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Abstract. This paper introduces four alternative representations of a
set function: the Mobius transformation, the co-Mobius transformation,
and the interactions between elements of any subset of a given set as
extensions of Shapley and Banzhaf values. The links between the five
equivalent representations of a set function are emphasized in this pre-
sentation.
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1 Introduction

Real valued set functions, which are not necessarily additive, are extensively
used in decision theory. This paper mostly concentrates on some alternative
representations of set functions and on their usefulness in game theory and in
multicriteria decision making.

Consider a real valued set function v : 2V — IR, where N is a discrete set
of n elements, n € INg. In cooperative game theory, v is a game that assigns
to each coalition S of players a real number v(S) representing the worth or the
power of S. One also defines the unanimity game for T C N, as the game v
such that vp(S) = 1 if and only if S O T, and 0 otherwise. In multicriteria
decision making, when N represents a set of criteria, v is a weight function and
the number v(S) represents the weight related to the combination S of criteria.

There exist several equivalent ways to define v. The first one is to give for any
subset S the number v(S). The second one is to observe that v can be expressed



in a unique way as:

v(S)= > a(l), SCN. (1)

TCS

In game theory, the real coefficients {a(T")}rcn are called the dividends of the
coalitions in game v, see [11, 15]. In combinatorics, a viewed as a set function
on N is called the Mdbius transform of v (see e.g. Rota [17]), which is given by

a(S) =Y (-1)*"(T), SCN, (2)
TCS

where s = |S| and ¢t = |T.

The set function a is a representation of v since there is a bijection between
the set of games and the set of dividends, i.e. defining one of the two allows to
compute the other without ambiguity. More formally, a set function w : 2V — IR
is a representation of v if there exists an invertible transform 7 such that

w=Tw) and v=7 1(w).

In addition to the Mobius representation of v, we introduce the following
definitions:

— The dual representation of v, denoted v*, is defined by
v*(S) :=v(N)—v(N\S), SCN.

— The co-Mébius representation of v, denoted b, is defined by

bS) = 3 (~1)" (@) = S (-)'u(N\T), SCN.  (3)

TDN\S TCS

— The Banzhaf interaction indez related to v, denoted Iy, is defined by

in_s > S () h(@uT), SCN. (4)

TCN\S LCS

IB(S) =

The Shapley interaction index related to v, denoted Igy, is defined by

Isn(S) == > wZ(—l)s—lv(LuT), SCN. (5

_ I
s (n—s+1)! it

In evidence theory (Shafer [19]), v corresponds to the belief function, v* is
called the plausibility function, a corresponds to the mass or basic probability
assignment and b is called the commonality function.

The interaction indices Iz and Igy, have been introduced respectively by
Roubens [18] and Grabisch [7] to model interaction among players or criteria.
Actually, the problem of modelling interaction remains a difficult question, often
overlooked in practical applications. Although everybody agrees that interaction
phenomena do exist in real situations, the lack of suitable tool to model them
frequently causes the practitioner to assume that his criteria are independent



and exhaustive. This comes primarily from the absence of a precise definition of
interaction.

However, the problem has recently been addressed under the viewpoint of
cooperative game theory and multicriteria decision making, and an approach
which seems suitable has been pointed out. The origin of the idea is due to
Murofushi and Soneda [13], who propose an interaction index among a pair of
criteria, based on multiattribute utility theory. Later, Grabisch [7] generalized
this index to any subset S, thus giving rise to a new representation of set func-
tions. This representation is called the Shapley interaction index (5). Viewed as
a set function, it coincides on singletons with the Shapley value

sty = Y TGy ) e n,

n!
TCN\{i}

which is a fundamental concept in game theory [20] expressing a power in-
dex. There is in fact another common way of defining a power index, due to
Banzhaf [2] (see also Dubey and Shapley [4]). The so-called Banzhaf value, de-

fined as
¢B(i) = in_l > W(Tu{i}) —u(T)], i€N,

TCEN\{i}

can be viewed as an alternative to the Shapley value, and Roubens [18] developed
a parallel notion of interaction index, based on the Banzhaf value: the Banzhaf
interaction index (4).

It should be noted that the interaction indices Ig and Ig, have been axiomat-
ically characterized by Grabisch and Roubens [8].

If v(@) = 0 then v* is a representation of v since (v*)* = v. Moreover, for

any v, it is already known that the Mobius transform is invertible and thus
is a representation of v. The main aim of this paper is to show that b is also
a representation of v, as well as the interaction indices Ig and Igy. All these
representations are linear, that is, such that 7 is a linear operator. We also give
all the conversion formulas between v, a, b, Iy and Igy.

