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3 FROM THE VIRASORO ALGEBRA TO

KRICHEVER–NOVIKOV TYPE ALGEBRAS
AND BEYOND

MARTIN SCHLICHENMAIER

ABSTRACT. Starting from the Virasoro algebra and its relatives the generaliza-
tion to higher genus compact Riemann surfaces was initiatedby Krichever and
Novikov. The elements of these algebras are meromorphic objects which are
holomorphic outside a finite set of points. A crucial and non-trivial point is to
establish an almost-grading replacing the honest grading in the Virasoro case.
Such an almost-grading is given by splitting the set of points of possible poles
into two non-empty disjoint subsets. Krichever and Novikovconsidered the two-
point case. Schlichenmaier studied the most general multi-point situation with
arbitrary splittings. Here we will review the path of developments from the Vira-
soro algebra to its higher genus and multi-point analogs. The starting point will be
a Poisson algebra structure on the space of meromorphic forms of all weights. As
sub-structures the vector field algebras, function algebras, Lie superalgebras and
the related current algebras show up. All these algebras will be almost-graded. In
detail almost-graded central extensions are classified. Inparticular, for the vector
field algebra it is essentially unique. The defining cocycle are given in geometric
terms. Some applications, including the semi-infinite wedge form representations
are recalled. Finally, some remarks on the by Krichever and Sheinman recently
introduced Lax operator algebras are made.

1. INTRODUCTION

Lie groups and Lie algebras are related to symmetries of systems. By the use
of the symmetry the system can be better understood, maybe itis even possible
to solve it in a certain sense. Here we deal with systems whichhave an infinite
number of independent degrees of freedom. They appear for example in Conformal
Field Theory (CFT), see e.g. [2], [67]. But also in the theoryof partial differential
equations and at many other places in- and outside of mathematics they play an im-
portant role. The appearing Lie groups and Lie algebras are infinite dimensional.
Some of the simplest nontrivial infinite dimensional Lie algebras are the Witt alge-
bra and its central extension the Virasoro algebra. We will recall their definitions
in Section 2. In the sense explained (in particular in CFT) they are related to what
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2 MARTIN SCHLICHENMAIER

is called the genus zero situation. For CFT on arbitrary genus Riemann surfaces
the Krichever-Novikov (KN) type algebras, to be discussed here, will show up as
algebras of global symmetry operators.

These algebras are defined via meromorphic objects on compact Riemann sur-
facesΣ of arbitrary genus with controlled polar behaviour. More precisely, poles
are only allowed at a fixed finite set of points denoted byA. The “classical” exam-
ples are the algebras defined by objects on the Riemann sphere(genus zero) with
possible poles only at{0,∞}. This yields e.g. the Witt algebra, the classical current
algebras, including their central extensions the Virasoro, and the affine Kac-Moody
algebras [21]. For higher genus, but still only for two points where poles are al-
lowed, they were generalised by Krichever and Novikov [26],[27], [28] in 1987. In
1990 the author [37], [38], [39], [40] extended the approachfurther to the general
multi-point case.

This extension was not a straight-forward generalization.The crucial point is
to introduce a replacement of the graded algebra structure present in the “classi-
cal” case. Krichever and Novikov found that an almost-grading, see Definition 4.1
below, will be enough to do the usual constructions in representation theory, like
triangular decompositions, highest weight modules, Vermamodules which are de-
manded by the applications. In [39], [40] it was realized that a splitting ofA into two
disjoint non-empty subsetsA = I ∪O is crucial for introducing an almost-grading
and the corresponding almost-grading was given. In the two-point situation there
is only one such splitting (up to inversion) hence there is only one almost-grading,
which in the classical case is a honest grading. Similar to the classical situation a
Krichever-Novikov algebra, should always be considered asan algebra of meromor-
phic objects with an almost-grading coming from such a fixed splitting.

I like to point out that already in the genus zero case (i.e. the Riemann sphere
case) with more than two points where poles are allowed the algebras will only be
almost-graded. In fact, quite a number of interesting new phenomena will show up
already there, see [41], [15], [16], [8].

In this review no proofs are supplied. For them I have to referto the original
articles and/or to the forthcoming book [53]. For some applications jointly obtained
with Oleg Sheinman, see also [66]. For more on the Witt and Virasoro algebra see
for example the book [18].

After recalling the definition of the Witt and Virasoro algebra in Section 2 we
start with describing the geometric set-up of Krichever-Novikov (KN) type algebras
in Section 3. We introduce a Poisson algebra structure on thespace of meromorphic
forms (holomorphic outside of the fixed setA of points where poles are allowed) of
all weights (integer and half-integer). Special substructures will yield the function
algebra, the vector field algebra and more generally the differential operator alge-
bra. Moreover, we discuss also the Lie superalgebras of KN type defined via forms
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of weight -1/2. An important example role also is played by the current algebra
(arbitrary genus - multi-point) associated to a finite-dimensional Lie algebra.

In Section 4 we introduce the almost-grading induced by the splitting of A into
“incoming” and “outgoing” points,A= I ∪O.

