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Abstract. Given a simple Lie group G of rank 1, we consider compact pseudo-
Riemannian manifolds (M, g) of signature (p, q) on which G can act conformally. Pre-
cisely, we determine the smallest possible value for the index min(p, q) of the metric.
When the index is optimal and G non-exceptional, we prove that g must be con-
formally flat, confirming the idea that in a “good” dynamical context, a geometry is
determined by its automorphisms group. This completes anterior investigations on
pseudo-Riemannian conformal actions of semi-simple Lie groups of maximal real-rank
[Zim87, BN02, FZ05]. Combined with these results, we obtain as corollary the list of
semi-simple Lie groups without compact factor that can act on compact Lorentzian
manifolds. We also derive consequences in CR geometry via the Fefferman fibration.

Contents

1. Introduction 1
2. Background and general observations 6
3. Compact minimal subsets for Lorentzian conformal actions of SO(1, k) 11
4. Conformal flatness of Pseudo-Riemannian manifolds in optimal index 12
5. Pseudo-Riemannian conformal actions of F−20

4 17
References 22

1. Introduction

Let (M,g) be a pseudo-Riemannian manifold of signature (p, q). When p+ q > 3, the
conformal class [g] = {eσg, σ ∈ C∞(M)} is a rigid geometric structure on M [Gro88].
The group Conf(M,g) of diffeomorphisms preserving [g] is then a Lie transformation
group. Thus, under dynamical hypothesis, Conf(M,g) may have only few possible forms
and furthermore, the metric also may have a prescribed form. In Riemannian geometry,
the Ferrand-Obata theorem is a typical illustration of these principles [Fer71, Fer96,
Oba71], see also [Mat07] and [Sch95, Web77] in other rigid geometric structures. This
article is a contribution confirming this idea in other signatures, when M is compact and
Conf(M,g) contains simple Lie subgroups of rank 1.

1 The author also acknowledges support from U.S. National Science Foundation grants DMS 1107452,
1107263, 1107367 "RNMS: Geometric Structures and Representation Varieties" (the GEAR Network).
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Dynamics of semi-simple Lie groups on rigid geometric structures is a rich subject on
which we have now many remarkable results, among which we may cite [Zim86, Gro88,
Zeg97, Kow96, QB06, BFM09]. The situation is well understood when the geometry
naturally defines a finite invariant measure, but is less clear in the non-unimodular case,
conformal dynamics being a good example of which.

Of course, the real-rank of the acting group has a central role. In a general context
[Zim87], Zimmer bounded the rank of semi-simple Lie groups without compact factor
that act on compact manifolds by preserving a G-structure. In the case of a conformal
structure (i.e. G = CO(p, q), say with p 6 q), he obtained that the rank of the acting
group is at most p+1. This upper bound is optimal since PO(p+1, q+1) is the conformal
group of the Einstein Universe Ein

p,q. Recall that this space is a smooth quadric in
RP p+q+1 obtained by projectivizing the light-cone of R

p+1,q+1. It naturally carries a
conformal class of signature (p, q), whose conformal group coincides with PO(p+1, q+1).
In [BN02], Bader and Nevo proved that when the group is simple and precisely has rank
p+1, then it is locally isomorphic to PO(p+1, k), with p+1 6 k 6 q+1. Finally, Frances
and Zeghib proved that in the same context of maximal rank, (M,g) is conformal to a
quotient of the universal cover of Ein

p,q [FZ05].

These works describe very well the situation when a semi-simple Lie group of maximal
real-rank acts, but not for smaller values of the rank. In this article, we propose new
contributions in the “opposite” situation of simple groups of rank 1, i.e. when the rank
is the smallest possible. Our original motivation is the understanding of semi-simple
Lie groups acting on compact Lorentzian manifolds, which - by the above results - is
mainly reduced to the rank 1 case. Since the approach we use naturally applies to other
signatures, and has consequences in Levi non-degenerate CR geometry, we have chosen
to highlight mainly the pseudo-Riemannian version of our results. This possibly opens
a work leading to a complete description of semi-simple conformal groups of compact
pseudo-Riemannian manifolds, that we leave for further investigations.

1.1. Main results. Up to local isomorphism, the list of rank 1 simple Lie groups is
SO(1, k), SU(1, k), Sp(1, k), with k > 2, and the real form F−20

4 of F4 (sometimes
noted FII). We call index of a pseudo-Riemannian metric the dimension of its maximal
isotropic subspaces. Intuitively, metrics with large index admit lots of possible group
actions since there are “large spaces” with no constraints. The question we ask here is,
given a group G of rank 1, what is the smallest possible index of a compact pseudo-
Riemannian manifold on which it can act conformally. This will determine in some sense
the indices compatible with the structure of G. WhenG acts conformally on (M,g) whose
index is optimal, we naturally expect that there is not a large choice for the geometry of
(M,g). Except in the case of F−20

4 , this will be confirmed by our results.

Since SO(1, k) acts conformally on the Möbius sphere Sk−1, the smallest possible index
for this group is 0, and by Ferrand-Obata theorem, this is the only possible example of a
conformal Riemannian action of this group. By the same result, SU(1, k) cannot act on a
compact Riemannian manifold, but it acts on the Lorentzian Einstein Universe Ein

1,2k−1,
so the smallest possible index is 1. Moreover, by Corollary 1 of [Pec16b], when a Lie
group locally isomorphic to SU(1, k) acts conformally on a compact Lorentzian manifolds,
this manifold must be some quotient of the universal cover of Ein

1,n−1.
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Thus, our question concerns rank 1 symplectic groups and the real form of F4. For
the first ones, the answer is given by the following

Theorem 1. Let (M,g) be a compact pseudo-Riemannian manifold of signature (p, q),
with p+q > 3. Assume that M admits a conformal action of Sp(1, k), with k > 2. Then,

• min(p, q) > 3;
• And if min(p, q) = 3, then p+ q > 4k + 2 and (M,g) is conformally flat.

Thus, Sp(1, k) never appears in the conformal group of any compact pseudo-Riemannian
manifold of signature (1, n) or (2, n), n > 2. There is a natural embedding Sp(1, k) →֒

SO(4, 4k), and the corresponding conformal action on Ein
3,4k−1 is transitive. This

Sp(1, k)-homogeneous space is in fact a principal bundle Sp(1) → Ein
3,4k−1 → ∂Hk

H
over

the boundary of the quaternionic symmetric space. Thus, the bounds of the previous re-
sult are sharp. In fact, the proof shows that when Sp(1, k) acts on a pseudo-Riemannian
manifold of signature (3, n), then any (if any) compact minimal invariant subset is a sin-
gle orbit conformally equivalent to this homogeneous space fibering over ∂Hk

H
(compare

with [NZ09]).

Concerning F−20
4 , we obtain the following result.

Theorem 2. Let (M,g) be a compact pseudo-Riemannian manifold of signature (p, q),
with n = p+ q > 3. Assume that M admits a conformal action of the exceptional simple
Lie group F−20

4 of real-rank 1. Then min(p, q) > 9.

The lower bound in the previous theorem is sharp, and it is achieved once more when
the group acts on some Einstein Universe. We do not know if the metric must be
conformally flat when it has index 9, because our methods are clearly more difficult to
manipulate with this group.

All real forms of F4 can be realized as derivation algebras of traceless Albert algebras
- also called exceptional simple Jordan algebras - over real Cayley algebras of dimension
8 ([Tom53]). In the case we are interested in, let O denote the classical algebra of
octonions, and let p be the diagonal 3× 3 matrix diag(−1, 1, 1). Following [Tom53], we
define J(O, p) to be the set of “p-Hermitian” 3 × 3 matrix x with coefficients in O, i.e.
satisfying x = px∗p−1, where x∗ denotes the transconjugate of x. Explicitly, J(O, p) is
formed by the matrices

x =




ξ1 c1 c3
−c1 ξ2 c2
−c3 c2 ξ3


 , with ξ1, ξ2, ξ3 ∈ R, and c1, c2, c3 ∈ O.

Then, we endow J(O, p) with the product x ⋆ y = 1
2(xy + yx) which makes it a commu-

tative, non-associative real algebra, and we can state

Theorem ([Tom53], Th.6). The Lie algebra f−20
4 is isomorphic to the Lie algebra of

derivations of J(O, p).

Any derivation of this Albert algebra is skew-symmetric with respect to the qua-
dratic form q(x, y) = Tr(x ⋆ y) and preserves the 26-dimensional subspace J0 = {x ∈
J(O, p) | Trx = 0}. Moreover, q is non-degenerate and its restriction to J0 has signature
(10, 16) and J0 is an irreducible subrepresentation of f−20

4 , proving the existence of an
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embedding f−20
4 →֒ so(10, 16). Finally, F−20

4 acts conformally on the Einstein Universe
of signature (9, 15).

1.2. Semi-simple conformal groups of compact Lorentzian manifolds. Since the
works of Zimmer in [Zim86], we know that if a semi-simple Lie group acts isometrically
on a compact Lorentzian manifold, then it is locally isomorphic to SL(2,R) ×K, where
K is a compact semi-simple Lie group. The main example is the case where SL(2,R) acts
by left multiplication on a quotient SL(2,R)/Γ, where Γ is a uniform lattice. Indeed, the
Killing metric of SL(2,R) being bi-invariant and Lorentzian, it induces a left-invariant
Lorentzian metric on any quotient SL(2,R)/Γ. In fact, this example is essentially the
only irreducible one that we can produce ([Gro88]).