On this issue, Roubens [18] has expressed Ip in terms of the dividends:

Ig(S)= > (5)""a(T), SCN, (6)

T25
while Grabisch [7] has shown that:

1
Isn(S) = —a(T), SCN. (7)
Sh 7%:St—s-i-l

The paper is organized as follows. In Section 2, we introduce the concept
of pseudo-Boolean functions as substitutes for set functions. In Sections 3 and
4, we introduce the multilinear and Lovasz extensions. In Section 5, we present
some conversion formulas which can be obtained from the multilinear extension.



In Section 6, we consider the algebraic aspect of the transformations by investi-
gating the matricial relations between the representations. Two types of trans-
formations are pointed out: fractal and cardinality transformations. In Section 7,
we apply our results to a certain problem of approximations of pseudo-Boolean
functions.

2 The use of pseudo-Boolean functions

For any subset S C N, eg is the characteristic vector (or incidence vector) of
S, i.e. the vector of {0,1}" whose i-th component is 1 if and only if i € S.
Geometrically, the characteristic vectors are the 2" vertices of the hypercube
[0,1]™.

Any real valued set function v : — IR can be assimilated unambigu-
ously with a pseudo-Boolean function, that is a function f : {0,1}" — IR. The
correspondence is straightforward: we have

flz) = Z v(T) I_Ixz H(l —x;), x€{0,1}",

TCN ieT  igT

2N

and v(S) = f(eg) for all S C N. We shall henceforth make this identification.
Hammer and Rudeanu [10] showed that any pseudo-Boolean function has a
unique expression as a multilinear polynomial in n variables:

f@) = 3 e [ @ efo.1y, (®)

TCN ieT

where the coefficients a(7") are nothing else than the dividends (2). Moreover,
equation (8) is the decomposition of the set function v into unanimity games:
indeed, [[;cp 2 corresponds to the unanimity game vy and we have, for all
SCN,

o(S) = fles) = Y a(T) [J(es)i= D a(T)vr(s).

TCN ieT TCN

Thus, any game v has a canonical representation in terms of unanimity games
that determine a linear basis for v. Note that Gilboa and Schmeidler [5] and
Pap [16] extended this unanimity-basis representation to general (infinite) spaces
of players.

Let us introduce the concept of derivatives of pseudo-Boolean functions,
which will be useful as we continue, see e.g. [9].

Definition 2.1 Given S = {i1,...,is} C N, the s-th order derivative of a
pseudo-Boolean function f : {0,1}" — R with respect to x;,,...,x;, is the
function Ag f:{0,1}™ — IR defined inductively as

Ag f(z) = Ai, (As\ iy (@),



where A; f(x) (i € N) is the (first) derivative defined by
A f(x) = fx|as=1) = f(x|a; =0), =ze€{0,1}",

and, as usual, Ay f(z) = f(x) for all x € {0,1}". For all S C N, Ag f(z) will
be called the S-derivative of f(x).

Thus defined, Ag f(z) depends only on the variables z; for i ¢ S, but we
still regard it as a function on {0,1}". For instance, we have, for all T C N,

‘ [ fler) = fler\piy), ifi€T,
(Aif)(er) = {f(eTu{i}) —Tf(eT), ifigT.

If f is given under the form (8) then we can easily see that:
Asf(x)=>_a(T) [] =i, Vze{o,1}", ¥vSCN. (9)
T2S i€T\S

Hence we have

(As f)(er) =Y a(LUS), VYSCN, VI CN\S. (10)

LCT

Moreover, we can see that (use induction over |S|):
(As f)er) = Y (-1 W(LUT), VSCN, VTCN\S. (11)
LCS

In particular, for S = {i}, we obtain the marginal contribution of player i to
the coalition T'C N \ {i}:

(Ai f)(er) = o(T'U {i}) — o(T).

For S = {i,j}, we obtain the marginal contribution of j in the presence of i
minus the marginal contribution of j in the absence of i:

(Agigpf)er) = o(T' Ui, j}) — (T U{i}) — (T U{j}) + o(T).

This difference represents the marginal interaction between ¢ and j, conditioned
to the presence of elements of the coalition T'C N\ {i,5}.

More generally, (Ag f)(er) represents the marginal interaction between the
elements of a coalition S C N in the presence of elements of the coalition 7" C
N\ S.

By combining (11) and (3), we obtain
b(S) = (As f)len\s) = (As f)(en), SCN, (12)

and by using (9),

b(S) =Y a(T), SCN. (13)
TDS



Moreover, it should be noted that, from (11), equations (4) and (5) become:
1

I(8) = 5= > (Asf)ler), SCN, (14)
TCN\S
1 n—s\ '
= - -
)=y S (") @enen. sen o)
TCN\S
thus showing that Ig and Ig), are of the form (see [8]):
I(8)= 3 pi(Asfer), SCN. (16)
TCN\S

This points out the following probabilistic interpretation of Iy and Igy: let us
suppose that any coalition S C N joins a coalition 77 C N \ S at random
with a probability p5.. Then the interaction index (16) can be thought of as the
mathematical expectation of the marginal interaction (Ag f)(er). Depending on
the given randomization scheme, this interaction index takes a well defined form
(see also [22]):

— if the coalition S is equally likely to join any coalition T C N \ S, its prob-
ability to join is p% = 2% and we get Ig.
— if the coalition S is equally likely to join any coalition T C N \ S of size

t (0 <t < n—s)and that all coalitions of size ¢t are equally likely, its
1 .
n—s+1 (nt °

probability to join is p% = )71 and we get Igy,.

