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ABSTRACT
This article addresses the problem of control of robotic arm
with a hysteretic joint behaviour. The mechanical design of
the one-degree of freedom robotic arm is presented where the
joint is actuated by a Shape Memory Alloy (SMA) wire. The
SMA wire based actuation of the joint makes the robotic arm
lightweight but at the same time introduces hysteresis type
nonlinearities. The nonlinear dynamic model of the robotic
arm is introduced and an Adaptive control solution is presented to perform the joint reference tracking in the presence
of unknown hysteresis behaviour. The Lyapunov stability
analysis of the closed loop system is presented and finally
proposed adaptive control solution is validated through simulation study on the proposed nonlinear hysteretic robotic
arm.

CCS Concepts
•Computer systems organization → Robotic control;
•Computing methodologies → Computational control theory;
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1.

INTRODUCTION

Shape Memory Alloy (SMA) actuators are systems using smart materials such as Shape Memory Alloys for the
purpose of actuation. The Shape Memory Alloy materials
posses certain special properties such as Shape Memory Effect (SME) which is the ability of the material to regain
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a predetermined shape on heating. These smart materials have special advantages such as high force to mass ratio, possibility of miniaturization, noiseless operation, and
bio-compatibility among others. These properties gives us
an alternative solution compared to conventional hydraulic,
electric or pneumatic actuators. Different forms of SMA materials can be used for actuation but only the wires-type of
SMA actuators will be addressed here in the current article.
SMA wires are being used in medical applications [13, 12],
dental applications [14], automotive devices [19], SMA based
motors [17], robotic manipulators [5, 10, 11] and other general purpose actuators [3, 4, 8, 7, 6, 9]. On the other hand
the design and development of SMA actuators are challenging due to low energy efficiency, slow response, hysteresis
type nonlinearity which cannot be ignored and requires customized mechanical design and advanced modelling and control solutions.
Different kinds of modelling and control methods have
been employed over the years to solve the problem of the hysteresis nonlinearity. The modelling methods can be broadly
classified into Phenomenological, Physical, Linear-Model or
Model-Free. And depending on the type of models used
the control methods can be classified into Inverse Control,
Linear-Control or Model-Free-Control and Nonlinear control. Similarly various combination of these control methods
can be used with different modelling methods themselves.
For extensive survey of modelling and control of SMA actuators please refer to [6].
The focus of the current article is on the control of a
Robotic arm actuated by a single SMA wire based joint
which was originally designed in [4]. In [15, 16] a light weight
robotic arm was developed based on the SMA joint model
of [4] and sliding mode control was used to perform Joint
space control and Operational Space control respectively.
Here two SMA wires were used to actuate the joint of the
robotic arm.
The key contribution of the current article include development of an Adaptive control approach to control the hysteretic robotic arm in Joint Space. Additionally Lyapunov
analysis is performed to study the closed loop properties of
the robotic arm with the proposed adaptive control. The
current paper is organised as follows: First the mechanical

model of the robotic arm is briefly described introducing the
nonlinear model of the SMA wire along with the kinematics
and the dynamics. Next the proposed adaptive control is discussed along with Lyapunov stability analysis. Finally the
simulation studies are presented using the proposed adaptive
control method.

2.

ROBOTIC ARM WITH SHAPE MEMORY
ALLOY (SMA) WIRE BASED JOINT

In this section we briefly present the design and modelling
of the Robotic arm based on Shape Memory Alloy actuated
Joint. First the mechanical design of the robotic arm is
presented followed by the Dynamic System Modelling. The
CAD (Computer Aided Design) model of the robotic arm
can be seen in Figure-1. The mechanical design and the
system modelling will be further discussed here.

2.1

Mechanical Design

The mechanical design of the SMA actuated robotic arm
is presented here. The CAD model of the robotic arm can
be seen in Figure-1. The key component of the arm design
is a rotational joint designed and proposed in [4]. The given
joint is an assembly of two couplers named as coupler-1 and
coupler-2 with a torsional spring in the middle. Further details of the design can be found in [4]. The coupler-1 is
attached to an SMA wire and the coupler-2 is attached to a
rigid wire. The other ends of both the SMA wire and rigid
wire each attached to two separate winding wheels independently which enables the usage of longer wires without
increasing the length of the link of the robotic arm. The
SMA wire directly affects angular position of the robotic
arm (θ) through angular displacement of the coupler-1. The
couplers in the joints are actuated by SMA wire and rigid
wire of equal lengths of 37 cm. The lengths of the links are
100 mm and 150 mm which are made of carbon-fibre. The
radius of each coupler is 7.5 mm and the maximum rotational angle is 85 degree in the x − z axis. The total weight
of the assembled robotic arm is approximately 45 g.

