Accelerated Variational Dirichlet Process Mixtures

Kenichi Kurihara Max Welling
Dept. of Computer Science Bren School of Information and Computer Science
Tokyo Institute of Technology UC Irvine
Tokyo, Japan Irvine, CA 92697-3425
kuri hara@ri .cs.titech.ac.jp wel | i ng@cs. uci . edu

Nikos Vlassis
Informatics Institute
University of Amsterdam
The Netherlands
vl assi s@ci ence. uva. nl

Abstract

Dirichlet Process (DP) mixture models are promising caaigisl for clustering
applications where the number of clusters is unknown a ipribue to compu-
tational considerations these models are unfortunatedyitable for large scale
data-mining applications. We propose a class of detertigniecelerated DP
mixture models that can routinely handle millions of dagases. The speedup is
achieved by incorporating kd-trees into a variational Bige algorithm for DP
mixtures in the stick-breaking representation, similathat of Blei and Jordan
(2005). Our algorithm differs in the use of kd-trees and ia ttay we handle
truncation: we only assume that the variational distrimasiare fixed at their pri-
ors after a certain level. Experiments show that speeduasvesto the standard
variational algorithm can be significant.

1 Introduction

Evidenced by three recent workshépsonparametric Bayesian methods are gaining popularity
in the machine learning community. In each of these workshogmputational efficiency was
mentioned as an important direction for future researchthi paper we propose computational
speedups for Dirichlet Process (DP) mixture models [1, 2, 3%, 6, 7], with the purpose of im-
proving their applicability in modern day data-mining pleins where millions of data-cases are no
exception.

Our approach is related to, and complements, the varidtiroaan-field algorithm for DP mixture
models of Blei and Jordan [7]. In this approach, the inttaletgposterior of the DP mixture is
approximated with a factorized variational finite (trureztmixture model witlf" components, that
is optimized to minimize the KL distance to the posterior.wdoer, a downside of their model is
that the variational families are not nested o¥erand locating an optimal truncation levEImay
be difficult (see Section 3).

In this paper we propose an alternative variational medd-kgyorithm, called VDP (Variational
DP), in which the variational families are nested o¥erln our model we allow for an unbounded
number of components for the variational mixture, buttieehe variational distributions after level
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T to their priors. Our algorithm proceeds in a greedy mannestasting with7 = 1 and releasing
components when this improves (significantly) the KL bouRleasing is most effectively done
by splitting a component in two children and updating thenadaavergence. Our approach essen-
tially resolves the issue in [7] of searching for an optinmahtation level of the variational mixture
(see Section 4).

Additionally, a significant contribution is that we incomate kd-trees into the VDP algorithm as a
way to speed up convergence [8, 9]. A kd-tree structure sd@ly partitions the data space into a
number of nodes, where each node contains a subset of theatsta. Following [9], for a given tree
expansion we tie together the responsibility over mixtunmponents of all data-cases contained in
each outer node of the tree. By caching certain sufficietisits in each node of the kd-tree we
then achieve computational gains, while the variationgraximation becomes a function of the
depth of the tree at which one operates (see Section 6).

The resulting Fast-VDP algorithm provides an elegant wayrdde off computational resources
against accuracy. We can always release new componentghiempool and split kd-tree nodes as
long as we have computational resources left. Our setumgtess that this will always (at least
in theory) improve the KL bound (in practice local optima nfayce us to reject certain splits,
see Section 7). As we empirically demonstrate in Sectiork8;tee can offer significant speedups,
allowing our algorithm to handle millions of data-cases. &sesult, Fast-VDP is the first algo-
rithm entertaining an unbounded number of clusters thatastgal for modern day data-mining
applications.

2 The Dirichlet Process Mixture in the Stick-Breaking Represetation

A DP mixture model in the stick-breaking representation barviewed as possessing an infinite
number of components with random mixing weights [4]. In [gaitar, the generative model of a DP
mixture assumes:

e An infinite collection of component& = {n,}3°, that are independently drawn from a
prior p,,(n;|A) with hyperparameters.