One of our motivations in this work is to extend this description to conformal actions.
LetG be a semi-simple Lie group without compact factor acting conformally on a compact
Lorentzian manifold. By [Zim87], G has real-rank at most 2. Theorems 1 and 2 implies
that it cannot admit Sp(1, k) nor F−20

4 as direct factor. In the case RkR(G) = 2, the
manifold is conformal to a quotient of the universal cover of Ein

1,n−1 by Theorem 1.5 of
[BFM09], proving that G must be locally isomorphic to a subgroup of SO(2, n). So we
just have to consider actions of SO(1, k) and SU(1, k) on compact Lorentzian manifolds
to obtain:

Theorem 3. Let (Mn, g), n > 3, be a compact Lorentzian manifold and G be a semi-
simple Lie group without compact factor. Assume that G acts conformally on M . Then,
G is locally isomorphic to one of the following groups:

(1) SO(1, k), 2 6 k 6 n ;
(2) SU(1, k), 2 6 k 6 n/2 ;
(3) SO(2, k), 2 6 k 6 n ;
(4) SO(1, k) × SO(1, k′), k, k′ > 2 and k + k′ 6 max(n, 4).

Conversely, for any n > 3, every group in this list acts conformally on a compact
Lorentzian manifold of dimension n, namely Ein

1,n−1.

In fact, this theorem can be directly deduced from the main result of [Pec16b]. How-
ever, the approach we suggest here is more direct and does not involve a lot of geometric
considerations, and it might be easier to generalize it to other signatures or geometric
structures (see below).

1.3. Relations with CR geometry: The Fefferman fibration. As consequences of
Theorems 1 and 2, we obtain results on automorphisms groups of CR structures, via
a generalization of the Fefferman fibration due to Čap and Gover [ČG08]. Consider
M2n+1 a compact manifold endowed with a partially integrable almost CR structure
of hypersurface type, whose Levi form is non-degenerate of signature (p, q), p + q = n,
also equipped with an appropriate line bundle (see Section 2.3 of [ČG08], this is not
restrictive in the embedded case). Then, Theorem 2.4 of [ČG08] asserts that there is a
natural circle bundle M̃ → M , and that M̃ carries a natural conformal class of pseudo-
Riemannian metrics [g] of signature (2p+ 1, 2q + 1). The correspondence M 7→ (M̃ , [g])

being fonctorial, the CR automorphisms group of M lifts to a subgroup of Conf(M̃, g).
The Fefferman bundle being compact when M is compact, we can deduce from Theorems
1 and 2:
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Corollary 1.1. Let M be a compact manifold endowed with a partially integrable almost
CR structure of hypersurface type, whose Levi form has signature (p, q), and admitting a
line bundle as above.

• If Sp(1, n), n > 2, acts by CR automorphisms on M , then min(p, q) > 1 and if
min(p, q) = 1, then M is flat as a CR structure.

• If F−20
4 acts by CR automorphisms on M , then min(p, q) > 4.

Remark 1.2. In the first situation, the fact that min(p, q) > 1 immediately follows from
Schoen-Webster theorem. Flatness means that the corresponding Cartan geometry is
flat, i.e. the CR structure defines an atlas of (G,X)-manifold on M , with G = PU(2, N)
and X = {|z1|

2 + |z2|
2 = |z3|

2 + · · ·+ |zN+2|
2} ⊂ CPN+1.

Remark 1.3. In the second case, we do not know if this lower bound is optimal.

Combined with Theorem 1.5 of [BFM09], we finally deduce an analogue of Theorem
3 for CR manifolds.

Corollary 1.4. Let Mn be a compact manifold endowed with a partially integrable almost
CR structure of hypersurface type, whose Levi form has Lorentzian signature, and admit-
ting a line bundle as above. Assume that a semi-simple Lie group G without compact
factor acts on M by CR automorphisms. Then,

• If RkR(G) = 2, then G is locally isomorphic to a Lie subgroup of SU(2, n);
• If RkR(G) = 1, then G is isomorphic to some SO(1, k), SU(1, k) or Sp(1, k).

Conversely, every group in this list acts on a compact Levi-Lorentzian CR structure.

Remark 1.5. Contrarily to the case of compact Lorentzian manifolds, we do not know if
the CR structure has to be flat when a non-compact simple Lie group act on it.

1.4. Organization of the article. The central idea of the main results is that when
G acts on a compact manifold whose index is optimal, then any compact minimal G-
invariant subset is a compact orbit conformal to an Einstein Universe. This dynamical
property is based on methods going back to the 1980’s [Zim86, Zim87, Gro88], but which
were mainly developed in the case of unimodular geometric structures. More recent
works of Bader and Nevo [BN02] use these ideas in conformal geometry, and they were
also developed in the framework of Cartan geometries in [BFM09].

We start Section 2 by giving details on these properties. Then, we establish some
general facts and observations about conformal actions in optimal index. Quickly, we
will obtain lower bounds on the index of the metric (Proposition 2.5). These bounds
will be sharp except in the case of F−20

4 , which for technical reasons is more difficult
to handle. However, this proposition will give the first half of Theorem 1 and almost
completely prove Theorem 3. What will be left is a control of the size of the possible
acting group in terms of dimension of the manifold, which will follow from Section 3 and
Lemma 4.1.

Section 4 is devoted to geometric considerations in optimal index, and proves the
second half of Theorem 1. Even if we are mainly interested in actions of Sp(1, k) in
signature (3, n), our proof literally applies to Lorentzian actions of SU(1, k), so we present
both of them in a unified way - even if the case of SU(1, k) already follows from [Pec16b].



CONFORMAL ACTIONS OF SIMPLE LIE GROUPS OF RANK 1 6

At last, Section 5 determines the optimal index for actions of F−20
4 . Proposition 2.5

of Section 2 implies that it is at least 7, so we will be left to prove that there does not
exist actions in index 7 or 8, and Theorem 2 will be established.

Conventions and notations. Throughout this paper, M always denote a smooth com-
pact manifold, with dimM > 3. If G is a Lie group acting by diffeomorphisms on
M , then its Lie algebra is identified with a Lie subalgebra of X(M) via X ∈ g 7→{

d
dt

∣∣
t=0

e−tX .x
}
x∈M

.
Particularly, given a conformal action of G on a pseudo-Riemannian manifold (M,g),

we will implicitly identify g with a Lie algebra of conformal vector fields of M . If V ⊂ g is
a vector subspace and x ∈M , we will note V (x) = {Xx, X ∈ V } ⊂ TxM the “evaluation”
of V at x. For instance, g(x) will denote Tx(G.x).

If g is semi-simple and λ is a restricted root, the notation Xλ will implicitly mean that
Xλ belongs to the restricted root-space of λ.

Acknowledgements. This work was realized during a stay at the University of Mary-
land. I would like to thank the members of the Mathematics Department for their hospi-
tality. I am especially grateful to Jeffrey Adams for his clarifications about representation
theory.

2. Background and general observations

Our main results rely essentially on a proposition characterizing some particular orbits
in every compact invariant subset of the manifold. It is based on the framework of ideas
developed by Zimmer in the case of actions of semi-simple groups on finite volume G-
structures. We already used it in a restricted situation in [Pec16a, Pec16b]. We start
this section by giving a more general formulation.

2.1. Identifying singular orbits. Let G be a semi-simple Lie group. Let g = a⊕m⊕⊕
λ∈∆ gλ be the restricted root-space decomposition with respect to a Cartan decompo-

sition g = k⊕ p, a being a maximal Abelian subspace in p and m the centralizer of a in
k. We will always note θ the corresponding Cartan involution. Fix an ordering on the
set of restricted roots ∆ and denote by S the connected Lie subgroup of G whose Lie
algebra is

s = a⊕
⊕

λ∈∆
λ>0

gλ.

Let G act conformally on a pseudo-Riemannian manifold (M,g) of dimension at least
3. If x ∈ M , we note gx = {X ∈ g | X(x) = 0} the Lie algebra of the stabilizer of x.
Differentiating the orbital map G → G.x, we obtain a natural identification Tx(G.x) ≃
g/gx, so that g/gx inherits a quadratic form qx from the ambient metric gx.

As it is done in [Pec16a], the following proposition can be derived from a Cartan
geometry version of Zimmer’s embedding theorem, which is formulated in [BFM09]. In
fact, it is almost stated in [BN02], and can be recovered by considering a natural G-
equivariant map M → Gr(g) × P(g∗ ⊗ g∗), and applying a version of Borel’s density
Theorem (see [BN02], proof of Theorem 1). The important point is that the Zariski
closure of Adg(S) in GL(g) does not admit proper algebraic cocompact subgroup.
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Proposition 2.1. Assume that S preserves a probability measure µ on M . Then, for
µ-almost every x ∈M , we have

(1) Ad(S)gx ⊂ gx ;
(2) The induced action of Ad(S) on g/gx is conformal with respect to qx.