The following result shows that equations (14) and (15) can be rewritten in
another form.

Proposition 2.1 We have

(S =5 Y (AsH@). SCN, (1)
ze{0,1}n

Isy(S) = %4-1 xe{zo;l}n (E?sz)_ (As f)(z), SCN. (18)

Proof. Given S C N, we simply have

1 1
g 2 AsH@=g > am) > [ a0 (b (9)
z€{0,1}n T2S z€{0,1}™ i€T\S
1
T2S KCN\(T\S)
1 —s
= > () "a(T)
TDS

=Is(5) (by (6)),



and

— > (Zﬁxi)_lms f)@)

z€{0,1}m

DD (zﬂ)li}}f (by (9))
:n—lu IILCDY (Z>1

728 KCN\(T\S)

o 2 (TO)6)

T28 k=0

1
=2 i@

TDS
= Isn(S) (by (7)),

which proves the result. O

Before going on, let us make some observations.

1. It should be noted that equations (6) and (7) can be easily obtained from
(14) and (15) respectively by using the following formula:

n—t

> st@shien =[S (") oo, scn

TCN\S TS k=0
The proof of this formula is simple: setting L' := L U S, we have, from (10),

S pi(Asfler)= > pi > a(LUS)

TCN\S TCN\S LCT

= X wfaw

L'DS "T:L'\SCTCN\S

Y[y (" o)

L'DS t=l'—s

2. In their definitions, Grabisch and Roubens [8] introduced the notation
dsv(T) := (Asf)(er), SCTCN.
Using this concept of derivative, we immediately have

(Asf)(er) = 6s0(TUS), VS, T C N,



and (16) becomes

I(S)= Y pidsv(TUS), SCN.
TCN\S

3 Multilinear extension of pseudo-Boolean functions

From any pseudo-Boolean function f : {0,1}" — IR, we can define a variety of
extensions f : [0,1]" — IR which interpolate f at the 2" vertices of [0, 1]", that
is f(es) = f(es) = v(S) for all S C N.

The S-derivative of any extension f is defined inductively in the same way
as for f. In particular, we have

Ag f(z) = Ag f(x), Vxe€{0,1}", VSCN.

Let us introduce the notation z := (z,...,z) € [0,1]" for all x € [0,1]. By
(10) and (12), we immediately have

for any extension f of f.

The polynomial expression (8) was used in game theory in 1972 by Owen [14]
as the multilinear extension of a game.

Definition 3.1 If the pseudo-Boolean function f has the unique multilinear
expression (8) then the multilinear extension of f (MLE) is the function g :
[0,1]" — R defined by

gl):= > fler) [[= [JA-2)= > a@[[: zelo". (19)

TCN i€T  igT TCN ieT

It has been proved by Owen [15] that g is the only multilinear function (i.e.
linear in each of the variables z;) on [0,1]™ that coincides with f on {0,1}".
More precisely, g corresponds to the classical linear interpolation (with respect
to each of the n variables) of f.

It is easy to see that:

Asg(x)=Y_a) [] = VYee0,1]", VSCN, (20)

28 i€T\S
and, by (9), we can observe that Ag g(z) is the MLE of Ag f(x).

From (6) and (20), we can readily see that the Banzhaf interaction index
related to S is obtained by integrating the S-derivative of the MLE of game v
over the hypercube. Formally, this result can be stated as follows.



Proposition 3.1 We have
w(S) = [ (Asg)dr SCN (21)
[0’1]71,

This result can be interpreted by analogy with (17): Ig(S) is the average
value of Ag f over {0,1}", but also the average value of its MLE over [0, 1]™.
From (20), we immediately have:

(Asg)(@)= > a(T)a'™*, Vzel0,1], VSCN. (22)
D8

Consequently, we have, using (13), (6), and (7):

a(8) = (As g)(0), SCN (23)

b(S) = (Asg)(1), SCN (24)

Ig(9) = (Asg)(1/2), SCN (25)
1

fa() = [ (Aso)e)ds, SCN, (26)
0

We see that the Banzhaf interaction index related to S is the value of the S-
derivative of the MLE of game v on the center of the hypercube [0, 1], while the
Shapley interaction index related to S is obtained by integrating the S-derivative
of the MLE of game v along the main diagonal of the hypercube. This latter
result has been proved by Owen [15] when |S| = 1.