¢ Aninfinite collection of ‘stick lengthsV' = {v;}$°,,v; € [0, 1], Vi, that are independently
drawn from a priorp, (v;|«) with hyperparameters. They define the mixing weights
{m;}22, of the mixture asr; (V) = v; H;;ll(l —vj),fori=1,...,00.

e An observation model,.(x|n) that generates a datumfrom component.

Given a dataseX = {z,})_,, each data-case, is assumed to be generated by first drawing a
component labet,, = k € {1,..., 0o} from the infinite mixture with probability, (z, = k|V) =
7 (V), and then drawing;,, from the corresponding observation mogeg(x,, |7 ).

We will denoteZ = {z,,}_; the set of all labelsWW = {H,V, Z} the set of all latent variables

of the DP mixture, and = {\, o} the hyperparameters. In clustering problems we are mainly
interested in computing the posterior over data labéls | X, 6), as well as the predictive density
p(x|X,0) = [, px|H,V) [, p(W|X,0), which are both intractable singglV| X, §) cannot be
computed analytically.

3 Variational Inference in Dirichlet Process Mixtures

For variational inference, the intractable postep¢W| X, #) of the DP mixture can be approxi-
mated with a parametric family of factorized variationatdbutionsq(W; ¢) of the form

L N
a(W:9) = T [0 vis 81) g, (mis 6] T a2, (20) @)
n=1

i=1

whereg,,, (v;; ¢¥) andg,, (1;; ¢} ) are parametric models with parametgfsand¢; (one parameter
peri), andgq., (2,,) are discrete distributions over the component labels (dsteittlition pern).

Blei and Jordan [7] define an explicit truncation level= T for the variational mixture in (1) by
settingq,.(vr = 1) = 1 and assuming that data-cases assign zero responsibilignmponents



with index higher than the truncation levE| i.e.,q., (2, > T') = 0. Consequently, in their model
only components of the mixture up to levElneed to be considered. Variational inference then
consists in estimating a set 6fparameter§¢?, ¢!}, and a set ofV distributions{q., (2,)}._;,
collectively denoted by, that minimize the Kullback-Leibler divergencdd®WV; ¢)||p(W|X, 9)]
between the true posterior and the variational approxonatir equivalently that minimize the free
energyF(¢) = Eq[log ¢(W; ¢)] — E4[log p(W, X |0)]. Since each distributioq., (z,,) has nonzero
support only forz, < T, minimizing F'(¢) results in a set of update equations fothat involve
only finite sums [7].

However, explicitly truncating the variational mixture asove has the undesirable property that
the variational family with truncation levél is not contained within the variational family with
truncation levell’ + 1, i.e., the families are not nestédrhe result is that there may be an optimal
finite truncation levell for ¢, that contradicts the intuition that the more componentsaii@v in

q the better the approximation should be (reaching its bestnWh— oc). Moreover, locating a
near-optimal truncation level may be difficult sinEeas a function ofl” may exhibit local minima
(see Fig. 4in [7]).

4 Variational Inference with an Infinite Variational Model

Here we propose a slightly different variational modelddhat allows families ovef’ to be nested.
In our setupyg is given by (1) where we lek go to infinity but wetie the parameters of all mod-
els after a specific level’ (with T < L). In particular, we impose the condition that for all
components with index > T the variational distributions for the stick-lengths (v;) and the
variational distributions for the componenis (1;) are equal to their corresponding priors, i.e.,
Qv (Vi3 @Y) = py(vi|a) andqy, (ni; ¢7) = py(n;|A). In our model we define the free energyas
the limit F = limy_, ., FL, whereF, is the free energy defined hyin (1) and a truncated DP
mixture at levelL (justified by the almost sure convergence ofiatruncated Dirichlet process to
an infinite Dirichlet process wheh— oo [6]). Using the parameter tying assumption fa¢ T', the
free energy reads