Remark 2.2. Note that the adjoint action of the stabilizer Gx on g/gx is conjugated to
its isotropy representation on Tx(G.x). So, for any point x, Ad(Gx) acts on g/gx by
preserving the conformal class [qx]. Thus, this proposition gives conditions ensuring the
existence of points where S is “virtually” in the isotropy representation.

Remark 2.3. Since S is amenable, the existence of µ is guaranteed by the one of a compact
S-invariant subset in M . It will be automatic when M is compact. Notably, for every
x ∈M , there will exist x0 ∈ G.x in which the conclusions of the proposition are valid.

2.2. Ad(S)-invariant subalgebras of g. Our work consists in analyzing orbits of points
given by Proposition 2.1. Let us first see what can be said about their isotropy.

If h ⊂ g is a vector subspace such that ad(a)h ⊂ h, then h = (h∩ g0)⊕
⊕

λ∈∆(h∩ gλ).
This simply follows from the existence of H ∈ a such that the λ(H), λ ∈ ∆ are non-zero
and pairwise distinct. The next lemma exploits the invariance by the adjoint action of
positive root-spaces and will be the starting point of our analyze.

Lemma 2.4. Let λ ∈ ∆ be such that 2λ /∈ ∆ and let h be a subalgebra of g which is
ad(gλ)-invariant. Then,

• Either h ∩ g−λ = 0,
• Or g−λ ⊂ h.

Proof. This lemma is based on the following formula:

∀X,Y ∈ g−λ, [[X, θY ],X] = 2|λ|2Bθ(X,Y )X − |λ|2Bθ(X,X)Y,

where as usual, B is the Killing form of g, Bθ is the positive definite quadratic form
−B(θX, Y ) and |.| refers to the Euclidean structure on a∗ provided by B. The proof
of this fact is inspired from [Kna02], Proposition 6.52(a) The idea is here to decompose
[X, θY ] ∈ g0 according to g0 = a⊕m. It is simply:

[X, θY ] =
1

2
([X, θY ]− [θX, Y ])

︸ ︷︷ ︸
∈a

+
1

2
([X, θY ] + [θX, Y ])

︸ ︷︷ ︸
∈m

.

The component on a can be determined explicitly. We can compute that for all H ∈ a,

[[X, θY ]− [θX, Y ],H] = B(X, [θY,H]) +B(Y, [θX,H]) = −2λ(H)Bθ(X,Y ).

Consequently, [X, θY ] − [θX, Y ] = −2Bθ(X,Y )Hλ where Hλ ↔ λ under the dual iden-
tification given by the Killing form on a. Now, let us note Z = [[X, θY ],X]. We have:

2Z = [−2Bθ(X,Y )Hλ,X] + [[X, θY ],X] + [[θX, Y ],X]

= 2Bθ(X,Y )λ(Hλ)X + Z + [[θX, Y ],X].

For the last term of the sum, since [g−λ, g−λ] = 0, the Jacobi relation gives [[θX, Y ],X] =
[[θX,X], Y ]. Since we have [θX,X] = Bθ(X,X)Hλ (take X = Y in the previous compu-
tation), we finally obtain

Z = 2|λ|2Bθ(X,Y )X − |λ|2Bθ(X,X)Y.
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Now, the Lemma is immediate: if there exists a non-trivial X ∈ h ∩ g−λ, then for all
Y ∈ g−λ, [X, θY ] ∈ h since θY ∈ gλ. So, [[X, θY ],X] ∈ h and by the formula we have
proved, we obtain Y ∈ h since Bθ(X,X) > 0. �

2.3. General observations for rank 1 conformal actions in optimal index. From
now on, we restrict our attention to conformal actions of rank 1 Lie groups. We collect
here arguments and observations that will be used several times in the study of conformal
actions of Lie groups of type (BC)1.

In this section, g is a Lie algebra isomorphic to either su(1, k), sp(1, k) or f−20
4 (with

k > 2). Let (M,g) be a compact pseudo-Riemannian manifold of signature (p, q) on
which a Lie group G with Lie algebra g acts conformally, with p+q > 3. We assume that
min(p, q) is minimal with this property, i.e. that there does not exist (N,h) compact of
signature (p′, q′) with min(p′, q′) < min(p, q) on which G acts conformally.

Observation 1. The group G acts without fixed point and the action is essential, i.e.
∀g′ ∈ [g], G * Isom(M,g′).

Proof. If x was a fixed point of G, then the isotropy representation G → GL(TxM)
would be orthogonal with respect to gx. By Thurston’s stability theorem (see for instance
Section 2 of [CG97]), this representation would be faithful unless G acted trivially on
a neighborhood of x0. By rigidity, a conformal map that acts trivially on an open
subset is trivial. So, the isotropy representation would provide an embedding G →֒
SO(p, q). Therefore, G would also act locally faithfully on the Einstein space Ein

p−1,q−1,
contradicting the minimality of min(p, q).

If the action was inessential, then G would act isometrically with respect to a metric
of finite volume and signature (p, q). Zimmer’s embedding theorem ([Zim86], Theorem
A) would then yield an inclusion g →֒ so(p, q), leading to the same contradiction as
above. �

In any event, the restricted root-space decomposition of g has the form

g = g−2α ⊕ g−α ⊕ g0 ⊕ gα ⊕ g2α.

Denote by θ the Cartan involution adapted to this decomposition and g = k ⊕ p the
Cartan decomposition. We note g0 = a ⊕ m with a = g0 ∩ p the corresponding Cartan
subspace and m = g0∩ k the centralizer of a in k. Except in the case of f−20

4 , the compact
Lie algebra m = zk(a) splits into m1 ⊕m2 and m1 = k ∩ [g−2α, g2α].

g m m1 m2 dim g±α dim g±2α

su(1, k) m1 ⊕m2 u(1) su(k − 1) 2(k − 1) 1
sp(1, k) m1 ⊕m2 sp(1) sp(k − 1) 4(k − 1) 3

f−20
4 so(7) 8 7

Let s be the Lie subalgebra s = a ⊕ gα ⊕ g2α and S < G be the corresponding Lie
subgroup. Let x ∈M be a point in which the conclusions of Proposition 2.1 are true.
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By Observation 1, x cannot be fixed by all the elements of G and gx is a proper Lie
subalgebra of g, which is Ad(S)-invariant. Recall that

gx =
⊕

λ∈{0,±α,±2α}

(gx ∩ gλ).

The important starting point of the analysis of the orbit of x is the following

Observation 2. We have gx ∩ g−2α = 0.

Proof. Indeed, if not we would have g−2α ⊂ gx by Lemma 2.4. Since a ⊂ [g2α, g−2α], we
would get a ⊂ gx, and it would follow that gα ⊕ g2α ⊂ gx. Since g−α = [gα, g−2α], we
would obtain g = gx contradicting Observation 1. �

Let H ∈ a be such that α(H) = 1 and ht the adjoint action of Ad(etH) on g/gx,
which is conformal with respect to qx. Recall that we note πx : g → g/gx the natural
projection. The action of ht on g/gx easily gives a lot of orthogonality relations.

Observation 3. Assume that we have λ, µ ∈ {0,±α,±2α} and Xλ ∈ gλ, Xµ ∈ gµ
such that bx(πx(Xλ), πx(Xµ)) 6= 0. Then, for any λ′, µ′ such that λ′(H) + µ′(H) 6=
λ(H) + µ(H), the spaces πx(gλ′) and πx(gµ′) are orthogonal with respect to bx.

Proof. Since the action of ht on g/gx is conformal, we have c ∈ R such that (ht)∗bx =
ectbx. Our hypothesis gives c = λ(H) + µ(H). Therefore, for any λ′, µ′, and u ∈ πx(gλ′),
v ∈ πx(gµ′), the identity ectbx(u, v) = bx(e

λ′(H)tu, eµ
′(H)tv) implies bx(u, v) = 0 as soon

as λ′(H) + µ′(H) 6= λ(H) + µ(H). �

We can now prove the following proposition which is our first significant result.

Proposition 2.5. Assume that min(p, q) 6 dim g2α. Then, g−2α(x) is an isotropic
subspace of TxM . In particular, by Observation 2, we get min(p, q) = dim g2α.

Remark 2.6. Except in the case of F−20
4 , we already know that min(p, q) 6 dim g2α

thanks to the actions on Einstein Universes mentioned in the introduction.

Before starting the proof, let us highlight some consequences. We get that Sp(1, k)
cannot act conformally on a compact pseudo-Riemannian manifold of signature (1, n),
n > 2, or (2, n), n > 2, and that F−20

4 cannot act conformally on a compact pseudo-
Riemannian manifold whose metric has index strictly less than 7 (but this is not optimal,
see Section 5).

In particular, we obtain that if a simple Lie group of real-rank 1 acts conformally
on a compact Lorentzian manifold, then it is locally isomorphic to SO(1, k), k > 2 or
SU(1, k), k > 2. Thus, Theorem 3 is proved modulo a control of k by the dimension of
the manifold, which will be proved in Section 3 and with Lemma 4.1.