In Section 5 we discuss central extensions for our algebras.Central extensions
appear naturally in the context of quantization and regularization of actions. We
give for all our algebras geometrically defined central extensions. The defining
cocycle for the Virasoro algebra obviously does not make anysense in the higher
genus and/or multi-point case. For the geometric description we use projective and
affine connections. In contrast to the classical case there are a many inequivalent
cocycles and central extensions. If we restrict our attention to the cases where we
can extend the almost-grading to the central extensions theauthor obtained complete
classification and uniqueness results. They are described in Section 5.3.

In Section 6 we present further results. In particular, we discuss how from
the representation of the vector field algebra (or more general of the differential
operator algebra) on the forms of weightλ one obtains semi-infinite wedge rep-
resentations (fermionic Fock space representations) of the centrally extended al-
gebras. These representations have ground states (vacua),creation and annihila-
tion operators. We add some words aboutb− c systems, Sugawara construction,
Wess-Zumino-Novikov-Witten (WZNW) models, Knizhnik-Zamolodchikov (KZ)
connections, and deformations of the Virasoro algebra.

Recently, a new class of current type algebras the Lax operator algebras, were
introduced by Krichever and Sheinman [25], [29]. I will report on them in Section 7.

In the closing Section 8 some historical remarks (also on related works) on
Krichever-Novikov type algebras and some references are given. More references
can be found in [53].

2. THE WITT AND V IRASORO ALGEBRA

2.1. The Witt Algebra. TheWitt algebraW , also sometimes called Virasoro al-
gebra without central term1, is the complex Lie algebra generated as vector space
by the elements{en | n∈ Z} with Lie structure

[en,em] = (m−n)en+m, n,m∈ Z . (1)

One of its realization is as complexification of the Lie algebra of polynomial vector
fieldsVectpol(S1) on the circleS1, which is a subalgebra ofVect(S1), die Lie algebra
of all C∞ vector fields on the circle. In this realization

en :=−i exp inϕ
d

dϕ
, n∈ Z . (2)

1 In the book [18] arguments are given why it is more appropriate just to use Virasoro algebra, as
Witt introduced “his” algebra in a characteristicp context. Nevertheless, I decided to stick here to the
most common convention.
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The Lie product is the usual Lie bracket of vector fields.
If we extend these generators to the whole punctured complexplane we obtain

en = zn+1 d
dz

, n∈ Z . (3)

This gives another realization of the Witt algebra as the algebra of those meromor-
phic vector fields on the Riemann sphereP1(C) which are holomorphic outside{0}
and{∞}.

Let zbe the (quasi) global coordinatez (quasi, because it is not defined at∞). Let
w= 1/zbe the local coordinate at∞. A global meromorphic vector fieldv onP1(C)
will be given on the corresponding subsets wherez resp.w are defined as

v=

(
v1(z)

d
dz

, v2(w)
d

dw

)
, v2(w) =−v1(z(w))w

2. (4)

The functionv1 will determine the vector fieldv. Hence, we will usually just write
v1 and in fact identify the vector fieldv with its local representing functionv1, which
we will denote by the same letter.

For the bracket we calculate

[v,u] =

(
v

d
dz

u−u
d
dz

v

)
d
dz

. (5)

The space of all meromorphic vector fields constitute a Lie algebra. The subspace
of those meromorphic vector fields which are holomorphic outside of{0,∞} is a
Lie subalgebra. Its elements can be given as

v(z) = f (z)
d
dz

(6)

where f is a meromorphic function onP1(C), which is holomorphic outside{0,∞}.
Those are exactly the Laurent polynomialsC[z,z−1]. Consequently, this subalgebra
has the set{en,n∈ Z} as basis elements. The Lie product is the same and it can
be identified with the Witt algebraW .

The subalgebra of global holomorphic vector fields is〈e−1,e0,e1〉C. It is isomor-
phic to the Lie algebrasl(2,C).

The algebraW is more than just a Lie algebra. It is a graded Lie algebra. If
we set for the degree deg(en) := n then deg([en,em]) = deg(en)+ deg(em) and we
obtain the degree decomposition

W =
⊕

n∈Z

Wn, Wn = 〈en〉C . (7)

Note that[e0,en] = nen, which says that the degree decomposition is the eigen-space
decomposition with respect to the adjoint action ofe0 onW .

AlgebraicallyW can also be given as Lie algebra of derivations of the algebraof
Laurent polynomialsC[z,z−1].
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2.2. The Virasoro Algebra. In the process of quantizing or regularization one is
often forced to modify an action of a Lie algebra. A typical example is given by
the product of infinite sums of operators. Quite often they are only well-defined if
a certain “normal ordering” is introduced. In this way the modified action will only
be a projective action. This can be made to an honest Lie action by passing to a
suitable central extension of the Lie algebra.

For the Witt algebra the universal one-dimensional centralextension is theVira-
soro algebraV . As vector space it is the direct sumV = C⊕W . If we set for
x∈ W , x̂ := (0,x), andt := (1,0) then its basis elements are ˆen, n∈ Z andt with
the Lie product

[ên, êm] = (m−n)ên+m−
1
12

(n3−n)δ−m
n t, [ên, t] = [t, t] = 0 , (8)

for2 all n,m∈ Z. If we set deg(ên) := deg(en) = n and deg(t) := 0 thenV becomes
a graded algebra. The algebraW will only be a subspace, not a subalgebra ofV .
It will be a quotient. In some abuse of notation we identify the element ˆx∈ V with
x ∈ W . Up to equivalence and rescaling the central elementt, this is beside the
trivial (splitting) central extension the only central extension.