o Z{ Jog 059D, 5, i 4D m,¢"”+zE[IOg ) ]
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In our schemd" defines an implicit truncation level of the variational niset, since there are no free
parameters to optimize beyond le\#el As in [7], the free energy is a function ofl" parameters
{¢v,¢7}E, and N distributions{q., (2,)})_,. However, contrary to [7], data-cases may now
assignnonzeroresponsibility to components beyond lef&land therefore each, (z,) must now
have infinite support (which requires computing infinite sumthe various quantities of interest).
An important implication of our setup is that the variatibfeanilies are now nested with respect
to T (since fori > T, ¢, (v;) andg,,(n;) can always revert to their priors), and as a result it is
guaranteed that as we increaSehere exist solutions that decreaBe This is an important result
because it allows for optimization with adaptiVestarting fromI’ = 1 (see Section 7).

¢From the last term of (2) we directly see thatdhe(z,,) that minimizesF' is given by

. eXp(Sn.i)
T (20 =1) = S0 16— 3)
( > j—1¢xp(Sh ;)
where
Sni = Eqy [log pz(zn = i|V)] + Ey,, [log pa(zn|n;)]. (4)

Minimization of ' over ¢! and¢. can be carried out by direct differentiation of (2) for peutar
choices of models fog,, andg,,, (see Section 5). Using.,, from (3), the free energy (2) reads

T
v, (vi; 97) Qs (135 BT
F= E, |log i b’ £ 1 17 1 ) 5
;{ Qo {Og o (Vi) } + Lyg,, {Og . N Z OgZeXp (5)

Evaluation of F' requires computing the infinite suln ;- exp(S,,,;) in (5). The difficult part is
> e ry1€xp(Sn,s). Under the parameter tying assumption for T, most terms ofS,, ; in (4)

2\We thank David Blei for pointing this out.



factor out of the infinite sum as constants (since they do epedd oni) except for the term
Z;:TH E, [log(l —v)] = (i — 1 - T)E, [log(1l — v)]. From the above, the infinite sum can
be shown to be

o0

Sn,T+1
X Snz = : . 6
z':;;-le p(Sn.i) 1 — exp (Ep, [log(1 — v)]) ©

Using the variationay() as an approximation to the true postendi | X, 8), the required pos-
terior over data labels can be approximategby, | X, 0) = q¢., (z). Althoughg.,, (z,) has infinite
support, in practice it suffices to use the individya| (z,, = ) for the finite part: < T, and the
cumulativeg,, (z, > T) for the infinite part. Finally, using the parameter tyinguasgtion for
i > T, and the identit)Efi1 m; (V') = 1, the predictive density(z| X, #) can be approximated by

(] X, 0) ~ ZEqu ) Eq,, [p2(xln:)] [vZE,,m 1] Ep, o (el (@)

Note that all quantltles of interest, such as the free engggnd the predictive distribution (7), can
be computed analytically even though they involve infinitens.

5 Solutions for the exponential family

The results in the previous section apply independentih@fthoice of models for the DP mixture.
In this section we provide analytical solutions for modelghe exponential family. In particular we
assume that, (vi]a) = Beta(a1, ) andgy, (v;; 67) = Betd(d! 1, 0 ,), and thatp, ([n), p,(n|A),
andg,,, (n;; ¢;) are given by

pu(@ln) = h(z) exp{n’ « — a(n)} 8)
pn(nlA) = h(n) exp{Ain + Az(— () —a(N)} ©)
On; (035 07) = h(n;) exp{o] 1ni + &5 (—a(m)) — a(d)}. (10)
In this case, the probabilitieg, (z, = ¢) are given by (3) withS,, ; computed from (4) using
By, llogvi] = W(¢7 1) — U(h71 + ¢7 ) (11)
Ey,, [log(1 —v;)] = W(i2) — W(¢] 1 + ¢72) 12)
Eq, [log pe(zn|mi)] = Eq, [0]" 20 — Eq, [a(m:)] (13)
where¥ (-) is the digamma function. The optimal parameig¥s¢” can be found to be
N N oo
¢y =01+ Y Gz, (20 =1) Glo=aa+ Y Y (20 =) (14)
n=1 n=1j=i+1
N N
¢Zl = )\1 + Z 9z, (Zn = i)d?" QSZQ = )\2 + Z 9z, (Zn = Z) (15)
n=1 n=1

The update equations are similar to those in [7] except teabhave used Beta;, as) instead of
Betd(1, a), andgy , involves an infinite sum 72, | ¢.,, (2, = j) which can be computed using (3)
and (6). In [7] the corresponding sum is finite singe(z, ) is truncated af".

