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Abstract—This paper concerns two aspects of the multi-
agent consensus problem on the n-sphere. Firstly, it proves
that a standard consensus protocol, in a certain sense, yields
asymptotical stability on a global level for a nontrivial
class of graph topologies. Secondly, it provides a novel
consensus protocol that leaves the centroid of agent states

in Rn+1 projected back to the sphere invariant. It hence
becomes possible to determine the consensus point as a
function of the initial states. Much of the stability analysis
has an intuitive geometric appeal since it is based on the
symmetries of the n-sphere rather than generic Lyapunov
theory.

I. Introduction

Consider a system consisting of N agents, each of which is

equipped with some limited communication and sensing

capabilities. The goal is for all agents to converge to

the same state, i.e., to reach a consensus. This type of

problem is widely studied in the literature, see e.g., [14]

and the references therein. As the �eld of networked and

multi-agent system has matured, research focus shifts from

linear dynamics to more realistic models such as switched

and highly nonlinear systems including those featured in

the attitude synchronization problem [16], [19], [20], [22],

[25]. Research on attitude synchronization is motivated by

applications such as satellite formation �ying [7], [11], co-

operative robotic manipulation [17], multi-camera networks

[23], and distributed rotation averaging [2], [4].

The reduced attitude is a property of objects that for vari-

ous reasons, such as task redundancy, cylindrical symmetry,

or actuator failure, lack one degree of rotational freedom in

three-dimensional space and whose orientation corresponds

to a pointing direction with no regard for the rotation about

the axis of pointing [9]. The reduced attitude synchroniza-

tion problem is equivalent to the consensus problem on the

sphere. The problem of cooperative control on the sphere

has received some attention in the literature [3], [15], but

comparatively less than the full attitude synchronization

problem. Other applications of consensus on the sphere

include planetary scale mobile sensing networks [5].

This paper concerns two aspects of the consensus prob-

lem for a multi-agent system on the n-sphere. One problem

concerns the possibility of �nding a control law that makes

the consensus manifold almost globally asymptotically sta-

ble. A basic control law is shown to render all equilib-

rium manifolds except the consensus manifold unstable
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for a nontrivial class of graph topologies. The question

of whether this result holds for general graph topologies

is explored in simulation. Another problem concerns the

determination of the �nal state, i.e., the particular point

on the consensus manifold to which the agents converge.

Applications can be found in the �eld of distributed com-

putation. A control law is provided that leave the centroid

of agent states in R
n+1 projected back to the n-sphere

invariant.

Related research concerns the problem of almost global

consensus on S1 [18], on SO(3) [24], and on Sn in the

special case of a complete graph [3], [15]. The work [24]

makes use of a particular reshaping function to establish

almost global consensus for general graph topologies. The

authors apply an optimization based method to characterize

the stability of all equilibria. Their approach is roughly

equivalent to the direct method of Lyapunov. By shifting

consideration from SO(3) to the n-sphere, this paper uses

an analysis based on the symmetries of the n-sphere to

establish stability results like those in [24] without the use

of any reshaping function.

The work [24] divides the literature on attitude consen-

sus into two categories: extrinsic and intrinsic algorithms.

An algorithm is said to be extrinsic if it makes use of

a parametrization that embeds SO(3) in some Euclidean

space. There are algorithms in this class that provide

consensus on a global level. For the second category of

algorithms that work with SO(3) directly, global level re-

sults had not been obtained prior to the publication of [24].

To the best of our knowledge, previous work concerning

intrinsic cooperative control on the n-sphere only regards

the case of a complete graph [3], [15].

The 2-sphere is akin to a subset of SO(3), and as such

many results obtained for SO(3) also applies to S2. Special

cases sometimes allow for stronger results. The �ndings of

this paper indicates that the conditions for achieving almost

global consensus are, in a certain sense, more favorable

on the 2-sphere than the particularization of previously

known results concerning SO(3) would imply. There are

graph topologies for which standard consensus protocols

render all equilibria except the consensus point unstable

on S2 whereas simulation results indicate that some of the

corresponding equilibria are asymptotically stable on SO(3)

[24].

The main contributions of this paper are summarized

as follows. Firstly, it provides a convergence results on

a global level for topologies apart from trees and the

complete graph, i.e., for a larger class of topologies than

what has previously been found on the n-sphere [3], [15],
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[25]. Secondly, it provides a novel consensus protocol that

leaves the centroid of agent states invariant. There is, to

the best of our knowledge, no such previous result, nor

has the problem of determining the consensus point of a

continuous time multi-agent system on the n-sphere been

addressed previously.

II. Problem Description

The following notation is used throughout this paper. The

inner product and outer product of x, y ∈ Rn are denoted

by 〈x, y〉 and x⊗y respectively. The Euclidean norm is used

for vectors and the Frobenius norm is used for matrices.