3. THE KRICHEVER-NOVIKOV TYPE ALGEBRAS

3.1. The Geometric Set-Up.For the whole article letΣ be a compact Riemann
surface without any restriction for the genusg= g(Σ). Furthermore, letA be a finite
subset ofΣ. Later we will need a splitting ofA into two non-empty disjoint subsets
I andO, i.e. A= I ∪O. SetN := #A, K := #I , M := #O, with N = K +M. More
precisely, let

I = (P1, . . . ,PK), and O= (Q1, . . . ,QM) (9)

be disjoint ordered tuples of distinct points (“marked points”, “punctures”) on the
Riemann surface. In particular, we assumePi 6= Q j for every pair(i, j). The points
in I are called thein-points, the points inO theout-points. Sometimes we consider
I andO simply as sets.

In the article we sometimes refer to the classical situation. By this we understand

Σ = P
1(C) = S2, I = {z= 0}, O= {z= ∞} (10)

The following Figures 1, 2, 3 exemplify the different situations:
Our objects, algebras, structures, ... will be meromorphicobjects defined on

Σ which are holomorphic outside of the points inA. To introduce the objects let
K = KΣ be the canonical line bundle ofΣ, resp. the locally free canonically sheaf.
The local sections of the bundle are the local holomorphic differentials. IfP ∈ Σ
is a point andz a local holomorphic coordinate atP then a local holomorphic dif-
ferential can be written asf (z)dzwith a local holomorphic functionf defined in a

2 Hereδ l
k is the Kronecker delta which is equal to 1 ifk= l , otherwise zero.
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FIGURE 1. Riemann surface of genus zero with one incoming and
one outgoing point.

FIGURE 2. Riemann surface of genus two with one incoming and
one outgoing point.

P1

P2

Q1

FIGURE 3. Riemann surface of genus two with two incoming
points and one outgoing point.

neighbourhood ofP. A global holomorphic section can be described locally with
respect to a covering by coordinate charts(Ui ,zi)i∈J by a system of local holomor-
phic functions( fi)i∈J, which are related by the transformation rule induced by the
coordinate change mapzj = zj(zi) and the conditionfidzi = f jdzj yielding

f j = fi ·

(
dzj

dzi

)−1

. (11)

Moreover, a meromorphic section ofK is given as a collection of local meromor-
phic functions(hi)i∈J for which the transformation law (11) still is true.
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In the followingλ is either an integer or a half-integer. Ifλ is an integer then
(1) K λ = K ⊗λ for λ > 0,
(2) K 0 = O, the trivial line bundle, and
(3) K λ = (K ∗)⊗(−λ) for λ < 0.
Here as usualK ∗ denotes the dual line bundle to the canonical line bundle. The
dual line bundle is the holomorphic tangent line bundle, whose local sections are
the holomorphic tangent vector fieldsf (z)(d/dz). If λ is a half-integer, then we
first have to fix a “square root” of the canonical line bundle, sometimes called a
theta-characteristics. This means we fix a line bundleL for which L⊗2 = K .

After such a choice ofL is done we setK λ = K λ
L = L⊗2λ . In most cases we

will drop the mentioning ofL, but we have to keep the choice in mind. Also the
fine-structure of the algebras we are about to define will depend on the choice. But
the main properties will remain the same.

Remark 3.1. A Riemann surface of genusg has exactly 22g non-isomorphic square
roots ofK . For g = 0 we haveK = O(−2), andL = O(−1), the tautological
bundle, is the unique square root. Already forg = 1 we have 4 non-isomorphic
ones. As in this caseK = O one solution isL0 = O. But we have also other
bundlesLi, i = 1,2,3. Note thatL0 has a non-vanishing global holomorphic section,
whereas this is not the case forL1,L2, L3. In general, depending on the parity of
dimH(Σ,L), one distinguishes even and odd theta characteristicsL. For g = 1 the
bundleO is an odd, the others are even theta characteristics.

We set

F λ := F λ (A) := { f is a global meromorphic section ofKλ |

such thatf is holomorphic overΣ\A} . (12)

We will drop the setA in the notation. Obviously,F λ is an infinite dimensional
C-vector space. Recall that in the case of half-integerλ everything depends on the
theta characteristicL.

The elements of the spaceF λ we call meromorphic forms of weightλ (with
respect to the theta characteristicL). In local coordinateszi we can write such a
form as fidzλ

i , with fi a local holomorphic, resp. meromorphic form.
Special important cases of the weights are the functions (λ = 0), the space is also

denoted byA , the vector fields (λ =−1), denoted byL , the differentials (λ = 1),
and the quadratic differentials (λ = 2).

Next we introduce algebraic operations on the space of all weights

F :=
⊕

λ∈ 1
2Z

F λ . (13)

These operations will allow us to introduce the algebras we are heading for.



