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Abstract
The main aim of our work is to compute the third algebraic cohomology with values in the adjoint module of

the Witt and the Virasoro algebra. More precisely, we show that the third algebraic cohomology of the Witt algebra
is zero, whereas the third algebraic cohomology of the Virasoro algebra is one-dimensional. We also show that the
third algebraic cohomology of the Witt and the Virasoro algebra with values in the trivial module is one-dimensional.
We consider purely algebraic cohomology, i.e. our results are independent of any topology chosen.

1 Introduction
• The Witt and the Virasoro algebra are infinite-dimensional Lie algebras of outermost importance

in physics, the Virasoro algebra being omnipresent in 2-dimensional conformal field theory and
String Theory.
• Low-dimensional cohomology: interpretation in terms of invariants, outer derivations, extensions,

deformations and obstructions, as well as crossed modules↔ their knowledge allows a better un-
derstanding of the Lie algebra itself.
• Algebraic cohomology (arbitrary maps) vs. continuous cohomology (continuous maps): valid for

any base field K with char(K) = 0, independent of any topology chosen, independent of any
concrete realization of the Lie algebra.

2 Main Objectives
•Aim: Compute the third algebraic cohomology with values in the adjoint module of the Witt and

the Virasoro algebra.
• Byproduct: third algebraic cohomology with values in the trivial module of the Witt and the Vira-

soro algebra.
•Known: Second algebraic cohomology of the Witt algebra; see Schlichenmaier [8, 7] and also

Fialowski [3, 2].
•Known: Second algebraic cohomology of the Virasoro algebra; see Schlichenmaier [8].
•Known: First algebraic cohomology of the Witt and the Virasoro algebra; see Ecker and Schlichen-

maier [1].

3 The Witt and the Virasoro algebra

3.1 The Witt algebra
• The Witt algebra W is generated as vector space over a field K with char(K) = 0 by the basis

elements {en | n ∈ Z} satisfying the following Lie structure:

[en, em] = (m− n)en+m n,m ∈ Z

• Z-graded Lie algebra: deg(en) := n

•Decomposition of W: W =
⊕

n∈ZWn, with each Wn a 1-dimensional homogeneous subspace
generated by en
• Internally graded: [e0, en] = nen = deg(en)en, i.e. en is eigenvector of ade0 := [e0, ·] with eigen-

value n
•Algebraic realization: Lie algebra of derivations of Laurent polynomials K[Z−1, Z]

•Geometrical realization:
– K = C, algebra of meromorphic vector fields on CP1 holomorphic outside of 0 and ∞, with
en = zn+1 ddz

– Complexified Lie algebra of polynomial vector fields on S1, with en = einφ ddφ

3.2 The Virasoro algebra
• There is an unique, one-dimensional central extension of the Witt algebra, called Virasoro algebra
V , which is a universal central extension:

0 −→ K i−→ V π−→W −→ 0 ,

where K is in the center of V .
•As a vector space, V = K⊕W generated by ên := (0, en) and t := (1, 0)

• Lie structure equation:

[ên, êm] = (m− n)ên+m − 1
12(n

3 − n)δ−mn t,
[ên, t] = [t, t] = 0

n,m ∈ Z

• deg(ên) := deg(en) = n and deg(t) = 0⇒ V is Z-graded

4 The Chevalley-Eilenberg cohomology
• Let L be a Lie algebra, M a L-module and Cq(L,M) the vector space of q-multilinear alternating

maps with values in M , called q-cochains (q ∈ N)
Convention: C0(L,M) :=M

• Coboundary operators δq defined by:

∀q ∈ N, δq : C
q(L,M)→ Cq+1(L,M) : ψ 7→ δqψ ,

(δqψ)(x1, . . . xq+1) : =
∑

1≤i<j≤q+1(−1)i+j+1 ψ(
[
xi, xj

]
, x1, . . . , x̂i, . . . , x̂j, . . . , xq+1)