2.2

System Modeling

The complete model of the system can be subdivided
into the Actuator model and the Joint controller as seen in
Figure-2. The actuator model can be subdivided into model
of the SMA wire, Kinematic and Dynamic model of the actuator. The mathematical model of the SMA wire as seen
in Figure-3 can be divided into Thermal Dynamics, Phase
Transformation and wire Constitutive model. The Geometry and Dynamics of the robotic arm is directly calculated
by the simulation environment which is the Simmechanics
(Matlab/SIMULINK). The input to the system in closed
loop is the angular reference of the Joint θ given to the controller which generates the required voltage to actuate the
SMA based joint. The different components of the system
are described in detail now.

2.2.1

Heat Transfer Model.

The heat transfer model can be defined by [3, 4]:
V2
dT
=
− hAw (T − Tamb )
mw cp
dt
R

Figure 1: CAD model of the Robotic arm with SMA
actuated Joint [15, 16].

Figure 2: Control scheme of SMA actuated robotic
arm
cp ,mass per unit length is defined by mw , the wire surface
is defined by Aw , Tamb and T the ambient temperature and
SMA wire temperature respectively. Here h is the heat convection factor approximated by a second order polynomial
of the temperature [4]:
h = h0 + h2 T 2

The heat transfer model defined in (1) uses a constant specific heat cp and is common in literature as seen in [3, 4].
In the current paper we will use an alternative heat transfer
models that also consider the effect of latent heat of transformation (∆H(σ)). The latent heat is modelled as a variation
of specific heat of the SMA with respect to temperature.
During phase transformation in SMA the heating and cooling are slowed due to the latent heat of transformation [18,
1]. The empirical model of the relationship between specific
heat and temperature has been discussed in [18, 1] . We can
now redefine the heat transfer model as follows:
mw c∗p

(1)

where input voltage is given by V , R is the electric resistance per unit length, the constant specific heat is given by

(2)

V2
dT
=
− hAw (T − Tamb )
dt
R

(3)

where we have for the forward transformation [18, 1]:
c∗p = c0p + ∆H(σ)

ln(100)
exp(−η1 )
|Ms − Mf |

(4)

for temperature Ms + CσM ≤ T ≤ Mf + CσM , where we have
Ms , Mf , As , Af as the start and end transformation temperatures for martensite and austenite transformation reπ
π
spectively. While we define aA = A −A
, a = M −M
,
( f s) M
( s f)
aA
aM
bA = − CA , bM = − CM , we have CA and CM as the curve
fitting parameters.

2.2.3
Figure 3: Mathematical Model of the Shape Memory Alloy (SMA) wire [15, 16].
100

σ̇ = E ε̇ + Ωξ˙ + ΘṪ

(9)

where, σ is the stress, ε is the strain, T is the temperature
and ξ is the martensite fraction. Here Ω and Θ are the phase
transformation constant and thermal expansion coefficient
respectively, while Ω = −Eε0 with ε0 given as initial strain.
The young’s modulus is given by
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Wire Constitutive Model.

The wire constitutive model is given by [3]

40
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E = ξEM + (1 − ξ) EA

0

where EA is the average young’s modulus of austenite phase
and EM is the average young’s modulus of martensite phase.
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2.2.4
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2 ln(100)
Ms −Mf

T−

Ms +Mf
2

.