8 MARTIN SCHLICHENMAIER

3.2. Associative Structure. The natural map of the locally free sheaves of rang
one

K λ ×K ν → K λ ⊗K ν ∼= K λ+ν , (s, t) 7→ s⊗ t, (14)

defines a bilinear map

· : F λ ×F ν → F λ+ν . (15)

With respect to local trivialisations this corresponds to the multiplication of the local
representing meromorphic functions

(sdzλ , t dzν) 7→ sdzλ · t dzν = s· t dzλ+ν . (16)

If there is no danger of confusion then we will mostly use the same symbol for the
section and for the local representing function.

The following is obvious

Proposition 3.2. The vector spaceF is an associative and commutative graded
(over 1

2Z) algebras. Moreover,A = F 0 is a subalgebra.

Definition 3.3. The associative algebraA is the Krichever-Novikov function alge-
bra (associated to(Σ,A)).

Of course, it is the algebra of meromorphic functions onΣ which are holomorphic
outside ofA. The spacesF λ are modules overA . In the classical situationA =
C[z,z−1], the algebra of Laurent polynomials.

3.3. Lie Algebra Structure. Next we define a Lie algebra structure on the space
F . The structure is induced by the map

F λ ×F ν → F λ+ν+1, (s, t) 7→ [s, t], (17)

which is defined in local representatives of the sections by

(sdzλ , t dzν) 7→ [sdzλ , t dzν ] :=

(
(−λ )s

dt
dz

+ν t
ds
dz

)
dzλ+ν+1, (18)

and bilinearly extended toF .

Proposition 3.4. [43], [53]
(a) The bilinear map[., .] defines a Lie algebra structure onF .
(b) The spaceF with respect to· and [., .] is a Poisson algebra.

Next we consider certain important substructures.

3.4. The Vector Field Algebra and the Lie Derivative. For λ = ν = −1 in (17)
we end up inF−1 again. Hence,

Proposition 3.5. The subspaceL = F−1 is a Lie subalgebra, and theF λ ’s are
Lie modules overL .
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As forms of weight−1 are vector fields,L could also be defined as the Lie
algebra of those meromorphic vector fields on the Riemann surface Σ which are
holomorphic outside ofA. The product (18) gives the usual Lie bracket of vector
fields and the Lie derivative for their actions on forms. Due to its importance let us
specialize this. We obtain (naming the local functions withthe same symbol as the
section)

[e, f ]|(z) = [e(z)
d
dz

, f (z)
d
dz

] =

(
e(z)

d f
dz

(z)− f (z)
de
dz

(z)

)
d
dz

, (19)

∇e(g)|(z) = Le(g)| = e.g| =

(
e(z)

dg
dz

(z)+λg(z)
de
dz

(z)

)
(dz)λ . (20)

Definition 3.6. The algebraL is calledKrichever-Novikov type vector field algebra
(associated to(Σ,A).

In the classical case this gives the Witt algebra.

3.5. The Algebra of Differential Operators. In F , considered as Lie algebra,
A = F 0 is an abelian Lie subalgebra and the vector space sumF 0⊕F−1 = A ⊕
L is also a Lie subalgebra ofF . In an equivalent way it can also be constructed as
semi-direct sum ofA considered as abelian Lie algebra andL operating onA by
taking the derivative.

Definition 3.7. This Lie algebra is called theLie algebra of differential operators
of degree≤ 1 of KN type (associated to(Σ,A)) and is denoted byD1.

In more direct termsD1 = A ⊕L as vector space direct sum and endowed with
the Lie product

[(g,e),(h, f )] = (e.h− f .g, [e, f ]). (21)

The spacesF λ will be Lie-modules overD1.
Its universal enveloping algebra will be the algebra of all differential operators of

arbitrary degree [40], [42], [46].

3.6. The Superalgebra of Half Forms. Next we consider the associative product

· F−1/2×F−1/2 → F−1 = L . (22)

We introduce the vector space and the product

S := L ⊕F−1/2, [(e,ϕ),( f ,ψ)] := ([e, f ]+ϕ · ψ ,e.ϕ − f .ψ). (23)

Usually we will denote the elements ofL by e, f , . . . , and the elements ofF−1/2

by ϕ ,ψ , . . ..
The definition (23) can be reformulated as an extension of[., .] onL to a “super-

bracket” (denoted by the same symbol) onS by setting

[e,ϕ ] := −[ϕ ,e] := e.ϕ = (e
dϕ
dz

−
1
2

ϕ
de
dz

)(dz)−1/2 (24)
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and
[ϕ ,ψ ] := ϕ · ψ . (25)

We call the elements ofL elements of even parity, and the elements ofF−1/2

elements of odd parity. For such elementsx we denote by ¯x∈ {0̄, 1̄} their parity.
The sum (23) can also be described asS = S0̄⊕S1̄, whereSī is the subspace

of elements of paritȳi.

Proposition 3.8. [52] The spaceS with the above introduced parity and product
is a Lie superalgebra.

Definition 3.9. The algebraS is the Krichever-Novikov type Lie superalgebra (as-
sociated to(Σ,A)).

Classically this Lie superalgebra corresponds to the Neveu-Schwarz superalge-
bra. See in this context also [10], [3], [5].