Proof. Let us assume that πx(g−2α) is not isotropic. Then, according to Observation
3, πx(g−α ⊕ g0 ⊕ gα ⊕ g2α) would be isotropic. Since dim g−α > dim g−2α > min(p, q),
we necessarily have dimπx(g−α) < dim g−α, i.e. g−α ∩ gx 6= 0. If X−α ∈ g−α ∩ gx,
then [X−α, θX−α] = |α|2Bθ(Xα,Xα)H ∈ gx since θX−α ∈ s. So, a ⊂ gx, implying
[a, s] = gα ⊕ g2α ⊂ gx.

Remark that the subspace g−α ∩ gx is Abelian since for if X,Y ∈ g−α ∩ gx, then we
have [X,Y ] ∈ g−2α ∩ gx = 0.
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Lemma 2.7. Let V ⊂ g−α be a subspace such that [V, V ] = 0.

• If g = su(1, k), then dimV 6 k − 1.
• If g = sp(1, k), then dimV 6 2(k − 1).
• If g = f−20

4 , then dimV 6 1.

Proof. In the first case, the bracket [., .] : g−α ∧ g−α → g−2α can be interpreted as a
symplectic form on R

2(k−1), whose Lagrangian subspaces are k − 1 dimensional. In the
second case, the bracket is interpreted as a map H

k−1 ∧ H
k−1 → Span(i, j, k) taking

values in the space of purely imaginary quaternions. The component on i of this map is
a symplectic form on R

4(k−1), whose isotropic subspaces are at most 2(k−1) dimensional.
In the case of f−20

4 , this bracket is conjugated to the map from O × O to the space of
purely imaginary octonions, given by (x1, x2) 7→ x1x2−x2x1. This map being equivariant
under the action of spin(7) ≃ m, if V 6= 0, we can assume that the unit 1 belongs to V ,
and it becomes clear that V is the real axis of O. �

We now finish the proof case by case.
• Case g = su(1, k). The metric being Lorentzian and since dimπx(g−α) > 1, we

obtain that πx(g0 ⊕ gα ⊕ gα) = 0. In particular, g0 ⊂ gx.
• Case g = sp(1, k). By the previous lemma, dimπx(g−α) > 2, implying dimπx(m) 6
1 since the metric has index at most 3. Since m ≃ sp(1) ⊕ sp(k − 1), it does not
admit proper codimension 1 subalgebras. Thus, g0 ⊂ gx.

• Case g = f−20
4 . The previous lemma ensures that dimπx(g−α) > 7, and since the

metric has index at most 7, we get that πx(g0 ⊕ gα ⊕ g2α) = 0. Thus g0 ⊂ gx.
Thus, in all cases we have g0 ⊂ gx. It is not difficult to observe that each time, ad(g0)

acts irreducibly on g−α. But we have seen that g−α ∩ gx is a non-trivial proper subspace
of g−α, and it is of course invariant under ad(g0 ∩ gx). This is our contradiction. �

In the cases of SU(1, k) and Sp(1, k), we know that min(p, q) = dim g2α. This propo-
sition moreover says that in any compact invariant subset, there is a point x such that
g−2α(x) ⊂ TxM is a maximally isotropic subspace (compare with Theorem 1 of [BN02]).
This fact will be the starting point for the analysis of the orbit of x and the action of the
group in a neighborhood of this orbit in Section 4. Precisely, we will derive conformal
flatness of a neighborhood of x by considering the action of the isotropy Gx. We will use
repeatedly the following

Observation 4. Assume that there exists x ∈M such that a⊕gα⊕g2α ⊂ gx. Then, the
conformal vector field H ∈ a is locally linearizable near x and if φt denotes the correspond-
ing conformal flow, Txφ

t is an hyperbolic one parameter subgroup of CO(TxM,gx). More-
over, for any X ∈ gα⊕g2α, if f := eX , then Txf is a unipotent element of SO(TxM,gx).

Proof. The arguments are based on general properties of automorphisms of Cartan ge-
ometries, which are central in the study of pseudo-Riemannian conformal maps.

Let H ∈ a and E ∈ gα for instance, the other case being exactly similar. Let us note
F := θE. Then, (H,E,F ) generates a Lie algebra sα < g isomorphic to sl(2,R). The
vector fields H and E vanish at x, and we are in a situation similar to [Pec16b], Section
4.2.1., the difference being that we are not necessarily in Lorentzian signature. By the
same argument based on the horizontality of the curvature form, we obtain a Lie algebra
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embedding ρ : sα → so(p + 1, q + 1), such that there exists v ∈ R
p+1,q+1 \ {0} isotropic

which is an eigenvector for both ρ(H) and ρ(E) but not for ρ(F ), and such that ρ(H)
and ρ(E) are the respective holonomies of H and E at some point x̂ over x in the Cartan
bundle.

Let us note p < so(p + 1, q + 1) the stabilizer of the line R.v. Since ρ is a finite
dimensional representation of sl(2,R), which splits into irreducible ones, we see that
ρ(H) must be an R-split element of p and that ρ(E) is a nilpotent element of p.

We now use the following

Proposition ([Fra12], Prop. 4.2). Let X ∈ Kill(M, [g]) fixing a point x ∈ M . Then, X
is locally linearizable near x if and only if its holonomy Xh ∈ p is linear.

Recall that p can be interpreted as the Lie algebra of the conformal group of R
p,q,

i.e. p ≃ co(p, q) ⋉ R
p+q. An element of p is said to be “linear” if it belongs to co(p, q)

up to conjugacy. Moreover, we can see that the differential TxφtX of the flow of X is
conjugated to the quotient action of Ad(etXh) on so(p+1, q+1)/p (the vector field being
linearizable or not).

We can directly adapt the proof of [Pec16a], Lemma 5.5, to the general pseudo-
Riemannian setting to conclude that any R-split element in p is linear. So, this proves
that H is locally lienarizable near x, and that the differential at x of its flow is R-
split. At last, since the holonomy Eh of E is nilpotent, we get that TxφtE is a unipotent
one-parameter subgroup of SO(TxM). �

3. Compact minimal subsets for Lorentzian conformal actions of SO(1, k)

The aim of this section is to explain how to observe directly that if a Lie group G
locally isomorphic to SO(1, k) acts conformally on a compact Lorentzian manifold (M,g)
of dimension n > 3, then k 6 n. So, we will assume that k > 4. The restricted root-space
decomposition is g = a⊕m⊕ g±α, with m ≃ so(k − 1) and dim g±α = k − 1, and ad(m)
acts on g±α via the standard representation of so(k − 1).

Proposition 3.1. Let x be a point given by Proposition 2.1. Then, its G-orbit is either

• A fixed point of G;
• A sphere S

k−1 ≃ G/P , where P is the stabilizer of an isotropic line of R1,k. The
metric g induces the standard conformal Riemannian structure on S

k−1.
• A degenerate orbit of dimension k fibering over S

k−1 with 1-dimensional fiber.

Remark 3.2. It can be proved that in the third case, the orbit is in fact a trivial circle
bundle over Sk−1. Indeed, the arguments of Section 3.2 of [Pec16b] are directly transpos-
able in this situation: By using Pesin Theory, we can prove that every fiber is a light-like
periodic orbit of some hyperbolic one parameter subgroup in SO(1, k). Thus, by Remark
2.3, we obtain that any compact minimal G-invariant subset of M is one of these three
compact G-orbits.

Proof. As the proof of Obervation 2 shows, if g−α ∩ gx 6= 0, then gx = g and x is a fixed
point of G. So, let us assume that g−α∩gx = 0. Since dim g−α = k−1 > 3, the subspace
πx(g−α) cannot be isotropic. By Observation 3, we get that πx(g0 ⊕ gα) is isotropic,
and hence has dimension at most 1. In particular, g0 ∩ gx is a subalgebra of g0 with
codimension at most 1. Since g0 ≃ R⊕ so(k− 1) and k > 4, we obtain that g0 ∩ gx = m
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or g0 ⊂ gx. In both cases, ad(g0 ∩ gx) acts irreducibly on g±α. Since dimπx(gα) 6 1,
gx ∩ gα is a non-trivial subspace of gα, which is ad(g0 ∩ gx)-invariant. Thus, gα ⊂ gx.
Finally, we have two possibilities:

• gx = a⊕m⊕ gα, or
• gx = m⊕ gα.

In both cases, m ≃ so(k − 1) is in gx. Let MG < G be the connected Lie subgroup
corresponding to m. The restriction of qx to πx(g−α) cannot be zero and is Ad(MG)-
invariant. This determines up to a positive factor qx|πx(g−α). In the first case, we obtain
that G/Gx is the k − 1-sphere and the orbit is Riemannian (necessarily the standard
Riemannian structure). In the second case, πx(g) is degenerate, with kernel πx(a), and
the quadratic form induced on πx(g)/πx(a) is the same as the previous case. �

Assume that a Lie group locally isomorphic to SO(1, k), k > 4, acts conformally on a
compact Lorentzian manifold of dimension n > 3.

• If there exists a fixed point x, then the isotropy representation gives an inclusion
SO(1, k) →֒ SO(1, n − 1). Thus, k 6 n− 1.

• If the group admits a Riemannian spherical orbit, then this orbit cannot be open
in M , implying that it has dimension at most n− 1. So, we obtain k− 1 6 n− 1.

• If the group admits an orbit of the third type, this orbit cannot be open inM since
it is degenerate, implying that it has dimension at most n− 1. Thus, k 6 n− 1.