4 Lovasz extension of pseudo-Boolean functions

Let II, denote the family of all permutations w of N. The Lovdsz extension

f:]0,1]* = R of any pseudo-Boolean function f is defined on each n-simplex
Bﬂ' :{(EG [0, 1]n|x7r(1) < Sl'w(n)}, Weﬂna
as the unique affine function which interpolates f at the n + 1 vertices of B,
see Lovasz [12, §3] and Singer [21, §2].
When f is given under the form (8), the Lovdsz extension of f can take the
form of a min-polynomial as follows:

f@)=> am) Nz xzeclo1]", (27)
TCN €T

where A denotes the min operation; indeed, the function (27) agrees with f at

all the vertices of [0,1]™, and identifies with an affine function on each simplex
B
It is easy to see that:

Ag f(z) = Z a(T) /\ x;, Vrel0,1]", VSCN, (28)
T28 i€T\S

and, by (9), we can observe that Ag f is the Lovész extension of Ag f.
The following lemma will be very useful as we continue.



Lemma 4.1 There holds

1
/ N\ ide = ., SCN. (29)
[0’1]71 ies S + 1

Proof. Observe first that we can assume S = N. Next, we have

/[0,1}n LQV zidr = Z -/Bw Tr(1) dT

well,
EN 21D Tr(2)
= Z /0/0 /O Tty A1) -+ ()
rell,
-3 v
_TrEH (n+1)! n4+1’

and the lemma is proved. O

From (7), (28) and (29), we can readily see that the Shapley interaction index
related to S is obtained by integrating the S-derivative of the Lovasz extension
of game v over the hypercube. This result, which is to be compared with (21),
can be stated as follows.

Proposition 4.1 We have
Isn(S) = / As f(z)dz, SCN.
[0’1]71

From (28), we immediately have

(As /(@) =a(S)+z > a(T), VYrelo1], VSCN.

Consequently, we have, using (13):

a(S) = (As f)(0), SCN
b(S) = (As f)(1), SCN
(VNS _ (a i, SN
1
“(S);b(s):/o (As f)(z)de, SCN

5 Some conversion formulas derived from the MLE

It is easy to see that, for any function g of the form (19), the operator Ag
identifies with the classical S-derivative, that is,
9° g(x)

Asg(l’) = m where S = {il,...,is}.



The Taylor formula for functions of several variables then can be applied to g.
This leads to the equality:

Z H —Yi ATg( ) T,y € [0’ Hn' (30)

TCN €T

Replacing x by es and y by y provides:

=Y [I(es)i—v) (Arg)(y), V¥yelo,1], ¥SCN. (31)

TCN €T

On the basis of (23)—(25), we can obtain the conversions from a, b, Iz to v by
replacing y respectively by 0, 1 and 1/2 in (31). The corresponding formulas can
be found in Tables 3 and 4 (Section 6).

By successive derivations of (30), we obtain:

Asg(@) = I @i —w)Argly), Va,ye[0,1]", ¥VSCN.
TDS ieT\S

In particular, we have:

(Asg)@) = D (z—)"* (Arg)(y), VYa,ye[0,1], VSCN.  (32)
TDS

We can get all the conversions between a, b, and Ig by replacing = and y by
0, 1, and 1/2 in (32). The corresponding formulas are written in Tables 3 and 4.
Combining (26) and (32), we immediately have:

Isn(S) = za:s [/01(95 —y)'° dm] (Arg)(y)
JEms L (y)t—stl

Z P—— (Arg)(y). Yy € [0,1], VS C N.(33)

We then obtain the conversions from a, b, Iz to Is, by replacing y successively
by 0, 1, and 1/2 in (33), see Tables 3 and 4.

The conversions from Ig, to a, b, Iz, are a little bit more delicate. Let
{By}nen be the sequence of Bernoulli numbers defined recursively by

B0:17

~ 1

3> ("Z )Bk:O, n € No.
k=0

The first elements of the sequence are:

1 1 1 1
By=1,Bi=—-——=,By==-,B3=0,By=——,B5=0,Bg = —,....
0 s D1 27 2 67 3 Oa 4 307 5 0’ 6 427



The Bernoulli polynomials are then defined by

n

B, (z) = Z (Z) Brz" % ¥necNN, VrcTR.
k=0

It is well known that these polynomials fulfil the following properties (see e.g.

[1]):

Bn(0) = B,, VneN (34)

B,(1) = (-1)"B,, VneN (35)

B,(1/2) = (2n1_1 “1)B,, VnelN (36)

Bu(z+y)=)Y_ (Z) Be(z)y"*, VneNN, Vo,ye R (37)
k=0

/ By ( =0, VnelN. (38)

We have the following lemma.

Lemma 5.1 For all S, K C N such that S C K, we have:

1
B _s(2) ———— = aF~" 1].
Z tS(x)k*t+]. 70 2 e|0,1] (39)
T:SCTCK
Proof. We have
1
2 By

T:SCTCK

Il
-
IIMw
w

Il
o>
-
Y
5
IS
»
~_
o}
IS
—~
S~—
El
|
@0
| | =
IS
+
—

<
I
=)

I Il
S— S
— —
‘w:
/N N
5
|
[V
~
o}
e
—
s
8
=
|
w
|
e
IS
N
—
on
<
—
w
\]
N~—
SN—

which proves the result. O
We then have the following result.