Similarly for reverse transformation we have [18, 1]:
c∗p

=

c0p

ln(100)
+ ∆H(σ)
exp(−η2 )
|As − Af |

for Af < T < As and we have η2 =

2 ln(100)
As −Af

(5)

T−

As +Af
2

∆H(σ) = ∆H × T o (σ)/T o ,

(6)

Here the phase transformation model is briefly described.
The phase transformation model computes the martensite
fraction (ξ). The phase transformation model is defined by
two set of equations; one for heating and another for cooling.
During heating the phase transformation from martensite to
austenite is given by [4]
ξM
{cos [aA (T − As ) + bA σ] + 1}
2

(7)

for temperature As + CσA ≤ T ≤ Af + CσA .
Similarly during cooling the phase transformation from
austenite to martensite is described by [4]
ξ=

rθ̇
l0

(11)

where r is the radius of the coupler, l0 the initial length
of the SMA wire and θ̇ the angular velocity of the coupler.
Here it should be noted that only the coupler-1 is rotating
and the coupler-2 is attached to a rigid wire.
Dynamics. The general dynamic model of the SMA actuated robotic arm can be given by
A(θ)θ̈ + B(θ, θ̇)θ̇ + g(θ) + C θ̇ + Φ(θ, θr ) = τw

(12)

1 − ξA
1 + ξA
cos [aM (T − MF ) + bM σ] +
2
2

where θ, θ̇, θ̈ represents the position, velocity and acceleration of the systems, A(θ) is the inertia matrix, B(θ, θ̇) is the
centripetal-coriolis matrix, g(θ) is considered as the effect
of gravity, C is the viscous coefficient term, Φ(θ, θr ) is the
nonlinear hysteretic term, τw is the input torque applied to
the manipulator joint by the SMA wire given by
τw = Fw r = Ac σr

SMA Wire Phase Transformation Model.

ξ=

ε̇ = −

o

where we have T = 1/2 × (Mos + Aos ) or T = 1/2 ×
(Mof + Aof ) we calculate T o (σ) = 1/2 × [Ms (σ) + As (σ)].
Here Mos ,Mof , Aos ,Aof are the initial start and finish values
for martensite and austenite respectively, c0p is the initial
specific heat capacity. In our current model a constant value
for ∆H = 0.06183 J mm−3 was used based on [1] where
further details of the constant can be obtained.

2.2.2

Kinematic Model. The kinematics of the SMA actuator
is described through the strain rate of the SMA wire

.

In the above equations we have [18]

o

Kinematics and Dynamics.

In this section the model of the mechanical design and its
relation with the rest of the system is explained.

Figure 4: Open-Loop Hysteresis Behaviour in the
Robotic Arm
for Mf < T < Ms and we have η1 =

(10)

(8)

(13)

where σ is the stress in the SMA wire, r is the radius of the
coupler, Ac is the transversal area of the coupler. The effect
of torsional spring is parametrized and included in B(θ, θ̇)
by the function ks θ+kd θ̇ where ks is the spring constant and
bs is the spring friction constant. The nonlinear hysteresis
behaviour present in the robotic arm can be seen in Figure-4.
The input output behaviour seen in the Figure-4 is relation
between input reference θr and the output response θ of the
arm Joint.
The complete dynamics of the robotic arm as described
before can be composed of rigid and moving parts designed
and assembled using CAD (see Figure-1). This CAD model
is then imported into Simmechanics environment of Matlab/SIMULINK. The Nonlinear Model of the SMA is computed mathematically and integrated into the Simmechanics

environment. In the following sections we will introduce the
control method used and finally perform simulation studies
on the given dynamic model of the robotic arm.

3.

ADAPTIVE CONTROL

In the section we will briefly present the adaptive control
solution based on [2]. Let e(t) ∈ Rn be the joint tracking
error
e = θd − θ

(14)

n

where θd (t) ∈ R is the desired joint angle. We further
introduce the filtered tracking error r(t) ∈ Rn given as [2]
r = ė + αe

(15)

where α is a constant gain. Now similar to the computation
in [2] after taking derivative of (15) with respect to time and
multiplying with A(θ) on both sides we get
A(θ)ṙ = A(θ)(θ̈d + αė) − A(θ)θ̈.

(16)

Now making substitution for A(θ)θ̈ we get
A(θ)ṙ =A(θ)(θ̈d + αė) + B(θ, θ̇)(θ̇d + αe) + g(θ) + C θ̇
− B(θ, θ̇)r + Φ(θ, θr ) − τ

(17)

After algebraic manipulation [2] the open loop dynamics in
terms of r can be written as
A(θ)ṙ = −B(θ, θ̇)r + β − τ

(18)

where we have
β = A(θ)(θ̈d + αė) + B(θ, θ̇)(θ̇d + αe) + g(θ) + C θ̇ + Φ(θ, θr )
(19)
Based on the above open loop dynamics let us choose the
control input
τ = β̂ + Kr

Table 1: Simulation Parameters [4, 3]
Parameter
EM
EA
As
Af
Ms
Mf
mw
R
l0
bs
ks

4.