The general linear group of invertible n × n matrices over

the �eld R is written GL(n). The special orthogonal group

is SO(n) = {R ∈ GL(n) | R−1 = R⊤, detR = 1}. The Lie

algebra of SO(n) is so(n) = {S ∈ R
n×n | S⊤ = −S}. The n-

sphere is denoted by Sn = {x ∈ R
n+1
| ‖x‖ = 1}, where

n ≥ 2. A graph is a pair G = (V, E) where V is the

node set and E ⊂ V × V is the edge set. For any graph

G, the notation V (G) and E (G) refers to its node and

edge sets respectively. The union of two graphs G1 and G2
is de�ned as the graph (V (G1) ∪ V (G2), E (G1) ∪ E (G2)).

Some special graphs that will be used are the complete

graphs K0 = (∅, ∅), K1 = ({1}, ∅), K2 = ([2], {(1, 2)}), and

Kn = {[n], {(i, j ) | i, j ∈ [n], i , j}} where n ∈ N and

[ ] : n 7→ {k ∈ N | k ≤ n}. The symbol
∼
∈ denotes an

isomorphism between a graph and an element of a set of

graphs, i.e., G
∼
∈ {H1, . . . ,Hm } if G ≃ Hi for some i ∈ [m].

The symbol ∼⊂ denotes an isomorphism relation between

sub- and supersets, namely S1
∼
⊂ S2 implies that S1 ⊂ S3

and S3 ≃ S2. In particular, S
∼
⊂ S

1 denotes that S belongs

to a great circle.

An equilibrium manifold is, roughly speaking, a set of

equilibria of a system that also constitute a manifold. The

concepts of stability of an equilibrium can be extended to

sets and hence to manifolds [13], [21]. This paper introduces

the following terminology to describe stability properties of

manifolds.

Definition 1. An equilibrium manifold is said to be max-

imal if it is connected and not a strict subset of any other

connected equilibrium manifold.

Definition 2. A maximal equilibrium manifold is said to

be uniquely stable if it is stable and no other maximal

equilibrium manifold is stable, uniquely attractive if it is

attractive and no other maximal equilibrium manifold is

attractive, and uniquely asymptotically stable if it is both

uniquely stable and uniquely attractive.

Remark 3. Note that for an equilibrium manifold to be

uniquely asymptotically stable is stronger than for it to be

the only asymptotically stable maximal equilibrium mani-

fold since it also excludes any other maximal equilibrium

manifold being either stable or attractive.

A. Distributed Control Design

Consider a multi-agent system where each agent is iden-

ti�ed by an index i ∈ [N ]. The agents are capable of

limited pairwise communication and local sensing. The

topology of the communication network is described by

an undirected connected graph G = (V, E), where V =

[N ] = {1, 2, . . . ,N }, and the presence of an edge (i, j ) ∈ E

implies that agent i and j can communicate, or equivalently

that agent i and j can sense the so-called local or relative

information regarding the displacement of their states.

Control is assumed to be based on a minimal amount of

relative information and to be carried out on a kinematic

level.

The information Ii j that agent i has access to regarding

one of its neighboring agents j includes

Ii j ⊃ span{(I − Xi ) (xj − xi )} = span{xj − 〈xj , xi 〉xi }, (1)

where Xi = xi⊗xi and I−Xi : R
n+1
→ Txi

S
n is a projection.

The space of relative information known to any agent i ∈ V

is ∪j∈NiIi j . The subset of Ii j given by (1) corresponds to

the customary relative information in linear spaces Ii j ⊃

span{xj − xi } projected on Txi
S
n. An agent can calculate

this aspect of Ii j based on local sensing since all it needs

to discern is the direction towards its neighbor along its

tangent space.

System 4. The system is given by N agents, an undirected

and connected graph G = (V, E), agent states xi ∈ S
n ,

where n ≥ 2, and dynamics

ẋi = ui − 〈ui , xi 〉xi , (2)

where ui =
∑

j∈Ni
fi jxj ∈ R

n+1 for some continuously dif-

ferentiable fi j : Si → (0,∞), where Si ⊆
∏

j∈Ni
Ii j , such

that ḟi j ≤ 0 for all j ∈ Ni , for all i ∈ V .

Note that the dynamics (2) projects the input ui on the

space of relative information. While some agent i ∈ V may

not be able to calculate ui based on the information (1)

obtained from all its neighbors, that agent can still calculate

an input vi whose projection on Txi
S
n is identical to that

of ui . This holds for any input that belongs to span{xj | j ∈

Ni }, and in particular for any element of the positive cone

pos{xj | j ∈ Ni }. Intuitively speaking, it is reasonable to

assume that agent i should be able to move towards any

point in pos{xj | j ∈ Ni }, i.e., that pos{xj | j ∈ Ni } ⊂ Ii j .