3.7. Jordan Superalgebra. Leidwanger and Morier-Genoux introduced in [30] a
Jordan superalgebra in the Krichever-Novikov setting, i.e.

J := F 0⊕F−1/2 = J0̄⊕J1̄. (26)

Recall thatA = F 0 is the associative algebra of meromorphic functions. They
define the (Jordan) product◦ is via the algebra structures for the spacesF λ by

f ◦g := f · g ∈ F 0,

f ◦ϕ := f · ϕ ∈ F−1/2

ϕ ◦ψ := [ϕ ,ψ ] ∈ F 0.

(27)

By rescaling the second definition with the factor 1/2 one obtains a Lie antialgebra.
See [30] for more details and additional results on representations.

3.8. Current Algebras. We start withg a complex finite-dimensional Lie algebra
and endow the tensor productg= g⊗C A with the Lie bracket

[x⊗ f ,y⊗g] = [x,y]⊗ f ·g, x,y∈ g, f ,g∈ A . (28)

The algebrag is the higher genus current algebra. It is an infinite dimensional
Lie algebra and might be considered as the Lie algebra ofg-valued meromorphic
functions on the Riemann surface with poles only outside ofA. Note that we allow
also the case ofg an abelian Lie algebra.

Definition 3.10. The algebrag is calledcurrent algebraof Krichever Novikov type
(associated to(Σ,A)).

Sometimes also the nameloop algebrais used.
In the classical case the current algebrag is the standard current algebrag =

g⊗C[z−1,z] with Lie bracket

[x⊗zn,y⊗zm] = [x,y]⊗zn+m x,y∈ g, n,m∈ Z. (29)
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To point out the dependence on the geometrical structure we added always “(as-
sociated to(Σ,A)) in the definition. For simplicity we will drop it starting from
now.

4. ALMOST-GRADED STRUCTURE

4.1. Definition of Almost-Gradedness. Recall the classical situation. This is the
Riemann surfaceP1(C) = S2, i.e. the Riemann surface of genus zero, and the points
where poles are allowed are{0,∞}). In this case the algebras introduced in the last
section are graded algebras. In the higher genus case and even in the genus zero case
with more than two points where poles are allowed there is no non-trivial grading
anymore. As realized by Krichever and Novikov [26] there is aweaker concept,
an almost-grading, which to a large extend is a valuable replacement of a honest
grading. Such an almost-grading is induced by a splitting ofthe setA into two non-
empty and disjoint setsI andO. The almost-grading is fixed by exhibiting certain
basis elements in the spacesF λ as homogeneous.

Definition 4.1. Let L be a Lie or an associative algebra such thatL =⊕n∈ZLn is
a vector space direct sum, thenL is called analmost-graded(Lie-) algebra if

(i) dimLn < ∞,
(ii) There exists constantsL1,L2 ∈ Z such that

Ln ·Lm ⊆
n+m+L2⊕

h=n+m−L1

Lh, ∀n,m∈ Z. (30)

The elements inLn are calledhomogeneouselements of degreen, andLn is called
homogeneous subspaceof degreen.

If dim Ln is bounded with a bound independent ofn we callL strongly almost-
graded. If we drop the condition that dimLn is finite we callL weakly almost-
graded.

In a similar manner almost-graded modules over almost-graded algebras are de-
fined. We can extend in an obvious way the definition to superalgebras, resp. even
to more general algebraic structures. This definition makescomplete sense also for
more general index setsJ. In fact we will consider the index setJ = (1/2)Z in the
case of superalgebras. The even elements (with respect to the super-grading) will
have integer degree, the odd elements half-integer degree.

4.2. Separating Cycle and Krichever-Novikov Duality. Let Ci be positively ori-
ented (deformed) circles around the pointsPi in I , i = 1, . . . ,K andC∗

j positively
oriented ones around the pointsQ j in O, j = 1, . . . ,M.

A cycle CS is called a separating cycle if it is smooth, positively oriented of
multiplicity one and if it separates the in- from the out-points. It might have multiple
components. In the following we will integrate meromorphicdifferentials onΣ
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without poles inΣ \A over closed curvesC. Hence, we might consider theC and
C′ as equivalent if[C] = [C′] in H(Σ \A,Z). In this sense we can write for every
separating cycle

[CS] =
K

∑
i=1

[Ci ] =−
M

∑
j=1

[C∗
j ]. (31)

The minus sign appears due to the opposite orientation. Another way for giving such
aCS is via level lines of a “proper time evolution”, for which I refer to Ref. [39].

Given such a separating cycleCS (resp. cycle class) we define a linear map

F 1 → C, ω 7→
1

2π i

∫

CS

ω . (32)

As explained above the map will not depend on the separating line CS chosen, as
two of such will be homologous and the poles ofω are only located inI andO.

Consequently, the integration ofω overCS can also be described over the spe-
cial cyclesCi or equivalently overC∗

j . This integration corresponds to calculating
residues

ω 7→
1

2π i

∫

CS

ω =
K

∑
i=1

resPi (ω) = −
M

∑
l=1

resQl (ω). (33)

Definition 4.2. The pairing

F λ ×F 1−λ → C, ( f ,g) 7→ 〈 f ,g〉 :=
1

2π i

∫

CS

f ·g, (34)

betweenλ and 1−λ forms is calledKrichever-Novikov (KN) pairing.