Note that the VDP algorithm operates in a space where conmpdatgels are distinguishable, i.e.,
if we permute the labels the total probability of the datanges. Since thaveragea priori mix-
ture weights of the components are ordered by their sizegptienal labelling of the a posteriori
variational components is also ordered according to alisize. Hence, we have incorporated a re-
ordering step of components according to approximate igee@ach optimization step in our final
algorithm (a feature that was not present in [7]).

6 Accelerating inference using a kd-tree

In this section we show that we can achieve accelerateceinderfor large datasets when we store
the data in a kd-tree [10] and cache data sufficient statistieach node of the kd-tree [8]. A kd-tree



is a binary tree in which the root node contains all pointsl @ach child node contains a subset of
the data points contained in its father node, where poimtseparated by a (typically axis-aligned)
hyperplane. Each point in the set is contained in exactlyrmue, and the set of outer nodes of a
given expansion of the kd-tree form a partition of the data se

Suppose the kd-tree containing our dafais expanded to some level. Following [9], to achieve
accelerated update equations we constraircglin outer nodeA to share the same,, (z,) =
q.,(z4). We can then show that, under this constraint,ghgz.4) that minimizesF' is given by

eXp(SA,z‘)

Gza(2a =1) = > exp(Sa ;) -

whereS, ; is computed as in (4) using (11)—(13) with (13) replacedpy (0] () A —Eq, la(m)],
and(z) 4 denotes average over all data contained in nodel. Similarly, if |n 4| is the number of
data in noded, the optimal parameters can be shown to be

¢V =01+ Y [nalgz,(za =) Gl =0+ Y |nal Y gua(za=13) (A7)
A A j=it1
=M+ Inalg, (24 = i)(2)a To=do+ Y |nalg,(za =1). (18)
A A

Finally, usingg. , (z4) from (16) the free energy (5) reads

T R . >
F = Z {Eqvi [log (M} + By, [log q"(nmﬂ)} } - Z |14l logZexp(SAﬁi). (29)
i=1

pv(vi|a) pn(nllA) A i=1

The infinite sums in (17) and (19) can be computed from (6) With-,; replaced by54 7. Note
that the cost of each update cycleG$T|A|), which can be a significant improvement over the
O(TN) cost when not using a kd-tree. (The cost of building the ka-isO(N log N) but this is
amortized by multiple optimization steps.) Note that byniefj the tree (expanding outer nodes)
the free energy' cannot increase. This allows us to control the trade-offvbeh computational
resources and approximation: we can always choose to desicertree until our computational
resources run out, and the level of approximation will bedtiy tied toF' (deeper levels will mean
lower F).

7 The algorithm

The proposed framework is quite general and allows flexyhiiti the design of an algorithm. Below
we show in pseudocode the algorithm that we used in our expets (for DP Gaussian mixtures).
Input is a dataseX = {z,})_, that is already stored in a kd-tree structure. Output is afet
parameter§s?, ¢7 17, and a value foff". From that we can compute responsibilitigs using (3).

1. Setl' = 1. Expand the kd-tree to some initial level (e.g. four).

2. Sample a number of ‘candidate’ componeragcording to siz& _ , [nalg, (24 = ¢), and split the
component that leads to the maximal reductio’ef For each candidatedo:

(a) Expand one-level deeper the outer nodes of the kd-tree tham assithe highest responsibility
g-, (24 = c¢) among all components.
(b) Splitc in two components; andj, through the bisector of its principal component. Initialize
the responsibilities. , (z4 = ) andq., (z4 = j).
(c) Update onlySa,i, ¢7,¢; andSa ;, ¢, gzﬁ;.] for the new componentsandj, keeping all other
parameters as well as the kd-tree expansion fixed.
3. UpdateSa ¢, o7, ¢f forallt < T + 1, while expanding the kd-tree and reordering components.