All vectors in this section are de�ned in the world frame

W . To implement the control law in a distributed fashion,

ui must be transfered to the body frame Bi of agent i .

Let [x]F denote that the coordinates of vector x are given

with respect to the F . Suppose Bi is related to W by

means of a rotation Ri : [v]W 7→ [v]Bi . The control law in

W is given by [ui ]W =
∑

j∈Ni
fi j[xj ]W . Hence [ui ]Bi =

∑

j∈Ni
fi jRi [xj ]W =

∑

j∈Ni
fi j[xj ]Bi . Moreover,

[ẋi ]Bi = Ri [ui ]W + 〈[ui ]W ,R
⊤
i Ri [xi ]W〉Ri [xi ]W

= [ui ]Bi + 〈[ui ]Bi , [xi ]Bi 〉[xi ]Bi , (3)

due to inner products being invariant under orthonormal

changes of coordinates. From the perspective of stability

analysis, (3) is the same as equation (2).
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The problem of multi-agent consensus on the n-sphere

concerns the design of distributed control protocols {ui }
N
i=1

based on relative information, as discussed in the above

paragraphs, that stabilize the consensus manifold

C = {{xi }
N
i=1 ∈ (Sn )N | xi = xj , ∀ i, j ∈ V} (4)

of System 4. If all agents converge to one point on the

n-sphere, then they are said to reach consensus. For all

connected graphs, it can easily be shown to su�ce that the

states of any pair of neighboring agents are equal.

B. Problem Statement

This paper concerns two aspects of consensus on the n-

sphere.

Problem 5. Design a consensus protocol, i.e., input signals

ui for all i ∈ V , for System 4 such that the consensus

manifold is uniquely asymptotically stable.

Problem 6. Design a consensus protocol, ui for all i ∈ V ,

for System 4 such that the system converges asymptotically

to a point on the consensus manifold for which an explicit

expression can be given in terms of the initial states of the

agents.

Problem 5 concerns the global behavior of the system.

Under certain assumptions regarding the connectivity of G,

local consensus on SO(3) can be established with the region

of attraction being the largest geodesically convex set on Sn,

i.e., open hemispheres. See for example [25] in the case of

an undirected graph and [22] in the case of a directed and

time-varying graph. A global stability result for discrete-

time consensus on SO(3) is provided in [24]. The algorithm

of [24] does however require the use of a reshaping function

which depends on an unknown parameter. Almost global

asymptotical stability of the consensus manifold on the n-

sphere is known to hold when the graph is a tree [25] or

is complete in the case of �rst- and second-order models

[3], [15]. The author of [15] conjectures that global stability

also holds for a larger class of topologies.
Problem 6 concerns the invariant state information that

can be extracted by means of local communication, and

is of importance in the �eld of distributed computing. This

problem is well-known in the linear case [14] but it does not

appear to have been given much attention in the n-sphere

case; see [2], [4], [25] for treatments of related problems

in the SO(n) case. The problem of calculating averages on

sphere has been studied in the context of computer graphics

[12]. Splines are used to port these results to systems

that evolve in continuous time. The authors of [3] remark

that initial conditions at rest for a second order system

on a hemisphere results in consensus on said hemisphere.

Note that although it may be argued that establishing a

consensus is trivial in the case of a complete graph, it

may still be nontrivial to calculate the �nal state. Moreover,

previous works on cooperative control on the sphere [3],

[15] focus on the complete graph case.
The next section presents solutions to Problem 5 and 6.

The following result, Theorem 7, may be considered as one

of the many known facts concerning consensus on convex

subsets of manifolds [25]. To solve Problem 5 this paper

provides a weaker companion to Theorem 7 that holds for

a larger class of graph topologies.

Theorem 7. Consider System 4. The consensus manifold (4)

is stable. Suppose that the positions of all agents belong to an

open hemisphere, then they reach consensus asymptotically.

Remark 8. A proof of this result—or generalizations thereof

such as consensus over directed graph topologies—can be

obtained by following lines of reasoning that is found in

many works within the consensus literature, and is there-

fore omitted here. Theorem 7 is similar to a result which

establishes asymptotical convergence for a class of discrete-

time consensus protocols on convex subsets of Riemannian

manifolds [25]. The �ndings of [25] can also be used to

show almost global asymptotical consensus in case the

graph G is a tree. Other results of note include proofs that

the consensus manifold is almost globally asymptotically

stable when G is complete [3], [15].

III. Main Results

A. Instability of Undesired Equilibria

This section concerns System 4 governed by Algorithm 9

which provides a basic protocol for consensus on the n-

sphere.