Proposition 5.1 We have

(Asg)(x) =Y Bi_o(z) Isn(T), Va€[0,1], VS C N. (40)
TOS



Proof. We have

> Bes@) (1) = 3 Bsla) 3 ey alK) (b (7)

TDS TDS KDT

1
=Y aK) >  BiJr)———
KDS T:SCTCK k—t+1

= " a(K)t " (by (39))

KDS

= (Asg)(z) (by (22)),

and the result is proved. O
We then obtain the conversions from Igy, to a, b, Iz by replacing x successively
by 0, 1, and 1/2 in (40), and by using (34)—(36).

6 Fractal and cardinality transformations

In this section, we give all the conversion formulas between the five representa-
tions v, a, b, Ig, Isy of a game v. All these representations are linear, that is,
such that the transform 7 is a linear operator which can be written in a matrix
form.

Any pair (z,y) extracted from the set {v, a, b, I, Isy } can produce a matricial
relation
y=Tox
where x,y : 2V — IR and where T is a transformation matriz of dimension
27 x 2" if the 2" elements of 2V are ordered according to some sequence.
Let us consider the following total ordering of the elements of 2%,

0:0,{1},{2},{1,2},{3},{1,3},{2,3},{1,2,3},{4},..., N.

This order is obtained as follows. We consider the natural sequence of inte-
gers from 0 to 2" — 1, that is 0,1,2,...,4,...,2" — 1, and its binary nota-
tion [0z, [1]2,. .-, [¢]2, - - -, [2™ — 1]2, which is (with n digits) 000 - - - 00, 000 - - - 01,
000---10,..., 111---11. To any number [i]s in binary notation corresponds a
unique subset I C N such that j € I if and only if the (n+ 1 — j)-th digit in [i]o
is 1.

We obtain the vectors of IR?":

iy = (z(0) =({1}) =({2}) =({1.2}) ... =(N))
vy = (@ y({1}) v({2}) v({1.2}) ... y(@V))

(here the superscript ¢ represents the transposition operation) and we determine
the matricial relation

8

Yn) = Tin) © Z(n)



with

0 . N

0 T(0,0) T®,{1}) --- TO,N)

- {1 | 711 0) T{1h{1}) - T{1}N)
n) = : : :

N \T(N,0) T(N.{1}) - T(N,N)

Three particular transformations will be considered:

(i) the fractal transformation linked to a “fractal matrix” T' = F defined with
the help of one “basic fractal matrix” F(;) which is supposed to be invertible.

Fuy = (g ﬁ) f;eR, i=1,23,4

ol (9 92
) <g3 94
J1Fe-1)y [f2Fi-1) >
Fy = , k=2,...,n.
(k) <f3 Fi—1y faFg-1
It can be shown that the inverse matrix is also fractal. In general we have:
-1 -1
Fl= (glF(fl” gQF(fl”) k=2,....n.
(k) 93 F(kfl) 9a F(kfl)
(ii) the upper-cardinality transformation linked to an “upper-cardinality ma-

trix” T = C based on asequence of real numbers (cg,c1,...,Cky...,Cpn),
co =1, and

_ (G a . . [a-1  «a .
C(l)—(o Co>7 C(l)_< 0 Cll),l—17...,n

Cl 02 Cl Cl+1
= (0 Y, ctyim (0 DY it

l
0 C(1) 0 C(1)
cl C?
C ::( (k1) (k_l)),k:Q,...,n.
(k) 0 C(lkfl)

Using the sequence O to order the rows and the columns of C,,, one obtains
(blanks replace zeroes):

0 {1} {2p {12} {3} {1,3} {2,3} {1,2,3}

0 co ¢ < c2 c1 Cc2 c2 c3
{1} Co C1 C1 Cc2
{2} Co C1 C1 C2
{1, 2} Co C1
Ciny = {3} Co c1 c1 C2
{1, 3} Co C1
{2, 3} Co C1
{1, 2, 3} Co




(iii) the lower-cardinality transformation linked to a “lower-cardinality matrix”
T = C* based on a sequence of real numbers (co,c1,...,Ck,--.,Cn), co = 1,

and
¢ . f(co O
C(l) - (Cl CO ) PECICIE

CcL 0
Ct :( (k—1) ),kQ,...,n.
v\, an,

Both fractal and cardinality transformations correspond to a two-place real
valued set function @. We introduce the product of two such transformations @
and ¥ to define:

(@oW)(A,B):= Y &(A,C)¥(C,B), ABCN.
CCN

In the case of the upper-cardinality transformation (see Denneberg and Gra-
bisch [3])

C 5 1f A g B7
#(4.8) =205\ 4) = { g2 TAS

and this definition justifies the terminology used.
If we are concerned with a lower-cardinality transformation,

C 5 1f B g A»
P(A,B) =P(A\ B,0) = { O‘A\Bl otherwise.