Note that the pairing depends not only onA (as theF λ depend on it) but also
critically on the splitting ofA into I andO as the integration path will depend on it.
Once the splitting is fixed the pairing will be fixed too.

By exhibiting dual basis elements further down we will see that it is non-degenerate.

4.3. The Homogeneous Subspaces.Depending on whetherλ is integer or half-
integer we setJλ = Z or Jλ = Z+1/2. ForF λ we introduce form∈ Jλ subspaces
F λ

m of dimensionK, whereK = #I , by exhibiting certain elementsf λ
m,p ∈ F λ , p=

1, . . . ,K which constitute a basis ofF λ
m. Recall that the spacesF λ for λ ∈ Z+1/2

depend on the chosen square rootL (the theta characteristic) ofK . The elements
are the elements of degreem. As explained in the following, the degree is in an
essential way related to the zero orders of the elements at the points inI .

Let I = {P1,P2, . . . ,PK} then we have for the zero-order at the pointPi ∈ I of the
elementf λ

n,p

ordPi ( f λ
n,p) = (n+1−λ )−δ p

i , i = 1, . . . ,K . (35)

The prescription at the points inO is made in such a way that the elementf λ
m,p

is essentially uniquely given. Essentially unique means upto multiplication with
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a constant3. After fixing as additional geometric data a system of coordinateszl

centered atPl for l = 1, . . . ,K and requiring that

f λ
n,p(zp) = zn−λ

p (1+O(zp))(dzp)
λ (36)

the elementfn,p is uniquely fixed. In fact, the elementf λ
n,p only depends on the first

jet of the coordinatezp [55].

Example. Here we will not give the general recipe for the prescriptionat the points
in O, see [39], [40], [53]. Just to give an example which is also animportant special
case, assumeO = {Q} is a one-element set. If either the genusg = 0, or g ≥ 2,
λ 6= 0, 1/2, 1 and the points inA are in generic position then we require

ordQ( f λ
n,p) =−K · (n+1−λ )+ (2λ −1)(g−1). (37)

In the other cases (e.g. forg = 1) there are some modifications at the point inO
necessary for finitely manyn.

Theorem 4.3. [39], [40], [53] Set

Bλ := { f λ
n,p | n∈ Jλ , p= 1, . . . ,K }. (38)

Then (a)Bλ is a basis of the vector spaceF λ .
(b) The introduced basisBλ of F λ andB1−λ of F 1−λ are dual to each other with
respect to the Krichever-Novikov pairing (34), i.e.

〈 f λ
n,p, f 1−λ

−m,r〉= δ r
p δ m

n , ∀n,m∈ Jλ , r, p= 1, . . . ,K. (39)

From part (b) of the theorem it follows that the Krichever-Novikov pairing is
non-degenerate. Moreover, any elementv∈ F 1−λ acts as linear form onF λ via

Φv : F λ 7→ C, w 7→ Φv(w) := 〈v,w〉. (40)

Via this pairingF 1−λ can be considered as subspace of(F λ )∗. But I like to stress
the fact that the identification depends on the splitting ofA into I andO as the KN
pairing depends on it.

The full space(F λ )∗ can even be described with the help of the pairing. Consider
the series

v̂ := ∑
m∈Z

K

∑
p=1

am,p f 1−λ
m,p (41)

as a formal series, thenΦv̂ (as a distribution) is a well-defined element ofF λ ∗
, as

it will be only evaluated for finitely many basis elements inF λ . Vice versa, every

3Strictly speaking, there are some special cases where some constants have to be added such that
the Krichever-Novikov duality (39) is valid, see [39].
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element ofF λ ∗
can be given by a suitable ˆv. Everyφ ∈ (F λ )∗ is uniquely given

by the scalarsφ( f λ
m,r ). We set

v̂ := ∑
m∈Z

K

∑
p=1

φ( f λ
−m,p) f 1−λ

m,p . (42)

Obviously,Φv̂ = φ . For more information about this “distribution interpretation”
see [40], [43].

The dual elements ofL will be given by the formal series (41) with basis ele-
ments fromF 2 the quadratic differentials, the dual elements ofA correspondingly
from F 1 the differentials, and the dual elements ofF−1/2 correspondingly from
F 3/2. The spacesF 2, F 1 andF 3/2 themselves can be considered as some kind
of restricted duals.

It is quite convenient to use special notations for elementsof some important
weights:

en,p := f−1
n,p, ϕn,p := f−1/2

n,p , An,p := f 0
n,p,

ωn,p := f 1
−n,p, Ωn,p := f 2

−n,p.
(43)

In view of (39) for the forms of weight 1 and 2 it is convenient to invert the indexn
and write it as a superscript.