Algorithm 9. The feedback is given by ui =
∑

j∈Ni
wi jxj ,

where wi j ∈ (0,∞) and wi j = w ji for all (i, j ) ∈ E.

Algorithm 9 can be derived by taking the gradient of the

potential function

V (xi , xj ) =
1
2

∑

(i, j )∈E

fi j ‖xi − xj ‖
2
, (5)

in the case that fi j = wi j for all (i, j ) ∈ E, see the proof of

Proposition 10. It is possible to work with more general

functions fi j than those of Algorithm 9, but we prefer

constant weights for ease of notation. Proposition 10 implies

that there are no limits cycles in System 4 under Algorithm

9. If the graph in System 4 under Algorithm 9 were directed,

then there would exist examples of topologies that result

in limit cycles.

Proposition 10. System 4 converges to an equilibrium.

Proof. Consider the potential function (5). It holds that

V̇ (xi , xj ) =
∑

(i, j )∈E

fi j 〈xi − xj , ẋi − ẋj 〉 +
1
2
ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j 〈xi − xj , ui − uj − 〈ui , xi 〉xi

+ 〈uj , xj 〉xj 〉 +
1
2 ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j (〈uj , xj 〉〈xi , xj 〉 + 〈ui , xi 〉〈xi , xj 〉

− 〈uj , xi 〉 − 〈ui , xj 〉) +
1
2 ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j [〈ui , (xi ⊗ xi − I)xj 〉
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+ 〈uj , (xj ⊗ xj − I)xi 〉] +
1
2
ḟi j ‖xi − xj ‖

2

=

∑

i ∈V

∑

j∈Ni

fi j 〈ui , (xi ⊗ xi − I)xj 〉 +
1
2
ḟi j ‖xi − xj ‖

2

= −
∑

i ∈V

〈ui , (I − xi ⊗ xi )ui 〉 +
1
2 ḟi j ‖xi − xj ‖

2

≤ −
∑

i ∈V

〈ui , (I − xi ⊗ xi )ui 〉,

since ḟi j ≤ 0 by de�nition of System 4. System 4 converges

to the set {{xi }
N
i=1 | ‖ui ‖ xi } by LaSalle’s theorem, i.e., the

input and state of each agent align up to sign. This implies

ẋi = 0 for all i ∈ V by inspection of (2).

Consider the �nal state of System 4 under Algorithm

9 given in the proof of Proposition 10. The following

equilibrium con�gurations may be attractive:

(xi , ui ) ∈

{(

−
si
‖si ‖
, si

)

,

(

si
‖si ‖
, si

)

, (xi , 0)

}

,

where si =
∑

j∈Ni
wi jxj . The global behavior of the system

is hence determined by the stability of these equilibria. It

can be showed that any equilibrium where xi = −si/‖si ‖ or

si = 0 for some i is unstable. An example of xi = −si/‖si ‖ is

given by a tetrahedron formation with a tetrahedral graph,

i.e., G = K4. An example of xi = 0 for all i ∈ V in the case

of all weights being equal is provided by the octahedral

graph, see Figure 1. The remaining case of xi = si/‖si ‖ for

all i ∈ V poses a more di�cult challenge.

Fig. 1. An unstable equilibrium of a system on S2 (left) with an
octahedral graph (right).

Proposition 11. Any equilibrium {xi }
N
i=1 of System 4 under

Algorithm 9 where xi = −si/‖si ‖ or si = 0 for some i ∈ V is

unstable.

Proof. The proof makes use of the linearization provided by

Lemma 27 in Appendix A. Further details are omitted.

Proposition 12. Take any equilibrium of System 4 which is

not part of the consensus manifold. If all agents belong to a

hyperplane in R
n+1, then the equilibrium is unstable.

Proof. Let {xi }
N
i=1 denote the equilibrium. The tangent space

Txi
Sn = {x ∈ R

n+1 | 〈xi , x〉 = 0} contains any normal n of

the hyperplane. Consider a sequence of initial conditions

{xi (ε, n)}i ∈V depending on a parameter ε ∈ [0,∞). For any

equilibrium {xi }i ∈V on the hyperplane it holds that

xi (ε, n) =
xi + εn

‖xi + εn‖
∈ S

n

is a continuous function of ε that satis�es xi (0, n) = xi .

Consider ε ∈ (0,∞]. Note that 〈xi (ε, n), n〉 > 0, i.e., the

initial states xi (ε ) belong to an open hemisphere whereby

the agents reach consensus by Theorem 7.

Any tree that branches out from a root node on the graph

turns out to have little in�uence on the possible equilibrium

con�gurations of the system. This notion is made precise

by the next proposition.