In any case, we obtain that k 6 dimM .

4. Conformal flatness of Pseudo-Riemannian manifolds in optimal index

Let k > 2 and (M,g) be a compact pseudo-Riemannian manifold of signature (p, q),
with p + q > 3, on which a Lie group G locally isomorphic to SU(1, k) or Sp(1, k) acts
conformally. We assume that the index min(p, q) is minimal with this property, i.e.
the manifold is Lorentzian if G ≃loc SU(1, k); and has signature (3, n), n > 3, when
G ≃loc Sp(1, k). In this section, we prove conformal flatness of (M,g) in a unified way.

The strategy is the following: First, we prove that for any x ∈ M , the closure of
its orbit G.x contains an orbit G.y which is, up to conformal covers and quotients, the
Einstein space of same signature exhibited in the introduction. Then, we prove that such
orbits are contained in a conformally flat open subset U . Thus, there is g ∈ G such that
g.x ∈ U , proving that g−1U is a conformally flat neighborhood of x.

4.1. Minimal compact subsets.

Lemma 4.1. Assume that g 6= f−20
4 . Let x be a point where the conclusions of Proposition

2.1 are true. Then, the isotropy of x has the form

gx = a⊕ (m ∩ gx)⊕ gα ⊕ g2α.

and m∩ gx has codimension dim g2α in m. Moreover, the orbit is non-degenerate and we
have the orthogonality relations:

Tx(G.x) = g−2α(x) ⊕ g−α(x) ⊕ m(x)
Isotropic ⊥ Euc. ⊥ Isotropic

At last, we also have m(x) = m1(x).
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In the case g = su(1, k), we get that the orbit of any point given by Proposition 2.1 is
2k-dimensional, proving that 2k 6 dimM and finishing the proof of Theorem 3.

Remark 4.2. When k > 3, it can be seen that m ∩ gx = m2 (essentially because m2

will not admit subalgebras of codimension dim g2α). In this situation, the conformal
class on G.x induced by the ambient metric is locally homothetic to the one of the
Einstein Universe considered in the introduction. In particular, when G has finite center
(i.e. when G 6= S̃U(1, k)), G.x is compact and conformally covered by a finite cover of
the Einstein Universe of same signature. By Remark 2.3, we obtain that any minimal
compact G-invariant subset of M is such a compact orbit.

Let us note d = dim g2α, i.e. d = 1 when g = su(1, k) and d = 3 when g = sp(1, k).

Proof. What we have done previously proves that πx(g−2α) is a maximally isotropic
subspace of (g/gx, qx). Moreover, we know that πx(g−α) 6= 0. In fact, we can say
more. We use the following formula that can be observed for instance with the matrix
presentation of su(1, k) in glk+1(C) and of sp(1, k) in glk+1(H).

Lemma 4.3. Let X ∈ g−α and Z ∈ m1. Define Y = [Z,X] ∈ g−α. Then,

[[θY,X],X] = Bθ(X,X)Y.

Take X−α ∈ g−α∩ gx. Then, by the previous formula (and ad(s)-invariance of gx), for
any Z ∈ m1 we have [Z,X−α] ∈ gx. It can be easily observed that [X−α, [Z,X−α]] 6= 0
unless X−α = 0 or Z = 0. Thus, if we had g−α ∩ gx 6= 0, then we would deduce
g−2α ∩ gx 6= 0, contradicting our previous observations.

Thus, g−α ∩ gx = 0. In particular dimπx(g−α) = dim g−α > dim g2α, and πx(g−α)
cannot be totally isotropic. By Observation 3, this space must be orthogonal to πx(g−2α)
which is maximally isotropic. Consequently, πx(g−α) is necessarily positive definite.

Moreover, πx(gα⊕ g2α) is isotropic, but also orthogonal to πx(g−2α). The latter being
maximally isotropic, we get πx(gα ⊕ g2α) = 0, meaning that gα ⊕ g2α ⊂ gx.

At last, πx(g0) is isotropic and orthogonal to πx(g−α). We claim that a ⊂ gx.
Indeed, for any non-zero X−2α and consider A := [θX−2α,X−2α] ∈ a \ 0. Then,
bx(πx(X−2α), πx(A)) = −bx(πx(A), πx(X−2α)) because θX−2α ∈ s and ad(θX−2α) is
nilpotent (a unipotent linear conformal endomorphism is automatically isometric). So,
πx(A) is an isotropic vector orthogonal to πx(g−2α), and we must have A ∈ gx.

We claim now that the restriction of the metric to the orbit G.x is non-degenerate.
To see this, consider Kx ⊂ g/gx the kernel of qx. Since Ad(S) acts conformally on
g/gx, it must leave Kx invariant. In particular, Kx is ad(a)-invariant and Kx = (Kx ∩
πx(g0))⊕ (Kx ∩ πx(g−α))⊕ (Kx ∩ πx(g−2α)). Because πx(g−2α)⊕ (Kx ∩ (πx(g0 ⊕ g−α)))
is isotropic, we must have Kx ∩ (πx(g0 ⊕ g−α)) = 0. Finally, if X−2α ∈ Kx ∩ g−2α then,
πx(ad(gα)X−2α) ⊂ πx(g−α) ∩Kx = 0. This implies that X−2α = 0 for if not we would
have [X−2α, gα] = g−α, and then πx(g−α) ⊂ Kx. Thus, Kx = 0.

In particular, πx(g−2α ⊕ g0) = πx(g−α)
⊥ is also non-degenerate. It is at most 2d-

dimensional and contains the d-dimensional isotropic subspace πx(g−2α). Necessarily, it
has dimension signature (d, d), meaning that g0 ∩ gx has codimension d in g0.
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Finally, the Lie algebra of the stabilizer decomposes into:

gx = a⊕ (m ∩ gx)⊕ gα ⊕ g2α.

Recall that m = m1 ⊕ m2, with m1 and m2 described in Section 2.3, and note that
dimm1 = d. When k > 3, su(k − 1) admits no non-trivial subalgebra of codimension 1
and sp(k−1) admits no non-trivial subalgebra of codimension at most 3 (see for instance
[BK06]). Thus, m2 ∩ gx = m2 when k > 3, i.e. m ∩ gx = m2.

Let us focus on the case k = 2. If g = su(1, 2), then m2 = 0 and we have m ∩ gx = 0.
If g = sp(1, 2), then m1 ≃ m2 ≃ sp(1). Note h = m ∩ gx. It has dimension 3. If we

note h1 and h2 its projections on m1 and m2, then hi is a subalgebra of mi. As such, it
has dimension 0, 1 or 3.

We claim that h2 6= 0. Indeed, if not we would have m1 ⊂ gx. For all X1 ∈ m1, since
X1 is elliptic, ad(X1) is skew-symmetric with respect to bx. And because m1 and m2 com-
mute, we obtain that for all X2 ∈ m2 and X−2α ∈ g−2α, bx(πx(X2), πx([X

1,X−2α])) = 0.
Since [m1, g−2α] = g−2α, we would have πx(g−2α) ⊥ πx(m), contradicting the fact that
πx(m) is isotropic.

If h2 was a line in m2, then h1 = m1 for if not we would have dim h 6 2. Then, we
would have h = {(X1, ψ(X1)), X1 ∈ m1}, with ψ : m1 → m2 a non-trivial Lie algebra
homomorphism. By simpleness, it would be injective, contradicting dim h2 = 1.

So, we must have h2 = m2, and m∩gx = {(ϕ(X2),X2), X2 ∈ m2} where ϕ : m2 → m1

is a Lie algebra homomorphism. By simpleness, ϕ is either trivial or is an isomorphism.
In both cases, m1 ∩ gx = 0. �

4.2. Conformal flatness near the orbit. Let x be a point where the conclusions of
Proposition 2.1 are valid. Let H ∈ a be such that α(H) = 1 and denote by φt the
one-parameter subgroup it generates, which fixes x.

Proposition 4.4. The flow of H is locally linearizable near x. Precisely, there are
U ⊂ M and U ⊂ TxM open neighborhoods of x and 0 respectively, which are φt and
Txφ

t invariant for all t > 0 respectively, and a diffeomorphism ψ : U → U such that
for all t > 0, ψ ◦ Txφ

t = φt ◦ ψ. Moreover, in a basis adapted to the decomposition
TxM = m(x)⊕ g−α(x)⊕ (Tx(G.x))

⊥ ⊕ g−2α(x),

Txφ
t =




id
e−t id

e−t id
e−2t id


 .

Remark that the fixed points of φt in U form a d-dimensional submanifold, which
necessary locally coincides with the orbit of the subgroup of G corresponding to m1, since
the latter commutes with with a. Thus, this set of fixed point is a compact, maximally
isotropic submanifold on which the dynamics of φt is the same everywhere.