Let us now consider the families:

Gr:={F: oV x 2V LR | I is built on a basic invertible fractal matrix F{)}
Gz :={C:2V x 2V — R|C is determined by a sequence (cy)}
Go = {C": 2V x 2NV — IR | C! is determined by a sequence (cy,)}

The three families form a multiplicative group for the composition law (o)
with neutral element

1, if A= B,
I(4,B) := {0, else.
The families g5 and G¢ form an Abelian group (i.e. commutative) but the
property of commutativity is generally not satisfied for Gp.

In the case of the upper-cardinality transformation, y(,) = C(,) z(,) can be
rewritten as

y(S) =Y csa(T), SCN. (41)

TDS

Moreover, if C'! and C? represent two upper-cardinality transformations, the
sequence (cy) related to C' o C? corresponds to (see [3])

k k
=> et P=) Ve e k=0 42
Cp = l Ck—l Cl = l ck—l Cl, =U,...,n. ( )

=0



The inverse C~! of the upper-cardinality transformation C' is obtained with
-1
¢, =1and

Al
Cklz_z<l)ckzcll, k=1,...,n. (43)

=0

It is obvious that the lower-cardinality transformation y,) = C’(tn) T(y) can
be rewritten as

y(S)=> cora(T), SCN.
TCS

If C'* and C?? represent two lower-cardinality transformations, the sequence
(ci) related to C1toC?t corresponds to the formula (42) and the inverse (C*)~!
of the lower-cardinality transformation C* is obtained with (43).

If a fractal transformation F is considered, y(,) = F{,) T(n) can be rewritten
as

y(S)= > F(S,T)x(T), SCN.

TCN

We know that FF~! is also a fractal transformation and we can easily check that

_ 71)t75
sty = T g NATN TCN. 44
(n)(Sv ) (detF(l))” (n)( \ ) \5)7 VST C ( )

Moreover, the composition of two fractal transformations F'! and F? corresponds
to a fractal transformation with basic fractal matrix F;) = F(ll) o F(Ql).
It should be noted that any fractal transformation with a basic fractal matrix:

(1 p 1 0
fo=(o 1) o ()

is an upper (lower)-cardinality transformation with the sequence c; = p¥. The
converse is also true.

From classical results in combinatorics [17], all conversion formulas between
v, a and b are well known. We can observe that all the transformations between
v, a, b and I are fractal. For instance, the Mdbius representation (2) can be
rewritten under the fractal form

Uny = Mn) 0 V(n)

with the use of the basic fractal matrix:

M) = (11 (1)> (45)

We see that transformation M also corresponds to a lower-cardinality trans-
formation with ¢, = (—1)*¥ and we immediately obtain that

—1
V(n) = M) © an)



where M ! corresponds to the basic fractal matrix:

(10
M<1>—<1 1)’

or the lower-cardinality transformation with sequence ¢, = 1, which gives (1).
More generally, one can easily see that the generating conversion formula
(31) corresponds, for any fixed y € [0, 1], to a fractal transformation whose basic

fractal matrix is
I -y

By (44), the formula (31) can immediately be inverted into

(Asg)w) =Y (D T (emr)i—y)o(T), yel0,1].  (46)

TCN iEN\S

Replacing y respectively by 0, 1 and 1/2 in (46), we obtain the conversions from
v to a, b and I, see Table 3.

The generating conversion formula (32) corresponds, for any fixed x,y €
[0,1], to a fractal transformation with basic fractal matrix:

1 z—y

Observe that this transformation also corresponds to an upper-cardinality trans-
formation with sequence ¢, = (z — y)*.
We have just shown that all the transformations between v, a, b and Ig are

fractal. The corresponding basic fractal matrices are summarized in Table 1.

Due to (41), it is clear that the generating conversion formula (33) corre-
sponds, for any fixed y € [0,1], to an upper-cardinality transformation with
sequence
1—y)Ft — ()t

k+1 ’

CkZ/Ol(l‘—y)kdﬂc:(

whereas the inverse transformation (40) corresponds to an upper-cardinality
transformation with sequence c,jl = Byi(y). Thus, all the transformations be-
tween a, b, Iy and Igy are upper-cardinality transformations. The corresponding
sequences are summarized in Table 2.