4. If Fry1 > Fr — ethen halt, else séf := T + 1 and go to step 2.

In the above algorithm, the number of sampled candidate ooemts in step 2 can be tuned ac-
cording to the desired cost/accuracy tradeoff. In our d@rpesmts we used 10 candidate components.
In step 2b we initialized the responsibilities by, (z4 = i) =1 =1—q,,(z4 = j) if (x)4 IS
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Figure 1: Relative runtimes and free energies of Fast-VIBP\and BJ.

Fast-VDP ——
VDP e
‘ ‘ 15 - ‘ ‘
160 f
10 | /—“\' 5
3
40 51
1k O — 1
: : : : - 1.02
1 1.01
L L L L L L L 1 L L \7
10 100 1000 16 32 64 128 1 2 3
#data in thousands dimensionality c-separation

Figure 2: Speedup factors and free energy ratios betweerViEds and VDP. Top and bottom
figures show speedups and free energy ratios, respectively.

closer toi than toj (according to distance to the expected first moment). Inraepeed up the
partial updates in step 2c, we additionally gef(z4 = k) = 0 for all k& # ¢, j (so all responsibility

is shared between the two new components). In step 3 we redrdemponents every one cycle
and expanded the kd-tree every three update cycles, damdriiie expansion by the relative change
of ¢.,(z4) between a node and its children (alternatively one can meabka change of’r ).
Finally, in step 2c we monitored convergence of the partlates through’ro, which can be
efficiently computed by adding/subtracting terms invofythe new/old components.

8 Experimental results

In this section we demonstrate VDP, and its kd-tree extenB@st-VDP, on synthetic and real
datasets. In all experiments we assumed a Gaussian olisernaidelp,. (z|n) and a Gaussian-
inverse Wishart fop,,(n|\) andgs, (n:; 7).

Synthetic datasets. As argued in Section 4, an important advantage of VDP oveiBAealgo-
rithm of [7] is that in VDP the variational families are nesteverT’, which ensures that the free
energy is a monotone decreasing functio'aind therefore allows for an adapti¥e(starting with
the trivial initializationT = 1). On the contrary, BJ optimizes the parameters for fi¥e(and
potentially minimizes the resulting free energy over difet values of"), which requires a nontriv-
ial initialization step for eacti”. Clearly, both the total runtime as well as the quality of final
solution of BJ depend largely on its initialization step,igihmakes the direct comparison of VDP
with BJ difficult. Still, to get a feeling of the relative perimance of VDP, Fast-VDP, and BJ, we
applied all three algorithms on a synthetic dataset coimgih000 to 5000 data-cases sampled from
10 Gaussians in 16 dimensions, in which the free parametd8d were set exactly as described
in [7] (20 initialization trials andl" = 20). VDP and Fast-VDP were also executed ufiti= 20. In
Fig. 1 we show the speedup factors and free energy fadim®ng the three algorithms. Fast-VDP

3Free energy ratio is defined asi- (F4 — Fg)/|F5|, whereA and B are either Fast-VDP, VDP or BJ.
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Figure 3: Clustering results of Fast-VDP and VDP, with a sipgeof 21. The clusters are ordered
according to size (from top left to bottom right).

was approximately 23 times faster than BJ, and three timsterféhan VDP orb000 data-cases.
Moreover, Fast-VDP and VDP were always better than BJ ingerhiree energy.

In a second synthetic set of experiments we compared thelspedf Fast-VDP over VDP. We
sampled data from 10 Gaussians in dimensidwith component separatibre. Using default
number of data-case¥ = 10,000, dimensionalityD = 16, and separatiom = 2, we varied
each of them, one at a time. In Fig. 2 we show the speedup féojoyr and the free energy ratio
(bottom) between the two algorithms. Note that the lattahisys worse for Fast-VDP since itis an
approximation to VDP (ratio closer to one means better appration). Fig. 2-left illustrates that
the speedup of Fast-VDP over VDP is at least lineaNinas expected from the update equations
in Section 6. The speedup factor was approximately 154 ferroitlion data-cases, while the free
energy ratio was almost constant ovér Fig. 2-center shows an interesting dependence of speed on
dimensionality, withD = 64 giving the largest speedup. The three plots in Fig. 2 are iaeagent
with similar plots in [8, 9].