4.4. The Algebras.

Theorem 4.4. [39], [40], [53] There exists constants R1 and R2 (depending on the
genus g, and on the number and splitting of the points in A) independent of n,m∈ J

such that for the basis elements

f λ
n,p · f ν

m,r = f λ+ν
n+m,rδ r

p

+
n+m+R1

∑
h=n+m+1

K

∑
s=1

a(h,s)(n,p)(m,r) f λ+ν
h,s , a(h,s)(n,p)(m,r) ∈ C,

[ f λ
n,p, f ν

m,r ] = (−λm+νn) f λ+ν+1
n+m,r δ r

p

+
n+m+R2

∑
h=n+m+1

K

∑
s=1

b(h,s)(n,p)(m,r) f λ+ν+1
h,s , b(h,s)(n,p)(m,r) ∈ C.

(44)

This says in particular that with respect to both the associative and Lie structure
the algebraF is weakly almost-graded. In generic situations and forN = 2 points
one obtainsR1 = g andR2 = 3g.

The reason why we only have weakly almost-gradedness is that

F λ =
⊕

m∈Jλ

F λ
m, with dimF λ

m = K. (45)
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If we add up for a fixedm all λ we get that our homogeneous spaces are infinite
dimensional.

In the definition of our KN type algebra only finitely manyλ are involved, hence
the following is immediate

Theorem 4.5. The Krichever-Novikov type vector field algebrasL , function al-
gebrasA , differential operator algebrasD1, Lie superalgebrasS , and Jordan
superalgebrasJ are all (strongly) almost-graded.

We obtain

dimLn = dimAn = K, dimSn = dimJn = 2K, dimD1
n = 3K. (46)

If U is one of these algebras, with product denoted by[ , ] then

[Un,Um]⊆
n+m+Ri⊕

h=n+m

Uh, (47)

with Ri = R1 for U = A andRi = R2 otherwise.
For further reference let us specialize the lowest degree term component in (44)

for certain special cases.

An,p ·Am,r = An+m,r δ p
r + h.d.t.

An,p · f λ
m,r = f λ

n+m,r δ p
r + h.d.t.

[en,p,em,r ] = (m−n) ·en+m,r δ p
r + h.d.t.

en,p . f λ
m,r = (m+nλ ) · f λ

n+m,r δ p
r + h.d.t.

(48)

Here h.d.t. denote linear combinations of basis elements ofdegree between
n+m+1 andn+m+Ri,

Finally, the almost-grading ofA induces an almost-grading of the current algebra
g by settinggn = g⊗An. We obtain

g=
⊕

n∈Z

gn, dimgn = K ·dimg. (49)

4.5. Triangular Decomposition and Filtrations. LetU be one of the above intro-
duced algebras (including the current algebra). On the basis of the almost-grading
we obtain a triangular decomposition of the algebras

U = U[+]⊕U[0]⊕U[−], (50)

where

U[+] :=
⊕

m>0

Um, U[0] =
m=0⊕

m=−Ri

Um, U[−] :=
⊕

m<−Ri

Um. (51)

By the almost-gradedness the[+] and[−] subspaces are (infinite dimensional) sub-
algebras. The[0] spaces in general not. Sometimes we will usecritical strip for
U[0].
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With respect to the almost-grading ofF λ we can introduce a filtration

F λ
(n) :=

⊕

m≥n

F λ
m,

.... ⊇ F λ
(n−1) ⊇ F λ

(n) ⊇ F λ
(n+1) ....

(52)

Proposition 4.6.

F λ
(n) := { f ∈ F λ | ordPi ( f )≥ n−λ ,∀i = 1, . . . ,K }. (53)

This proposition is very important. In case thatO has more than one point there
are certain choices, e.g. numbering of the points inO, different rules, etc. involved
in defining the almost-grading. Hence, if the choices are made differently the sub-
spacesF λ

n might depend on them, and consequently also the almost-grading. But
by this proposition the induced filtration is indeed canonically defined via the split-
ting of A into I andO.

Moreover, different choices will give equivalent almost-grading. We stress the
fact, that under a KN algebra we will always understand one ofintroduced the al-
gebras (or even some others still to come) together with an almost-grading (resp.
equivalence class of almost-grading) introduced by the splitting A= I ∪O.

5. CENTRAL EXTENSIONS

Central extension of our algebras appear naturally in the context of quantization
and regularization of actions. In Section 6.1 we will see a typical example. Of
course they are also of independent mathematical interest.

5.1. Central Extensions and Cocycles.A central extension of a Lie algebraW is
a special Lie algebra structure on the vector space direct sum Ŵ = C⊕W. If we
denote ˆx := (0,x) andt := (1,0) then the Lie structure is given by

[x̂, ŷ] = [̂x,y]+ψ(x,y) · t, [t,Ŵ] = 0, x,y∈W. (54)

The mapx 7→ x̂ = (0,x) is a linear splitting map.Ŵ will be a Lie algebra, e.g.
will fulfill the Jacobi identity, if and only ifψ is antisymmetric and fulfills the Lie
algebra 2-cocycle condition

0= d2ψ(x,y,z) := ψ([x,y],z)+ψ([y,z],x)+ψ([z,x],y). (55)

A 2-cochainψ is a coboundary if there exists aϕ : W → C such that

ψ(x,y) = ϕ([x,y]). (56)

One easily shows that a coboundary is a cocycle. Hence, we candefine the second
Lie algebra cohomology H2(W,C) of W with values in the trivial moduleC as this
quotient.

