬁff(&) n%z(i) =

= germg,
726

By substituting (8:20)) in the left hand side of (823) we get:

. ¢ . . 1
P @) 2y BTG, o2 Va (1) (8.25)

- 2()\2 _ c _ 1(5a _
germy, vy, CSE (germg%z(i)off@) Moy germﬁ}l(iﬁf}(ii) v, (0f )) =

- . < _ 1(5a’ _ 1(y1
= (gefm’g'%(,)off,(x@)) Ty BTG, o @) Ve (07 )) - germg ) A,
(8.26)
We can rewrite (8.20) as:

1o

germys 5, V]%()\Q) " BETMg 1 (5, A2 = germy, ;. v eIz (5 ) 1/}11 ()\1),
so property (R5) is verified for ~. O

Proof of lemma (3.3 Let us fix representatives (P, v,") for [P)",v;"] for m = 1, 2.

As we did in construction we can choose representatives

0= {([Za’ 6;1) }iel,aeA(i) » 0= {(ﬁzb’ Uf) }iel,beB(i) ’

for [§] and [o] respectively, such that

§¢ Py Viel,VacA(i), o}e€P; Viel, Vbe B(i).

Let us also fix representatives

= {(‘zc’ 7730) }jEJ,ceC(j) BT {(zd’ M?) }jeJ,deD(j)

for [n] and [p] respectively. Then we have that

lo]® [o] = {{ (ﬁl'ayb’ o) © 5§1|‘7{“’ ) }iel,(a,b)eA(i)xB(i):| (f1 = 1F°),

o b = | {7, uongliges ) ) } i1 = 5]
] © o [ J Mjonjled jeT (e, d)EC(H) X D(5) 9] [5°]

where
Ut .=usnup, V&= (09)7" (cod 84N domaf),
Ve e v TA7Cs c\~1 c
Vj’d =V ﬂde, W; 4= (nj) (codnjﬁdomu;l).

Since P; is a good subset of Ch(V), then as in construction for each (a,b) €
A(i) x B(i) there exists a set

{@;”’”e} c p!

e€E(i,a,b) 9
such that

‘Za,b C U dom @?,b,e
e€E(i,a,b)
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and such that for each Z; € U™" there is e € E(i,a,b) such that f}(Z;) € dom ©%"*
and germp @?’b’e = germp ;) 0% 062, Then we set

T;
- - -1
ot =000 (F) - (domepe).
So we get that a representative for [o] ® [d] is given by

{(('j_a,b,e eq,b,e)} )
v i€1,(a,b)EA(i) x B(i),e€E(i,a,b)

Then we conclude that:

CENGELIE (8.27)

1i7a,b,c,d,e
wie e) }iGI,(a,b,c,d,e)

where for each i € I, (a,b) varies in A(i) x B(i), e € E(i,a,b), (¢,d) € C(?S(z)) X
D(F’()) and

)

Gabede 4 ooe o1 gube
{(Ui g O My © Ve (O0)

~ ~\ —1 ~
geneae = genen (7)™ (cod0pten s )

' £
11ra,b,c,de a,ben) a,b,e 117¢,d
W = (y;(ei )) (cod V(@) n Wm)).

Since we have chosen each df € P, then we have:

e 0= | { (077 e o))} ]
PO 9T ) ser @ eeaw <o (P ()

where

077 = 070 (72) " (ot ).

W= (13000) (cod vy ndomrts ).

Analogously, since we have chosen each 05—’ S Pg27 we have

|
al

Wy >}iel,(E,E)eB(i)xD(?s(i))] ’

where

00t =070 (7)) (codof )

whd .— (1/2 (o’.g)) o ( codv] (o?) N dom u%(i)) .

Then we have:
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where for each i € I, (@,b,7,d) varies in A(i) x B(i) x C(F (i)) x D(F (1)) and

((cod nS, %) ov, ((5?)|W7g) N (dom ugg(i) o V;(O’?)lwig’g)) )
Now we claim that (827) and (8.28) are the same 2-morphism. In order to prove
that, let us fix any ¢ € I, any (a,b,c,d,e) as in (8Z1), any (@,b,¢,d) as in (B2])
and any pomt T; € Ua’b’c’d ‘N Ua bed - Since P} is a good subset of Ch(V), then
there exist 67 in P, such that f2(%;) € domé? and germgp, e = germp )0
Then we have:

- d c 1 a,b,e -
germ§l _)ofil(»ji) (Mf"(i) o 77?3(1_) o z/g(®i )) =

brey (@5€)
= germg‘ of“"(ml) ,Uafs( ) - germ-—~ i o Ofd(wz) ’rlfd( ) - ger mgl Ofl(wl) g(("‘)a e)

e fi 7 '
= germ~2 ofS( 1) /'[/f ( ) germg%z(i)ofis(ii) 77?3(1)

1(5b (R5)
CgeTM  Fa gy g( ) germgjlt (i)ofi @ Y (6@) =

R
= g;erm~2 B ufg( ) g;erm§E off(ii) v2(a?)-
F8etig, sz(wz)n P 8L, ofl @) vy (07) =

= germ~3 . Of’-”ig(zi) M?g,(i) Sgerze g2z Vg (o).

72 (1)

germf ()on(zl)n;Q() germ 1 iof @) 9(5 )=

— germ~1 . oF1 @) ( B0 ) l/g(of) o 77?2(1_) o 1/;(5?)) .

So by definition [LT9 we conclude that (827) and ([828) are the same 2-morphism.
(]
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