Real datasets. In this experiment we applied VDP and Fast-VDP for clusigimage data. We
used the MNIST dataseht(t p: // yann. | ecun. comi exdb/ mi st /) which consists of0, 000
images of the digits 0-9 in 784 dimensions (28 by 28 pixelsg fiiét applied PCA to reduce the
dimensionality of the data to 50. Fast-VDP found 96 clusier3, 379 seconds with free energy
F = 1.759 x 107, while VDP found 88 clusters if2, 037 seconds with free energy684 x 107.
The speedup was 21 and the free energy ratio id$4. The mean images of the discovered
components are illustrated in Fig. 3. The results of the tlgorithms seem qualitatively similar,
while Fast-VDP computed its results much faster than VDP.

In a second real data experiment we clustered documentsditeseerfit t p: / / ci t eseer . i st .
psu. edu). The dataset ha30,696 documents, with a vocabulary size &f, 473 words. Each
document is represented by the counts of words in its alisti&e preprocessed the dataset by
Latent Dirichlet Allocation [12] with 200 topiés We subsequently transformed these topic-counts
yjr (count value off’th topic in the j'th document) intox; ;, = log(l + y; ) to fit a normal
distribution better. In this problem the elapsed time oftR43P and VDP were 335 seconds and
2,256 seconds, respectively, hence a speeduiprofThe free energy ratio waks040. Fast-VDP
found five clusters, while VDP found six clusters. Table 1vehthe three most frequent topics in
each cluster. Although the two algorithms found a differnber of clusters, we can see that the
clusters B and F found by VDP are similar clusters, whereas¥BP did not distinguish between
these two. Table 2 shows words included in these topics, isigothat the documents are well-
clustered.

9 Conclusions

We described VDP, a variational mean-field algorithm fori@ilet Process mixtures, and its fast
extension Fast-VDP that utilizes kd-trees to achieve ggedOur contribution is twofold: First,

“A Gaussian mixture is-separated if for each paifi, j) of components we havim; — m;||*> >
¢ D max (AP, A7), whereA™** denotes the maximum eigenvalue of their covariance [11].
SWe thank David Newman for this preprocessing.



Fast-VDP VDP

cluster a b c d el A B C D E F

(in descending order

the three most 1 81 73 35 49 76| 81 73 35 76 49 73

frequent topics 2 102 174 50 92 4 102 40 50 4 92 174
3 59 40 110 94 129 59 174 110 129 94  4(

Table 1: The three most frequent topics in each clusters-\HaR found five clusters, a—e, while
VDP found six clusters, A—F.

cluster | the most words

frequent topic
a, A 81 economic, policy, countries, bank, growth, firm, public, trade, marke
b,B,F| 73 traffic, packet, tcp, network, delay, rate, bandwidth, buffer, erg,lo.
c,C 35 algebra, algebras, ring, algebraic, ideal, field, lie, group, theory, ..
dE 49 motion, tracking, camera, image, images, scene, stereo, object, ...
e, D 76 grammar, semantic, parsing, syntactic, discourse, parser, linguistic,

Table 2: Words in the most frequent topic of each cluster.

we extended the framework of [7] to allow for nested variagicfamilies and an adaptive truncation
level for the variational mixture. Second, we showed howtriegs can be employed in the frame-
work offering significant speedups, thus extending relagsdlts for finite mixture models [8, 9]. To
our knowledge, the VDP algorithm is the first nonparametag&sian approach to large-scale data
mining. Future work includes extending our approach to othedels in the stick-breaking repre-
sentation (e.g., priors of the form, (v;]a;,b;) = Betda;, b;)), as well as alternative DP mixture
representations such as the Chinese restaurant process [3]
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