Proof. The linearizability of φt directly follows from Observation 4. We simply have to
analyse its differential Txφt, which is R-split by the same observation. But its action
is clear in restriction to Tx(G.x): it acts identically on m(x), by homothety of ratio
e−t on g−α(x) and by homothety of ratio e−2t on g−2α(x). In particular, since g−α(x)
is positive definite, we have etTxφt ∈ SO(TxM). The latter necessarily preserves the
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positive definite subspace (Tx(G.x))
⊥, where it induces an R-split one-parameter group

of orthogonal linear maps, i.e. it acts trivially on it. �

We have now enough information to derive conformal flatness of g in a neighborhood
of x. Let ∂1, . . . , ∂n be the coordinate frame corresponding to Proposition 4.4. Let us
define the distributions ∆0 = Span(∂1, . . . , ∂d), ∆1 = Span(∂d+1, . . . , ∂n−d) and ∆2 =
Span(∂n−d+1, . . . , ∂n). In particular, m1(x) = ∆0(x), g−α(x) ⊂ ∆1(x) and g−2α(x) =
∆2(x). The action of φt on these distributions is very clear:

• If 1 6 i 6 d, then (φt)∗∂i = ∂i,
• If d+ 1 6 i 6 n− d, then (φt)∗∂i = e−t∂i,
• If n− d+ 1 6 i 6 n, then (φt)∗∂i = e−2t∂i.

For all i, we note λi ∈ {0, 1, 2} such that (φt)∗∂i = e−λit∂i. Introduce ‖.‖y an arbitrary
Riemannian norm on U . We can characterize these distributions via the contraction rate
of φt via the next elementary observation.

Lemma 4.5. Let y ∈ U and v ∈ TyM . If ‖(φt)∗v‖ → 0, then v ∈ ∆1(y) ⊕ ∆2(y). If
‖et(φt)∗v‖ → 0, then v ∈ ∆2(y). If ‖e2t(φt)∗v‖ → 0, then v = 0.

Let W be the (3, 1)-Weyl tensor of (M,g). It admits the same symmetries as the
(3, 1)-Riemann curvature tensor and is conformally invariant. Following the arguments
of Frances in the Lorentzian setting ([Fra07], Section 3.3), using the previous fact, we
can easily deduce that for all 1 6 i, j, k 6 n:

• If λi + λj + λk = 1, then Wy(∂i, ∂j , ∂k) ∈ ∆1(y)⊕∆2(y);
• If λi + λj + λk = 2, then Wy(∂i, ∂j , ∂k) ∈ ∆2(y);
• If λi + λj + λk > 3, then Wy(∂i, ∂j , ∂k) = 0.

4.2.1. Vanishing of the conformal curvature on the orbit G.x. Consider u, v, w ∈ TxM ,
and let ui, vi, wi be their respective component on ∆i(x), for i = 0, 1, 2. For any i, j, k ∈
{0, 1, 2} such that i + j + k > 3, by Lemma 4.5, we have Wx(ui, vi, wi) = 0. The idea
is now to use the tangential action of unipotent elements in the isotropy to propagate
the vanishing of the Weyl tensor. Their actions in restriction to the tangent space of the
orbit is clear since it is conjugate to Ad(Gx) acting on g/gx. Transversely, we have:

Lemma 4.6. Let X ∈ gα ⊕ g2α and f := eX ∈ Gx. Then, Txf acts identically on
(Tx(G.x))

⊥.

Proof. We use Observation 4, which guaranties that Txf is a unipotent element of
SO(TxM). It preserves Tx(G.x), which is non-degenerate with maximal index, so it
preserves the definite positive subspace Tx(G.x)⊥. Its restriction to this Euclidean sub-
space being unipotent, it must be trivial and we are done. �

Now, let u2 = (X−2α)x ∈ ∆2(x), and v1, w1 ∈ ∆1(x). Let f be any element in the
isotropy of x of the form f = eX2α . Then,

0 = f∗Wx(u2, v1, w1) =Wx(f∗u2, v1, w1) =Wx(([X2α,X−2α])x, v1, w1).

Indeed, f∗(X−2α)x = (Ad(eX2α)X−2α)x = (X−2α)x + ([X2α,X−2α])x. Similarly we ob-
serve that f∗ acts trivially on g−α(x), implying with Lemma 4.6 that f∗v1 = v1 and
f∗w1 = w1. Since m1 ⊂ [g−2α, g2α] and ∆0(x) = m1(x), we obtain thatWx(∆0,∆1,∆1) =
0. Of course, the same reasoning works for all permutations of (∆0,∆1,∆1).
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Similarly, for any u2 = (X−2α)x ∈ ∆2(x), v0 ∈ ∆0(x) and w1 ∈ ∆1(x), we have

0 = f∗Wx(u2, v0, w1) =Wx(([X−2α,X2α])x, v0, w1),

and it follows that Wx(∆0,∆0,∆1) = 0, together with all permutations of (∆0,∆0,∆1).

It can easily be observed that m1 ⊂ [gα, g−α], and for any Xα and u1 = (X−α)x,
v0, w0 ∈ ∆0(x), if we note f = eXα we get

0 = f∗Wx(u1, v0, w0) =Wx([Xα,X−α]x, v0, w0).

So, we obtain Wx(∆0,∆0,∆0) = 0.

Finally, let u0, v0, z0 ∈ ∆0(x) and w2 ∈ ∆2(x). We know that Wx(u0, v0, w2) ∈
∆2(x) = (∆1(x)⊕∆2(x))

⊥. Moreover, using the symmetry of W , we have

gx(Wx(u0, v0, w2), z0) = −gx(Wx(u0, v0, z0), w2) = 0.

Thus, Wx(u0, v0, w2) ∈ ∆0(x)
⊥, proving that it is orthogonal to the whole tangent space

TxM , i.e. Wx(∆0,∆0,∆2) = 0, together with every permutation of the indices.

So, we have obtained that Wx = 0, and immediately the Weyl tensor also vanishes in
restriction to the orbit G.x.

4.2.2. Conformal flatness near G.x. We note Z := U ∩ {y ∈ M | φt(y) = y}. Let y be
some point in U . Since φt(y) converges when t → +∞ to a point in Z, and because
Z ⊂ G.x, we have

∀y ∈ U, φt(y) → y∞, with Wy∞ = 0.

Consequently, since ‖Tyφ
t‖ is bounded (the norm refers to our arbitrary Riemannian

metric), we have that for any u, v, w ∈ TyM , φt∗Wx(u, v, w) → 0. By Lemma 4.5, this
proves that the Weyl tensor takes values in H := ∆1 ⊕∆2. Moreover, we already know
that W (H,H,H) = 0 everywhere in U .

Fact 1. The distribution H is maximally degenerate everywhere in U and Ker(g|H) = ∆2.

By maximally degenerate subspace, we mean the orthogonal of some maximally isotropic
subspace.

Proof. Let us first see that ∆1 is positive definite all over U . This is already the case
at x since ∆1(x) = g−α(x) ⊕ (Tx(G.x))

⊥. Let M1
G < G be the connected subgroup

corresponding to m1. Since Ad(M1
G) preserves g−α, for all g ∈ M1

G, g∗∆1 = ∆1. In
particular, since Z is contained in the M1

G-orbit of x, we get that ∆1 is positive definite
in restriction to Z and then, in some open neighborhood of Z. Since (φt)∗∆1 = ∆1 and
since for all y ∈ U , φt(y) converges to some point of Z, we obtain that ∆1 is everywhere
Euclidean.

Now, let λ(y, t) be the conformal distortion of φt with respect to g. By definition,
λ(y, t)gy(∂d+1, ∂d+1) = gφt(y)((φ

t)∗∂d+1(y), (φ
t)∗∂d+1(y)) = e−2tgφt(y)(∂d+1, ∂d+1). Then

we obtain

e2tλ(y, t) →
gy∞(∂d+1, ∂d+1)

gy(∂d+1, ∂d+1)
=: C > 0.

On the other hand, for all d+ 1 6 i 6 n − d and n − d + 1 6 j 6 n, we have
λ(y, t)gy(∂i, ∂j) = e−3tgφt(y)(∂i, ∂j). So, we obtain that Cgy(∂i, ∂j) = 0, proving that
∆1(y) ⊥ ∆2(y). Similarly, we obtain that ∆2(y) ⊥ ∆2(y). �
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Lemma 4.7. Let V = R
p,q denote the standard pseudo-Euclidean space, and let T

be a (3, 1)-tensor on V having the same symmetries as a (3, 1)-curvature tensor. Let
V1, V2 ⊂ V be two subspaces such that

(1) V1 ∩ V2 is non-degenerate;
(2) V = V1 + V2.

If T (Vi, Vi, Vi) = 0 for i = 1, 2 and if ImT ⊂ V1 ∩ V2, then T = 0.

Proof. The proof is similar to the one of Lemma 9 of [Pec16a] presented in Lorentzian
signature where V1 and V2 are degenerate hyperplanes. Let us note F = V1 ∩ V2 and
choose V ′

1 and V ′
2 such that Vi = F ⊕ V ′

i . We then have to prove that for all u1, v1 ∈ V ′
1 ,

u2, v2 ∈ V ′
2 and w ∈ F , the following terms are zero:

T (u1, v1, u2), T (u1, u2, v1),
T (u2, v2, u1), T (u2, u1, v2),
T (u1, u2, w), T (u2, w, u1), T (w, u1, u2).