+
∑q+1
i=1 (−1)

i xi · ψ(x1, . . . , x̂i, . . . , xq+1) ,

with x1, . . . , xq+1 ∈ L

• Examples of modules M :

?Adjoint module M = L with product x ·m = [x,m]

? trivial module M = K with product x ·m = 0

• δq+1 ◦ δq = 0 ∀ q ∈ N→ complex of vector spaces:

{0} δ−1−→M
δ0−→ C1(L,M)

δ1−→ · · ·
δq−2−→ Cq−1(L,M)

δq−1−→ Cq(L,M)
δq+1−→ Cq+1(L,M)

δq+1−→ . . .

where δ−1 := 0

• q-cocycles : Zq(L,M) := ker δq
• q-coboundaries : Bq(L,M) := im δq−1

• qth cohomology group of L with values in M :

Hq(L,M) := Zq(L,M)/Bq(L,M)

• Chevalley-Eilenberg cohomology: H∗(L,M) :=
⊕∞

q=0H
q(L,M)

5 Results
Theorem 5.1: H3(W ,W) = {0}
The third algebraic cohomology of the Witt algebraW over a field K with char(K) = 0 and values
in the adjoint module is zero, i.e.

H3(W ,W) = {0}

Theorem 5.2: dim(H3(V ,V)) = 1

The third algebraic cohomology of the Virasoro algebra V over a field K with char(K) = 0 and
values in the adjoint module is one-dimensional, i.e.

dim(H3(V ,V)) = 1

Theorem 5.3: Hk(V ,W) ∼= Hk(W ,W)

If Hj(W ,W) = 0 for k − 2 ≤ j ≤ k − 1 ,

then Hk(V ,W) ∼= Hk(W ,W) .

In particular, H3(V ,W) ∼= H3(W ,W) .

Theorem 5.4: dim(H3(W ,K)) = dim(H3(V ,K)) = 1

The third algebraic cohomology of the Witt and the Virasoro algebra with values in the trivial
module K is one-dimensional, i.e.:

dim(H3(W ,K)) = dim(H3(V ,K)) = 1

6 Conclusion
•A geometrical realization of the Witt algebra is given by the complexified Lie algebra of polyno-

mial vector fields on the circle  forms a dense subalgebra of the complexified Lie algebra of
smooth vector fields on the circle, V ect(S1).

• The continuous cohomology of V ect(S1) with values in R is known, in particular we have
dim(H3

C(V ect(S
1),R)) = 1, see Fuks and Gelfand [5, 6].

• The continuous cohomology of V ect(S1) with values in the adjoint module is also known, in par-
ticular we have H3

C(V ect(S
1), V ect(S1)) = {0}, see Fialowski and Schlichenmaier [4].

• For the low-dimensional cohomology with values in the adjoint and in the trivial module of the
Witt algebra, algebraic and continuous cohomology agree.

References
[1] Jill Ecker and Martin Schlichenmaier, The Vanishing of the Low-Dimensional Cohomology of the

Witt and the Virasoro algebra, (2017), arXiv:1707.06106.

[2] Alice Fialowski, Deformations of some infinite-dimensional Lie algebras, J. Math. Phys. 31
(1990), no. 6, 1340–1343, MR 1054321.

[3] , Formal rigidity of the Witt and Virasoro algebra, J. Math. Phys. 53 (2012), no. 7, 073501,
5, MR 2985241, arXiv:1202.3132, DOI:10.1063/1.4731220.

[4] Alice Fialowski and Martin Schlichenmaier, Global deformations of the Witt algebra of Krichever-
Novikov type, Commun. Contemp. Math. 5 (2003), no. 6, 921–945, MR 2030563.

[5] D. B. Fuks, Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet Mathemat-
ics, Consultants Bureau, New York, 1986, Translated from the Russian by A. B. Sosinskiı̆, MR
874337.

[6] I. M. Gelfand and D. B. Fuks, Cohomologies of the Lie algebra of vector fields on the circle,
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