Now, let us turn to the two remaining cases: the transformations from v to
Isy and the converse, which are neither fractal, nor upper-cardinal. From (5),
we obtain, by setting 7" := T'U L (which implies L =T"NS and T =T"\ 5):

ISh(S) = Z ‘N \ ((STLL_J—I;/ﬂ'lf;/ \ S|' (_1)‘S\Tl| U(T/)7 S c N7
T'CN ’



which can also be written under the form

Isn(S) = > (=) T), SCN (47)
Sh = pympal) , .
TCN (n—s+ 1)(\T\S\)
With matricial notation, this identity is written:
Is ) = Hemn) 0 () = Hny 0 Min) © v(n) (48)

where H(,) is an upper-cardinality matrix based on the sequence hy = and
My, is the fractal matrix generated by (45).
The inverse formula can be found in [3, 6]: for all S C N, we have, using

adequate correspondence formulas,

v(S) =Y a(E)=> > BiIsn(T)= > Isn(T) > Bi

1
k+1°

KCS KCS TOK TCN KCTNS
TS|
NS
= > Isn(T) ) (' I |)Bt—k7
TCN k=0
that is
T
v(8) =Y Bihs Isn(T), SCN,
TCN
with

The first values of ﬂ,lc are:

O 1 2 3 4

0[1—-1/2 1/6 0 —-1/30
1| 1/2 =1/3 1/6 —1/30
2 1/6 —1/6 2/15
3 0 —1/30
4 ~1/30

Some properties of the ,6’,2 are shown in [3, 6]. This inverse formula corresponds
to

-1 —1
Oy = M,y 0 Hipy o Is (n)-
Although these transformations between Igy and v are neither fractal nor cardi-

nal, their associated matrices have nevertheless a remarkable structure, and we
call them Pascal matrices:



(i) a direct Pascal matriz P based on a sequence of real numbers (pg, p1, - . ., Pk,
..yDn), such that:

Poy= (P P ) p = (Pt R l=1,....n
Po Po+p1 Pi-1 DPi—1+ D
l I+1
P = (qu) 1P(21)2 )7 P(l2)1: (P<11> ZP(l)l 1),1—1,...,71—1
Py Poy +Pay Ply Phy+P5

1)
P} P?
P(k) = ( <11671) 1 <k71)2 ) s k=2, > T

Plo—1y  Pli—1y + Py

(ii) an inverse Pascal matriz (Q based on a sequence of real numbers (qo, g1, - -
ks - - - qn), such that:

qgo —q1 1 1 qi—1—q q
= , = ,il=1,....n
Q(l) ( —qo QO> Q(l) < —qi1-1 Qz1>

l I+1 I+1
Q) = (Q%l) _1Q%1) Qil)) ) Ql(2) = (Q(l) _1Q<1) Q(zl> ) s i=1,...,n—1
_Q(1) Q(1) _Q(l) Q(l)

Qli—r) — Qhe1y Qb
Qk3—< yk=2,...,n.
*) —Qlen Qlr_1)

9

The name “Pascal matrix” comes from the fact that, as in the Pascal trian-
gle, elements are obtained by the sum of two preceding elements. Direct Pascal
matrices are constructed from the upper left-hand corner, while inverse Pascal
matrices start from the lower right-hand corner. An example of each kind is
shown below (n = 2), where for P35y the sequence of Bernoulli numbers have
been chosen (thus retrieving the ﬁ,lc coefficients and all their properties shown in
[3, 6]), and for Qo) the sequence hy = %_H, k =0,1,2, defined above (see (48))
(thus retrieving the coefficients of (47)):

1 —1/2 -1/2 1/6
o o2 c12 s
Poy=Mo o Hoy = | 1 19 12 —13
1 12 12 1/6
/3 1/6  1/6 1/3
12 12 —1/2 1/2
Qoy=HeyoMe=| 15 _19 1/2 12
1 -1 -1 1

Any Pascal matrix can be written as the product of an upper-cardinal matrix
and either the Mdébius matrix M or its inverse:

-1
P =My 0 Cln),po...cpn

Q) 90,00 = Cn), 00,00 © M)

1), P0se,Pn

(the generating sequence is written in subscript), as it can be easily verified. The
set of (direct or inverse) Pascal matrices does not form a group since the product
of two such matrices is no more a Pascal matrix. However, since the inverse of



an upper-cardinality transformation is again upper-cardinal, it follows that the
inverse of a direct (resp. inverse) Pascal matrix is an inverse (resp. direct) Pascal
matrix.

Before closing this section, we present the explicit transformation formulas
between v, a, b, Iy and Igy. They are gathered in Tables 3 and 4.

7 Approximations of pseudo-Boolean functions

Hammer and Holzman [9] investigated the approximation of a pseudo-Boolean
function by a multilinear polynomial of (at most) a specified degree. According
to them, fixing £k € IN with £ < n, the best k-th approximation of f is the
multilinear polynomial f*) : {0,1}" — IR of degree < k defined by

fP@) =3 o) [

TCN €T
t<k

which minimizes

> f@) - fP (@)

ze{0,1}m

among all multilinear polynomials of degree < k. They proved that the best k-th
approximation f(*) is given by the unique solution {a®)(T)|T C N,t < k} of
the triangular linear system:

1 X 1
o > Asf()(x):Q—n Y Asf(x), VSCN, s<k.  (49)
ze{0,1}n z€{0,1}

They also solved this system for £ = 1 and k = 2. In this final section, we intend
to solve the system for any k < n.