By hypothesis, all these terms belong to F . And for all w′ ∈ F , we see that all these
terms are orthogonal to w′: for instance, < T (u1, u2, v1), w

′ >=< T (v1, w
′, u1), u2 > and

T (v1, w
′, u1) = 0 since v1, w′, u1 ∈ V1. This finishes the proof since F ∩ F⊥ = 0. �

The distribution H will play the role of V1 in every TyM , with y ∈ U . The idea
is now to twist it by some suitable unipotent element in the isotropy of x to obtain
another distribution H′ := g∗H satisfying the same properties as H since the isotropy
acts conformally.

Let us choose Xα non-zero and consider the action of g = eXα on ∆2(x) = KerH(x).
It preserves Tx(G.x) on which its action is conjugate to the linear action on g/gx induced
by Ad(g). Thus, for all (X−2α)x ∈ ∆2(x), we have

Txg(X−2α)x = (X−2α)x︸ ︷︷ ︸
∈∆2(x)

+ [Xα,X−2α]x︸ ︷︷ ︸
∈∆1(x)

+
1

2
([Xα, [Xα,X−2α]])x︸ ︷︷ ︸

∈∆0(x)

If Txg(X−2α)x ∈ ∆2(x), then the second and the third terms of the right hand side
are zero. But [Xα,X−2α]x = 0 implies [Xα,X−2α]x = 0 since g−α ∩ gx = 0, which
implies X−2α = 0, since Xα 6= 0 (as it can be observed in matrix representations of g).
Consequently, (g∗∆2(x))∩∆2(x) = 0, and necessarily (g∗∆2)∩∆2 = 0 on a neighborhood
of x.

Consider now the distribution H′ = g∗H. It is maximally degenerate with kernel g∗∆2

and H ∩H′ is positive definite. Since the Weyl tensor is conformally invariant, we have
Wy(g

∗H, g∗H, g∗H) = g−1
∗ Wg.y(H,H,H) = 0 and ImW ⊂ g∗H. Thus, the pair (H, g∗H)

satisfies the hypothesis of Lemma 4.7 in every TyM , for y in some suitable neighborhood
of x, proving that such neighborhood must be conformally flat.

5. Pseudo-Riemannian conformal actions of F−20
4

Let (M,g) be a compact pseudo-Riemannian manifold of signature (p, q) on which F−20
4

acts conformally. By Proposition 2.5, we know that min(p, q) > 7, since the restricted
root-space associated to 2α has dimension 7. Contrarily to the cases of conformal actions
of SU(1, k) and Sp(1, k), this lower bound is not sharp: we will see that the optimal index
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is 9, a realization of which being observed with the action of F−20
4 on Ein

9,15 given in
the introduction. So, we have to see that there are no conformal actions when the metric
has index 7 or 8 and we will treat each situation independently.

Throughout this section, G denotes F−20
4 and is assumed to act conformally on (M,g),

compact with signature (p, q) whose index is optimal, and g = a⊕m⊕g±α⊕g±2α denotes
a restricted root-space decomposition. We still note s = a ⊕ gα ⊕ g2α and S < F−20

4
the corresponding subgroup. We fix x a point given by Proposition 2.1. Recall that
gx∩g−2α = 0. Moreover, since the only Abelian subspaces of g−α are lines (Lemma 2.7),
we must have dim g−α ∩ gx 6 1.

Recall that m ≃ so(7), and that dim g±α = 8 and dim g±2α = 7. The adjoint action
ad(m) on g±α is conjugate to the spin representation, and the one on g±2α to the regular
representation. We will use that the only non-trivial sugalgebras of so(7) whose codi-
mension is less or equal than 8 are isomorphic to so(6) and g2 (see for instance [BK06]),
and that G2-subgroups of Spin(7) are stabilizers of vectors in the spin representation (see
[Var01]).

5.1. Index 7. We assume here that min(p, q) = 7. Then, by Proposition 2.5 we know
that πx(g−2α) is a maximal isotropic subspace. We distinguish two cases:

• Either ∃X−α,X−2α such that bx(πx(X−2α), πx(X−α)),
• Or πx(g−α) is positive definite and orthogonal to πx(g−2α).

By Observation 3, if we are in the first case, then πx(g0) is isotropic and orthogonal to
the maximally isotropic subspace πx(g−2α). So, we obtain g0 ⊂ gx. Since ad induces an
irreducible representation of m on g−α, and since gx∩g−α 6= g−α, we obtain gx∩g−α = 0.
Thus, πx(g−α) is an 8-dimensional space, which must be isotropic by Observation 3. This
is not possible.

If we are in the second case, then πx(g0 ⊕ gα ⊕ g2α) is isotropic, and consequently at
most 7-dimensional. By the same argument used in the proof of Lemma 4.1, we obtain
that a ⊂ gx. Since gx is ad(s)-invariant, we also get gα ⊕ g2α ⊂ gx.

The Lie subgroups of codimension 6 7 of Spin(7) are Spin(7) itself, Spin(6) and G2.
We now distinguish three cases:

(1) m ⊂ gx;
(2) m ∩ gx has codimension 6 in m;
(3) m ∩ gx has codimension 7 in m.

In case (1), we obtain gx∩g−α = 0. If we choose Xα and X−2α such that [Xα,X−2α] 6=
0, since πx(g−α) is positive definite, we have

0 6= bx(πx([Xα,X−2α]), πx([Xα,X−2α]))

= −bx(πx(X−2α), πx([Xα, [Xα,X−2α]])).

This is not possible since πx([Xα, [Xα,X−2α]]) = 0.

In case (2), m ∩ gx is a Lie subalgebra of m which has codimension 6 in m. Thus,
we obtain that Tx(G.x) = g−2α(x) ⊕ g−α(x) ⊕ m(x), with dimm(x) = 6. The sub-
space g−2α(x) ⊕ m(x) is 13-dimensional and contains a 7-dimensional isotropic sub-
space. Necessarily, it is degenerate and its kernel Kx 6= 0 is ad(a) invariant. Thus,
Kx = (Kx ∩ g−2α(x)) ⊕ (Kx ∩ m(x)). Moreover g−2α(x) ⊕ (Kx ∩ m(x)) is isotropic,
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implying Kx ∩m(x) = 0, and m(x)⊕ (Kx ∩ g−2α(x)) isotropic implies that Kx is a line
included in g−2α(x).

Since g−α(x) is positive definite and orthogonal to g−2α(x) ⊕ m(x), Kx is in fact the
kernel of Tx(G.x). As such, it is invariant by the isotropy, implying that [Kx, gx] ⊂ Kx.
But this is not possible since for non-zero X−2α, we have [X−2α, gα] = g−α.

In case (3), we immediately get that gα⊕g2α ⊂ gx. Arguments similar to the previous
ones give that the orbit is non-degenerate. Precisely, πx(g−2α) ⊕ πx(m) has signature
(7, 7) and is orthogonal to πx(g−α) which is positive definite and has dimension 8 or 7.

Thus, the homogeneous space N = G/Gx is endowed with a conformally G-invariant
non-degenerate metric h. We claim that such a metric does not exist. We can prove it
by observing that h must be conformally flat. Indeed, if F−20

4 acts on a conformally flat
pseudo-Riemannian manifold of signature (p′, q′) with p′ + q′ > 3, then we can derive a
Lie algebra embedding f−20

4 →֒ so(p′ +1, q′ +1). Thus, if (N,h) is conformally flat, then
we obtain a faithful representation of f−20

4 on a vector space of dimension 23 or 24, which
is absurd since the smallest degree of a faithful representation of f4 is 26.

Conformal flatness of h can be easily proved by using the arguments of Section 4.2.1.
Indeed, if H ∈ a is such that α(H) = 1, then the flow of H has the same form - this
fact being immediate since N is G-homogeneous. We also have [g2α, g−2α] = g0 and
[gα, g−α] = g0. Thus, we can apply the same reasonning to conclude that the Weyl
tensor of (N,h) vanishes at some point x0 ∈ N , and we directly obtain that (N,h) is
conformally flat by homogeneity.

Finally, all the cases lead to a contradiction and we conclude that the metric cannot
have index 7. Remark that this section has proved the following

Lemma 5.1. There does not exist a proper Lie subgroup H < G such that

• G/H carries a conformally G-invariant (eventually degenerate) metric whose
isotropic subspaces are at most 7-dimensional,

• Ad(S)h ⊂ h and Ad(S) acts conformally on g/h.

5.2. Index 8. We assume now that the metric has index 8. We still have dimπx(g−2α) =
7 and dimπx(g−α) = 7 or 8.

Lemma 5.2. The subspace g−2α(x) is isotropic.

Proof. Assume that πx(g−2α) is not isotropic. By Observation 3, we obtain that πx(g−α⊕
g0 ⊕ gα ⊕ g2α) is isotropic and orthogonal to πx(g−2α). Since dimπx(g−α) > 7, we
get that dimπx(g0) 6 1. Since m ≃ so(7) does not admit codimension 1 subalgebras,
we get m ⊂ gx. By irreducibility of ad(m)|g−α

, we get g−α ∩ gx = 0, implying that
gx = p := g0 ⊕ g−α ⊕ g2α. At last, since πx(g−2α) ⊥ πx(g−α), we obtain that πx(g−2α) is
positive definite.