Proposition 13. Suppose G = H ∪T where T is a tree and

T∩H ≃ K1. At any equilibrium of System 4 under Algorithm

9, the states of all agents in T are equal up to sign.

Proof. The proof is by induction. Take any leaf node l and

let p denote its parent node. Consider the state xl at an

equilibrium,

ẋl = wlp (xp − 〈xp , xl 〉xl ) = 0,

i.e., xl ∈ {−xp , xp }. Suppose this holds for all nodes from

the leaves down to depth d in the tree. For any agent i at

depth d − 1 in the tree, let C denote its set of children and

p its parent. It follows that

ẋi =
∑

j∈C

wi j (xj − 〈xj , xi 〉xi ) +wip (xp − 〈xp , xi 〉xi )

= wip (xp − 〈xp , xi 〉xi ) = 0.

Hence xi ∈ {−xp , xp }.

Remark 14. By Proposition 13, any analysis of the equilibria

of System 4 under Algorithm 9 can essentially be reduced

to considerations of graph topologies where the leaf nodes

of G have been removed in a recursive fashion to yield a

graph where every node belongs to the node set of at least

one cycle.

Consider the case when the agents’ states are con�ned

to a great circle. The great circle is invariant. Proposition

16 states that if a graph consists of a cycle then, at any

equilibrium, all agents belong to a great circle. Moreover,

if all agents belong to a great circle, and all agents but one

are at rest, then that last agent is also at rest. This result is

the �rst of two concerning equilibria that belong to great

circles.

Definition 15. The term wi j (xj − 〈xj , xi 〉xi ) is referred to

as the contribution to ẋi from agent j . A set S ⊂ V is said

to contribute zero to the velocity of agent i if
∑

j∈S∩Ni

wi j (xj − 〈xj , xi 〉xi ) = 0.

Proposition 16. Suppose the graph can be decomposed as

G = H ∪C∪F where C is a cycle graph on k nodes. Assume

that H ∩C ≃ K1 and that the agents in V (F \C) contribute

zero to the derivatives ẋi for all i ∈ C at any equilibrium.

Then, at any equilibrium of System 4 under Algorithm 9,

{xi | i ∈ C}
∼
⊂ S

1. Suppose {xi | i ∈ V (C)}
∼
⊂ S

1 and the

agents in V (C)\{k} are at rest. Suppose that the agents in

V (F \C) contribute zero to ẋi for all i ∈ C\{k}. At that

moment the agents in V (C) contribute zero to the velocity

of agent k .

Proof. Denote the agents on the cycle by 1, . . . ,k . Let both 0

and k denote the same agent. Consider any agent i ∈ V (C).
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Then

ẋi =
∑

j∈Ni

wi jxj −wi j 〈xj , xi 〉xi

= wii−1xi−1 +wii+1xi+1 −wii−1〈xi−1, xi 〉xi−

wii+1〈xi+1, xi 〉xi ,

which can only sum to zero if xi−1, xi , and xi+1 are coplanar,

i.e., if they lie on a great circle. This holds for any three

consecutive numbers in [k] whereby {xi | i ∈ C}
∼
⊂ S

1.

Assume {xi | i ∈ C}
∼
⊂ S

1. Let ϑ1, . . . ,ϑk be angle

coordinates on the great circle. As shown in [15], it holds

that ϑ̇i =
∑

j∈Ni
wi j sin(ϑj − ϑi ). Add the derivatives of the

states on the cycle,

k−1
∑

i=1

ϑ̇i =

k−1
∑

i=1

∑

j∈Ni

wi j sin(ϑj − ϑi ) =

k−1
∑

i=1

wii−1 sin(ϑi−1 − ϑi )

+wii+1 sin(ϑi+1 − ϑi )

= w10 sin(ϑ0 − ϑ1) +wk−1k sin(ϑk − ϑk−1)+

k−2
∑

i=2

wi−1i sin(ϑi − ϑi−1) +wii−1 sin(ϑi−1 − ϑi )

= w10 sin(ϑ0 − ϑ1) +wk−1k sin(ϑk − ϑk−1)

=

∑

j∈Nk∩V (C)

wk j sin(ϑj − ϑk ).

The sum of derivatives is zero, and so is the contribution

to the velocity of agent k .

Proposition 17. Suppose the graph can be decomposed as

G = H ∪C1 ∪C2 ∪ F where C1, C2 are cycles, C1 ∩C2 ≃ K2,

H ∩ C1 ≃ K0, and H ∩ C2
∼
∈ {K1,K2}. Furthermore assume

that the agents in V[F \(C1 ∪ C2)] contribute zero to ẋi for

all i ∈ V (C) at any equilibrium of System 4 under Algorithm

9. That equilibrium then satis�es {xi | i ∈ V (C1 ∪ C2)}
∼
⊂ S1.

Proof. By reasoning as in the proof of Proposition 16, it is

�rst shown that {xi | i ∈ V (C1)}
∼
⊂ S

1. It can then be shown

that {xi | i ∈ V (C1 ∪ C2)}
∼
⊂ S

1.