Let I](gk) be the Banzhaf interaction index related to f*). By (17), the system
(49) can be written as

I¥(8) = Ig(S), VSCN, s<k (50)

This shows that the approximation problem amounts to finding a multilinear
polynomial of degree < k that has the same Banzhaf interaction indices as f for
subsets of at most k elements.

By (6), the system (50) becomes

Z(%)Ha““)(T) = In(S), VSCN, s<kh
TDS
t<k

In particular, we have a(®)(S) = Iz(S) for all S C N such that s = k. Hammer
and Holzman [9, §3] obtained this result for k¥ = 1: a(Y ({i}) = ¢g(i) for all
i€ N.



By (6), we observe immediately that Il(gk)(S) = 0 for all S C N such that
s > k. Hence, by using the conversion formula from Iy to a, we have

) 1.
a®(8) = Z(_i)ﬂ—szg“)u), VSCN, s<k.

J2S
i<k

The system (50) then becomes
1.
(k) S) = — =Y Ig(J VS C N <k
a B ) = ; S I

J<k

and by (6), we have, for all S C N with s <k,

aB(S) = 3 () 3 () ()

733
1 —s j—5
=Y Y (-
TDS J:SCJICT
i<k
min(k,t)
1, s t—s s
= Z(§)t a(T) Z <,_ S)(—l)ﬂ .
TDS j=s J

However, we have

min(k,t)

t=5\ _1yi-s _ (1—1)ts, if t <k,
Z j—s (=17 = (—l)k_s(t;i_sl), if t > k (use induction over k > s).
j=s

Therefore, we obtain an explicit formula for a(®)(S):

Proposition 7.1 The coefficients of the best k-th approximation of f are given
by

t—s—1\ 1
k) (q) — _1)ks VS (T CN, s<k.
W) =a(s)+ (0 2 (1) G, v s<
TS

t>k
Some particular cases are shown in Table 5. We thus retrieve the solutions

obtained by Hammer and Holzman for k =1 and k£ = 2.

8 Conclusions

In this paper, we have analyzed the mathematical structure of the transforma-
tions from some linear representation of a game (or weight function) to another
one, where a representation is any bijective transform of a game. Interactions
indices, as well as dividends, are examples of linear representations. It was shown
that the underlying matrices have remarkable properties.
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Gy (Y
(4 G
s () (6 1)
s () (67)

1 0
0 1

(

1

0 1

(

~1/2

I
1 —1/2
1 1/2
1 —1/2
0 1
1 1/2
0 1

1 0

0 %)

)

Table 1. Basic fractal matrices for the equivalent representations (v, a, b, Ig).

{

_ (=D

1
Ck = %71

Ck = 1

Isn

Cp =

Cr =

ek =(—3)"

(

2)

Co:l
ck>0 =0

14+(—1)F

(k+1)2k+1

ISh

Ck:Bk

Cr = (71)kBk

Cr =

{

_1
ok—1

( —1)By

C():l
ck>0 =0

Table 2. Cardinality sequences for the equivalent representations (a, b, Is, Ish).




v(S) = v(S) > a(T) > (=1'(T)
TCS TCN\S
a(8) = D (1) () a(S) > (1))
TCS TDS
) =| D (D)) > a(l) o(S)
TDN\S TDS
1(8) =| (3)" S (-1 To(r) | S e | Y (-5) )
TCN TDS TDS
(_1)|S\T\ 1 (_1)t—s
Isn(S) = (T a(T u(T
sn(5) ng;v(n—s+1)(‘;{;‘) ( )T%:Stfs+1 ( )T%:St—s+1 ()

Table 3. Alternative representations in terms of v, a, b




Isn

Is
oS = | 3 )™ (7
a(S) = ;S(—;)Hmm
b(S) = TZDS@)WB(T)
Is(S) = Is(S)
19 4 3 2y o)

|TNS| ‘TﬁS|
( & >Btk:|ISh(T)

TCN|:

> Bis Isu(T)

TDS

> (=1)"7*Bis Isn(T)

DS

ﬁ - 1)Bt—s ISI\(T)

TDS

Isn(S)

Table 4. Alternative representations in terms of Ig and Isy




ay ' = iflT
TCN
M _ —(t—-1)
Gy = Z ot 9T
TCN
1 .
agl):ZFaT, ZEN
T34

Gy = ot+1 ar

TCN
—(t—2 .

aEQ):Z%aT, ie€N

Ti 1
2 .

a’z(j) = Z 513 0T {i,jt C N

T3i,j

aglfl) =as—(—=)"""an, SCN, s<n-1

Table 5. Coefficients of the best k-th approximation for some values of k