Here we will briefly address the simulation study of the
above discussed adaptive control law by application to joint
space control of the hysteretic manipulator. The nonlinear
model of the robotic arm with SMA joint is used along with
parameter set in Table-1. During this simulation the control
law in (20) is used along with the adaptation law (21). The
controller parameters used in the simulation are K = 10,
α = 2 and Γ = 0.2. The simulation results can be seen in
Figure-5, Figure-6.
60

Output Reference

A(θ)ṙ = −B(θ, θ̇)r − Kr + β̃

(22)

where β̃ = β − β̂. In order to study the stability properties
let us first choose the Lyapunov function [2]
1
1 T
r A(θ)r + β̃ T Γβ̃.
2
2
Differentiating V with respect to time we get
V =

(23)

1 T
1
˙
r Ȧ(θ)r + rT A(θ)ṙ + β̃ T Γβ̃.
(24)
2
2
Now we substitute the closed loop equation (22) in to the
above equation to get




1 T
˙
˙
V̇ =
r Ȧ(θ)r − rT B(θ, θ)r
− rT Kr + β̃ T r + Γβ̃ .
2
(25)
˙ = 0 [2] and
Let us use the property 12 rT Ȧ(θ)r − rT B(θ, θ)r
˙
then substitute β̃ = −Γ−1 r (since β is a constant by assumption). Then by further simplification we get
V̇ =

V̇ = −rT Kr ≤ −λmin {K}||r||2 < 0

(26)

50
Joint Angular Position (◦ )

where Γ is a positive definite adaptation gain. Using (18)
and (20) we can define the closed loop system in terms of r
as follows

Value
10 M pa/o K
10 M pa/o K
25 o C
4.9x10−8 m2
290.45x10−6 m2
320 J/Kg o C
2.3%
20
0.001
0.1
-0.055

CONTROL SIMULATION OF SMA BASED
ROBOTIC ARM

(20)

(21)

Parameter
CA
CM
Tamb
A
Aw
cp
εL
h0
h2
b1 , b2
Θ

where λmin {·} is the minimum eigen value of the matrix.
From the above equation (26) we can conclude that the
closed loop system using control law (20) and adaptation
law (21) is asymptotically stable since the time derivative of
the Lyapunov function is negative.

where K is the control gain and β̂ is the estimate of unknown
β. The value of β̂ is updated using the update law
˙
β̂ = Γ−1 r

Value
28 GP a
75 GP a
88 o C
98 o C
72 o C
62 o C
6.8x10−4 kg/m
20 Ω/m
0.37 m
0.5
0.0018 N m/1o
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Figure 5: Joint Angular Position Tracking in the
Robotic Arm
The closed loop position control response of the hysteretic
joint can be seen in Figure-5. The control input can be seen
in Figure-6. In Figure-5 we can see that the adaptive control
can compensate for the unknown hysteresis nonlinearity and
achieve satisfactory reference tracking of a sinusoidal signal.
In Figure-6 we can see that the control signal is restricted
to 0 − 10 volts. This is done in order to avoid excessive
heating of the SMA wire, which is common in experimental
conditions. Although the input constraint is added for the

Control Input (Voltage)
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8
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6

4

[9]

2

0
0

50
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[10]

Figure 6: Joint Angular Position Tracking: Control
Input

[11]

safety of the SMA wire, this also introduces an additional
saturation nonlinearity.

[12]

5.

CONCLUSION

In the current paper we briefly discussed the design and
modelling of a single degree of freedom robotic arm actuated
by SMA wire. The hysteresis nonlinearity in the robotic
arm was addressed first and then an Adaptive control solution was proposed with Lyapunov stability analysis. The
simulation studies successfully presented the application of
an adaptive control solution to control a hysteretic robotic
arm. The future perspectives of the current work is to construct the proposed robotic arm and validate the discussed
adaptive control solution.
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