Remark 18. The case of C1∩C2 being a path graph with k ≥

3 vertices is qualitatively di�erent since it admits equilibria

where the states on V (C1\C2), V (C2\C1), and V (C1 ∩ C2)

are spread out over three great circles. The approach of this

paper can sometimes be used in that case, but it does not

apply to all such graphs.

The next results states that certain cycles in a graph have

little in�uence, relative to the rest of the graph, on the

stability of any equilibrium manifolds. It amounts to the

main technique of this paper for showing the instability of

equilibrium manifolds. The intuitive idea is to show that the

states of the agents are distributed over a number of great

circles and then to rotate the circles one by one into the

others, thereby obtaining an equilibrium where all agent

states belong to the same great circle. The instability of

such an equilibrium manifold follows from Proposition 12.

Proposition 19. Suppose G = H ∪ F where H ∩ F =

({k}, ∅). Consider an equilibrium {xi }
N
i=1 of System 4 under

Algorithm 9 such that {xi | i ∈ F }
∼
⊂ S

1. Let M denote the

maximal equilibrium manifold that contains {xi }
N
i=1. Suppose

the contribution to ẋk from agents in V (F ) is zero. Then

{{Ri (ϑ )xi }
N
i=1 | ϑ ∈ (−π , π ]} ⊂ M where Ri (ϑ ) = I if i < F ,

Ri (ϑ ) = R (ϑ ) if i ∈ F , and R (ϑ ) ∈ SO(n) is any rotation of

ϑ radians that leaves the state of agent k invariant.

Proof. Since R (ϑ ) acts on the agents inV (F ) as a change of

coordinates, they remain at an equilibrium. By assumption,

the contribution to ẋk from its neighbors belonging to

V (F ) is zero. The other neighbors of k are una�ected by

R (ϑ ) wherefore ẋk = 0 after the rotation. The agents in

V (H ) remain at an equilibrium for all ϑ ∈ (−π , π ].

Theorem 20. Suppose G = ∪mi=1Ci ∪ F for some choice of

cycle graphs Ci such that Ci ∩ Cj
∼
∈ {K0,K1,K2} for all

i, j ∈ [m] such that i , j . Furthermore assume that the agents

in V (F )\∪mi=1V (Ci ) contribute zero to the derivatives of the

states of agents in ∪mi=1V (Ci ) at any equilibrium. Introduce

the graph

T = ([m], {(u,v ) ∈ E (G) |u ∈ V (Ci ),v < V (Ci )}).

The consensus manifold of System 4 under Algorithm 9 is

uniquely asymptotically stable if T is a tree.

Proof. Take some r ∈ V (T ) to be the root of the tree. For

any i ∈ V (T ) let Ti ⊂ T denote the maximal subtree

branching out of node i away from the the root, i.e.,

V (Ti ) = {j ∈ T | d (j, r )}, where d : V × V → N ∪ {0}

denotes the graph distance. Suppose that the equilibrium

manifold which contains {xj }
N
j=1 also contains an equilib-

rium {yj }
N
j=1 such that Si = {yj |j ∈ V (Ck ), k ∈ V (Ti )}

belongs to a great circle for some i ∈ T . Moreover, suppose

the agents in V (Ti ) contribute zero to {ẏj | j ∈ V (G )\∪k ∈Ti
V (Ck )}. The proof is by induction over decreasing values

of the graph distance d (r , i ). An induction basis is provided

by the set V (Cl ) where l is a leaf of T that satis�es

l = argmaxj∈T d (r , j ). The truthfulness of this follows by

Proposition 16 or 17 since Cl is a cycle that only intersects

one other cycle of the graph, Cj , and Cl ∩ Cj
∼
∈ {K1,K2}.

Suppose the induction hypothesis holds for some value

k of the graph distance and let c ∈ V (T ) be such that

d (r , c ) = k . If there is no such c aside from r , then

the induction hypothesis holds for all i ∈ V (T ) and we

are done. The agents in {V (Ci ) | i ∈ V (Tc )} belong to

a great circle and contribute zero to the derivatives of

all other agents. It follows by Proposition 16 and 17 that

the agents in V (Cp ) belong to a great circle. Rotate the

equilibrium continuously as described in Proposition 19

so that {xi | i ∈ V (Cj ), j ∈ V (Tc )} belongs to the same

great circle as {xi | i ∈ V (Cp )}. This shows that p, where

d (r ,p) = k−1, satis�es the induction hypothesis. Proceed in

the same manner with all subtrees Ti such that d (r , i ) = k

to complete the induction step.