If P < G is the proper parabolic subgroup corresponding to p, we have proved that the
orbit of x has the form G/P and carries a conformally G-invariant maximally degenerate
metric. But it is clear that such a metric exist. So, the question is to prove that we cannot
embed conformally and G-equivariantly this homogeneous space into (M,g). This is why
we now turn to more geometric considerations, even though our goal is to prove that such
a situation does not occur.
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Let H ∈ a be such that α(H) = 1 and let φt be the conformal flow it generates. By
Lemma 4.6, we get that φt is linearizable near x and that {Txφ

t} < CO(TxM,gx) is
an hyperbolic one-parameter subgroup. Moreover, since g−2α(x) is positive definite, we
obtain that e2tTxφt ∈ SO(TxM,gx).

Sub-lemma 5.3. Let X ∈ so(p, q) be an hyperbolic element, and V ⊂ R
p,q be a maxi-

mally isotropic, X-invariant subspace such that X|V = λ id, λ 6= 0. Then, there exists
V ′ maximally isotropic such that V ⊕ V ′ has signature (p, p), and X has the form

X =



λ id

0
−λ id


 ,

with respect to R
p,q = V ⊕ (V ⊕ V ′)⊥ ⊕ V ′.

Proof. We have that X preserves V ⊥ and induces on it an R-split linear map. By semi-
simplicity, let W be X-invariant and such that V ⊥ = V ⊕W . Since V is maximally
isotropic, W is positive definite, and X|W ∈ so(W ) implies X|W = 0. At last, let V ′ be
X-invariant and such that R

p,q = V ⊥ ⊕ V ′. Let v′ ∈ V ′ be an eigenvector of X with
eigenvalue λ′. Then, for all v ∈ V ,

λ < v, v′ >=< Xv, v′ >= −λ′ < v, v′ > .

Since v′ /∈ V ⊥, we can choose v such that < v, v′ > 6= 0, proving λ′ = −λ. Thus, X acts
homothetically and non-trivially on V ′, implying that V ′ is isotropic and V ′ ⊥W . �

In our situation, e2tTxφt acts homothetically on V1 = g−α(x), with ratio et. This
proves that there are V2, V3 ⊂ TxM , with g−2α(x) ⊂ V2 positive definite, V3 maximally
isotropic, and TxM = V1 ⊕ V2 ⊕ V3 and

Txφ
t =



e−t id

e−2t id
e−3t id


 .

Let W denote the Weyl tensor of (M,g). Then, the arguments of Section 4.2.1 can be
naturally adapted to conclude that for all u, v, w ∈ TxM , with respective components
ui, vi, wi on Vi, we have Wx(u, v, w) = Wx(u1, v1, w1) ∈ V3 (adapt the Lemma 4.5). For
all X−2α and Xα, if f = eXα , we have for all v1, w1,

0 = f∗Wx((X−2α)x, v1, w1) =Wx(f∗(X−2α)x, v1, w1) =Wx([Xα,X−2α]x, v1, w1),

the first equality following from f∗v1 = v1 and f∗w1 = w1 (this is immediate because
v1, w1 ∈ g−α(x)). This implies Wx(V1, V1, V1) = 0 since g−α = [gα, g−2α].

Thus, Wx = 0. Let y be a point in the linearization neighborhood of x. Since φt(y) → x
when t → +∞, we get that for all u, v, w ∈ TyM , ‖(φt)∗Wy(u, v, w)‖ = o(e−3t) for any
norm ‖.‖ on this neighborhood. By an argument similar to Lemma 4.5, we get Wy = 0.
Thus, a neighborhood of x is conformally flat, and this is a contradiction since there does
not exist an embedding of f−20

4 into some so(9, N). �

Lemma 5.4. The subspace g−α(x) is orthogonal to g−2α(x). Consequently, it is con-
tained in a Lorentzian subspace of TxM .
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Proof. Assume the contrary. Then, by Observation 3, πx(g−α⊕g0⊕gα⊕g2α) is isotropic.
Since dimπx(g−α) > 7, we obtain that g0 ⊕ gα ⊕ g2α ⊂ gx, and then that g−α ∩ gx = 0.
Then, we obtain that g(x) = g−2α(x) ⊕ g−α(x), these two subspace being isotropic and
having dimension 7 and 8 respectively. Necessarily, g(x) is degenerate and its kernel is a
1-dimensional subspace of g−α(x). This is a contradiction since g0 ⊂ gx cannot preserve
this line. �

By the previous Lemma, πx(g−α) cannot be isotropic. Thus, πx(p) is isotropic and
orthogonal to it.

Lemma 5.5. We have a ⊂ gx, and by ad s-invariance, we get s ⊂ gx.

Proof. Assume that a ∩ gx = 0. We can use the argument of the proof of Lemma 4.1
to conclude that a(x) is an isotropic line orthogonal to g−2α(x), which is isotropic and
7-dimensional. For any X ∈ gα⊕g2α, by Obervation 3, Xx is isotropic and orthogonal to
g−2α(x)⊕ a(x). The latter being maximally isotropic, we obtain Xx = 0, i.e. gα⊕ g2α ⊂
gx. Always by Observation 3, g−α(x) is orthogonal to a maximally isotropic subspace,
so it must be Euclidean.

Consider V := g/(a ⊕ gx). Since a is included in the kernel of qx, the latter induces
a well-defined quadratic form q0 on V . Moreover, since Tx(G.x) ⊂ a(x)⊥ and the metric
has index 8, by definition of qx we get that the isotropic subspaces of (V, q0) are at most
7-dimensional. At last, since a⊕ gx is a Lie subalgebra stable under the action of ad(s),
we obtain a conformal action of s on (V, q0). This contradicts Lemma 5.1. �

Finally, we get the orthogonal decomposition g(x) = g−2α(x) ⊕ g−α(x) ⊕ m(x), with
g−2α(x) isotropic and 7 dimensional, m(x) isotropic, and g−α(x) subLorentzian. Since
dimm(x) 6 8, we distinguish three possibilities: (a) m ⊂ gx, (b) m ∩ gx ≃ so(6) and (c)
m ∩ gx ≃ g2. Each of which is proved to be impossible.

In case (a), we get g−α ∩ gx = 0 and g−α(x) must be Euclidean since the only non-
trivial quadratic form on R

8 invariant by Spin(7) is positive definite. We can apply the
same argument as in the case min(p, q) = 7 to conclude that this is not possible.

In case (b), we get Tx(G.x) = g−2α(x)⊕ g−α(x)⊕m(x) with g−2α(x) isotropic and 7-
dimensional, m(x) isotropic and 6-dimensional and g−2α(x) ⊥ g−α(x) ⊥ m(x). Moreover,
since m∩gx cannot preserve a 7-dimensional subspace of g−α, we also have g−α∩gx = 0.
Necessarily, Tx(G.x) is degenerate and the kernel meets g−2α(x). But if (X−2α)x is in
the kernel, then so is [Xα,X−2α]x ∈ g−α(x) for any Xα. And the kernel cannot meet
g−α(x) for if not it would yield a direction X0

−α ∈ g−α preserved by ad(m ∩ gx). So, we
get [Xα,X−2α] = 0 for any Xα, implying X−2α = 0, which is a contradiction.

In case (c), g−2α(x) and m(x) are isotropic and 7-dimensional. Moreover, the subspace
g−2α(x)⊕m(x) is non-degenerate with signature (7, 7). Indeed, if Kx is its kernel, then
Kx ∩ g−2α(x) and Kx ∩ m(x) are at most 1-dimensional. The stabilizer gx contains a
subalgebra g2 ⊂ m ≃ so(7). The action of ad(m) on g−2α and m being clear, we see that
this g2 factor cannot preserve a line in g−2α(x) nor m(x). Thus, Kx = 0.

Finally, we distinguish two sub-possibilities: (i) g−α(x) is non-degenerate, i.e. it is
Euclidean or Lorentzian ; (ii) g−α(x) is a degenerate, non-negative subspace with a 1-
dimensional kernel.
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In case (c)(i), the orbit G.x is non-degenerate. If H ∈ a, by analyzing the action of
φtH near x on G.x, we can conclude that (M,g) induces a conformally flat metric on G.x,
leading to the same contradiction as case (3) of Section 5.1.

In case (c)(ii), we have g−α ∩ gx = 0, so that gx = (a ⊕ (m ∩ gx)) ⋉ (gα ⊕ g2α)
with m ∩ gx ≃ g2, and there is X0

−α 6= 0 such that the kernel of the restriction of gx
to Tx(G.x) corresponds to the line RX0

−α + gx in g/gx. Since the isotropy Gx has to
preserve this kernel, RX0

−α + gx must be a subalgebra of g, which we note h. Then, let
H < G be the corresponding connected Lie subgroup. Since X0

−α gives the direction of
the kernel in g/gx, we obtain a well defined non-degenerate quadratic form q0 on g/h
such that, if π : G/Gx → G/H is the natural projection, then π∗ : (g/gx, qx) → (g/h, q0)

is isometric and ad(gx) < co(g/h, q0). Let x0 = H ∈ G/H and φt := etX
0

−α , so that
φt is a conformal flow G/Gx, commuting with π. Thus, it is also a conformal flow of
G/H, proving that ad(h) < co(g/h, q0). Finally, we obtain that G/H is endowed with
a conformally G-invariant non-degenerate metric of index 7, which is not possible by
Lemma 5.1.
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