There is hence a path in the equilibrium manifold which

leads to a con�guration where all agents belong to a great
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circle. But any such con�guration is unstable by Proposition

12. If all agents are perturbed from the great circle into a

hypersphere, then they reach consensus by Theorem 7. It

follows that the equilibrium manifold which the equilibrium

under consideration belongs to is unstable. Together with

Theorem 7, this implies that the consensus manifold is

uniquely asymptotically stable.

Theorem 20 implies that the consensus manifold is

uniquely asymptotically stable for the class of graphs con-

taining exactly one and exactly two cycles as stated in

the following corollary. These two cases can be considered

the next level of generality as compared to trees and

the complete graphs, for which almost global asymptotical

stability has either been shown or is implied by results in

the literature [3], [15], [25]. Theorem 20 also applies to

certain graph topologies containing an arbitrary number

of cycles, such as the one in Figure 2. Note that the

decomposition G = ∪mi=1Ci ∪ F in Theorem 20 may not

be unique. It is only required that one decomposition exists

which results in T being a tree.

Fig. 2. A graph for which the consensus manifold is uniquely
asymptotically stable.

Corollary 21. Consider the case of n ≥ 2. Suppose G

contains exactly one or exactly two cycles. The consensus

manifold is then uniquely asymptotically stable.

Proof. If C1∩C2 < {K0,K1}, then there would be more than

two cycles in G.

Remark 22. The results of Theorem 20 and its corollary do

not hold when n = 1. It is the fact that a great circle

is the boundary of an asymptotically stable region, i.e., a

hemisphere, that gives rise to the instability of equilibrium

formations that belong to great circles. On the 1-sphere, or

circle, there is no degrees of freedom such as the ones used

in the proof of Theorem 20. The circle case is a subject for

separate study. It is sometimes referred to as a Kuramoto

model in the literature, see e.g., [1], [15], [18].

B. Calculation of the Final State

This section presents a solution to Problem 6 in the case of

a complete graph.

Algorithm 23. The feedback is given by ui =
1
〈s,xi 〉

s, s =
∑

j∈V w jxj , where wi ∈ (0,∞) for all i ∈ V .

The closed loop system is ẋi =
1
〈s,xi 〉

s − xi .

Remark 24. The results of this section still hold if s is

replaced by si =
∑

j∈V\{i }w jxj . The di�erence lies in

whether the relative information is de�ned as the salient

cone spanned by the states of agents in V or V/{i}

respectively. It is preferred to use s over si for ease of

notation.

Theorem 25. Suppose that G is a complete graph and that

the initial conditions satisfy 〈s, xi 〉 > 0 for all i ∈ V . Apply

Algorithm 23 to System 4. The projection of s =
∑

j∈V w jxj on

the n-sphere is invariant. Moreover, the agents reach consensus

in this point.

Proof. First calculate

ṡ =
∑

j∈V

w j ẋj =
∑

j∈V

w j

〈s, xj 〉
s −w jxj =

*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- s.
(6)

Assume 〈s, xi 〉 is positive for all i ∈ V . It follows that the

coe�cient of s in the right-hand side of (6) is positive since
∑

j∈V

w j

〈s, xj 〉
≥

∑

j∈V

w j

‖s‖
≥

∑

j∈V

w j
∑

j∈V w j

= 1. (7)

The set S = {{xi }
N
i=1 | 〈s, xi 〉 > 0∀ i ∈ V} is invariant since

d
dt
〈s, xi 〉 =

*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- 〈s, xi 〉 +

1
〈s,xi 〉
‖s‖2 − 〈s, xi 〉

≥
*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- 〈s, xi 〉

is positive. This establishes the desired invariance; since s

is constant in direction, its projection on the n-sphere is

constant.

Algorithm 23 satis�es

ḟi j =
d
dt
〈s, xi 〉

−1
= −〈s, xi 〉

−2 d
dt
〈s, xi 〉,

which is negative over the set S which also belongs to an

open hemisphere. The agents reach consensus asymptoti-

cally by Theorem 7.

Remark 26. A su�cient requirement for 〈xi , s〉 > 0 to hold

is that all agents belong to an open ball with radius π/4 in

terms of the geodesic distance on the n-sphere, i.e.,

max
(i, j )∈E

arccos〈xi , xj 〉 < π/2.

Note that the exact region of attraction,

R = {(x1, . . . , xm ) ∈ (Sn )N | 〈s, xi 〉 > 0, ∀ i ∈ V},

allows for initial conditions where the agents are spread

out over an open hemisphere, extending beyond an open

ball with radius π/4.

IV. Discussion

This paper investigates two problems of multi-agent con-

sensus on the sphere. The problems are prompted by the

two questions: (i ) is it possible to determine the consensus

point and (ii ) is it possible to establish consensus from

almost all initial conditions using a basic consensus pro-

tocol. The answer to (i ) is yes. As for (ii ), the answer
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is known to be yes for graphs that are either trees or

complete. This paper extends those results to a larger class

of connected graphs including graphs with exactly one or

two cycles and all graphs with up to four vertices. The

result obtained is not almost global asymptotical stability

but unique asymptotical stability of the consensus manifold.

This result does not exclude almost global asymptotical

stability, which appears to hold in simulation. The result

concerning the exactly one cycle case on the manifold S2

is interesting since it di�ers from the Lie groups S1 and

SO(3) where unique asymptotical stability is not generated

by the corresponding basic consensus protocols [18], [24].
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A. Lemmas

Lemma 27. The (n + 1) × (n + 1) blocks of the N (n + 1) ×

N (n + 1) matrix A that describes the linearized dynamics of

System 4 under Algorithm 9 are given by

Ai j =


−(xi ⊗ si + 〈si , xi 〉 I) (I − Xi ) if j = i,

wi j (I − Xi ) (I − Xj ) if j , i,

for (i, j ) ∈ E and Ai j = 0 otherwise. The matrix A is

symmetric.

Proof. For systems evolving on manifolds, a perturbation

technique is used to obtain the linearized dynamics. Let xi
for all i ∈ V be a solution to (2). Consider a perturbed

solution xi (ε, vi ) given by

xi (ε, vi ) =
xi + εvi
‖xi + εvi ‖

,

where vi is a smooth function. The perturbed solution is

required to satisfy the di�erential equation

ẋi (ε, vi ) = ui (ε, vi ) − 〈ui (ε, vi ), xi (ε, vi )〉xi (ε, vi ).

The linearized dynamics on Sn can be derived by studying

the linear e�ect of vi on ẋi (ε, vi ). De�ne

wi =
d
dε xi (ε, vi ) |ε=0 =

vi
‖xi + εvi ‖

�����ε=0 −
xi + εvi

‖xi + εvi ‖
3
〈xi , vi 〉

�����ε=0
= vi − xi ⊗ xivi = (I − Xi )vi , (8)

where Xi = xi ⊗ xi . The matrix I − Xi projects onto the

tangent space Txi
S
n where wi lives. Note that

d

dε
Xi (ε, vi ) |ε=0 = wi ⊗ xi + xi ⊗ wi

by the product rule. Then

ẇi =
d2

dtdε
xi (ε, vi ) |ε=0 =

d
dε
ẋi (ε, vi ) |ε=0

=
d
dε
(I − Xi (ε, vi ))

∑

j∈Ni

wi jxj (ε, vj )

= −
[
d
dε
Xi (ε, vi )

] ∑

j∈Ni

wi jxj (ε, vj )
���ε=0 +

(I − Xi (ε, vi ))
∑

j∈Ni

wi j
d
dε xj (ε, vj )

���ε=0
= − (wi ⊗ xi + xi ⊗ wi )

∑

j∈Ni

xj+

(I − Xi )
∑

j∈Ni

wi jwj
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= − (wi ⊗ xi + xi ⊗ wi )ui + (I − Xi )
∑

j∈Ni

wi jwj

= − (〈ui , xi 〉I + xi ⊗ ui )wi+

(I − Xi )
∑

j∈Ni

wi jwj

= − (〈ui , xi 〉I + xi ⊗ ui ) (I − Xi )vi+

(I − Xi )
∑

j∈Ni

wi j (I − Xj )vj , (9)

where the relation 〈x, y〉z = (z ⊗ x) y = (z ⊗ y)x for all

x, y, z ∈ R
n+1 is used. The vector w = [w⊤1 . . .w

⊤
N ]
⊤ has

N (n+1) components whereas the linearized system actually

evolves on an Nn-dimensional space that lies embedded in

R
N (n+1) . The dimension reduction is given implicitly by the

de�nition of wi which requires wi ∈ TxiS
n . This constraint

is removed by using variables that are premultiplied by the

projection matrices I−Xi : R
n+1
→ Txi

S
n , i.e., the variables

vi in (8). The matrix A is obtained by inspection of (9).

It remains to show that A is symmetric. Write

Aii = −(xi ⊗ ui + 〈ui , xi 〉 I) (I − Xi ),

= −(xi ⊗ ui + ui ⊗ xi + 〈ui , xi 〉 I) (I − Xi ),

which is clearly symmetric. Moreover,

A⊤ji − Ai j = w ji [(I − Xj ) (I − Xi )]
⊤
−

wi j (I − Xi ) (I − Xj ) = 0,

since wi j = w ji for all (i, j ) ∈ E.
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