There is the notion of equivalence of central extensions. For the definition in
terms of short exact sequences, I refer to the standard text books. Equivalently, they
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can be described by a different choice of the linear splitting map. Instead of
x 7→ x̂= (0,x) one choosesx 7→ x̂′ = (ϕ ,x) with ϕ : W →C a linear form. Forϕ 6= 0
the Lie structure corresponding to (54) will be different, but equivalent. In fact in
(54) we obtain a different 2-cocycleψ ′.

From this definition follows that that two central extensions are equivalent if and
only if the difference of their defining 2-cocyclesψ andψ ′ is a coboundary. In this
way the second Lie algebra cohomology H2(W,C) classifies equivalence classes of
central extensions. The class[0] corresponds to the trivial central extension. In this
case the splitting map is a Lie homomorphism. To construct central extensions of
our algebras we have to find such Lie algebra 2-cocycles.

Clearly, equivalent central extensions are isomorphic. The opposite is not true.
Furthermore, in our case we can always rescale the central element by multiplying
it with a nonzero scalar. This is not an equivalence of central extensions but nev-
ertheless an irrelevant modification. Hence we will mainly be interested in central
extensions modulo equivalence and rescaling. They are classified by [0] and the
elements of the projectivized cohomology spaceP(H2(W,C)).

In the classical case we have dimH2(W ,C) = 1, hence there are only two essen-
tially different central extensions, the splitting one given by the direct sumC⊕W
of Lie algebras and the up to equivalence and rescaling unique non-trivial one, the
Virasoro algebraV .

Remark 5.1. Given a vector space bases{eρ | ρ ∈ R} of W, a vector space basis
of Ŵ will be given by{êρ := (0,eρ) | ρ ∈ R, t := (1,0) }. An equivalent central
extension can be described as a change of basis and rescalingof the form

ê′ρ = êρ +ϕ(eρ) t, t ′ = α · t, α ∈ C
∗. (57)

5.2. Geometric Cocycles.The defining cocycle for the Virasoro algebra obviously
does not make any sense in the higher genus and/or multi-point case. We need a
geometric description. For this we have first to introduce connections.

5.2.1. Projective and Affine Connections.Let (Uα ,zα)α∈J be a covering of the
Riemann surfaceΣ by holomorphic coordinates with transition functionszβ = fβα(zα).

Definition 5.2. (a) A system of local (holomorphic, meromorphic) functionsR=
(Rα(zα)) is called a (holomorphic, meromorphic)projective connectionif it trans-
forms as

Rβ (zβ ) · ( f ′β ,α )
2 = Rα(zα)+S( fβ ,α), with S(h) =

h′′′

h′
−

3
2

(
h′′

h′

)2

, (58)

the Schwartzian derivative. Here′ denotes differentiation with respect to the coor-
dinatezα .
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(b) A system of local (holomorphic, meromorphic) functionsT = (Tα(zα)) is
called a (holomorphic, meromorphic)affine connectionif it transforms as

Tβ (zβ ) · ( f ′β ,α ) = Tα(zα )+
f ′′β ,α
f ′β ,α

. (59)

Every Riemann surface admits a holomorphic projective connection [20], [19].
Given a pointP then there exists always a meromorphic affine connection holomor-
phic outside ofP and having maximally a pole of order one there [40].

From their very definition it follows that the difference of two affine (projective)
connections will be a (quadratic) differential. Hence, after fixing one affine (projec-
tive) connection all others are obtained by adding (quadratic) differentials.

5.2.2. The Function AlgebraA . We considerA as an abelian Lie algebra. LetC
be an arbitrary smooth but not necessarily connected curve.We set

ψ1
C(g,h) :=

1
2π i

∫

C
gdh, g,h∈ A . (60)

5.2.3. The Current Algebrag. For g = g⊗A we first have to fixβ a symmetric,
invariant, bilinear form ong (not necessarily non-degenerate). Invariance means
that we haveβ ([x,y],z) = β (x, [y,z]) for all x,y,z∈ g. The cocycle is given as

ψ2
C,β (x⊗g,y⊗h) := β (x,y) ·

1
2π i

∫

C
gdh, x,y∈ g, g,h∈ A . (61)

5.2.4. The Vector Field AlgebraL . Here it is a little bit more delicate. First we
have to choose a (holomorphic) projective connectionR. We define

ψ3
C,R(e, f ) :=

1
24π i

∫

C

(
1
2
(e′′′ f −e f′′′)−R· (e′ f −e f′)

)
dz. (62)

Only by the term related with the projective connection it will be a well-defined
differential, i.e. independent of the coordinate chosen. It is shown in [40] that it is
a cocycle. Another choice of a projective connection will result in a cohomologous
one. Hence, the equivalence class of the central extension will be the same.

5.2.5. The Differential Operator AlgebraD1. For the differential operator algebra
the cocycles forA can be extended by zero on the subspaceL . The cocycles for
L can be pulled back. In addition there is a third type of cocycles mixingA and
L :

ψ4
C,T(e,g) :=

1
24π i

∫

C
(eg′′+Teg′)dz, e∈ L ,g∈ A , (63)

with an affine connectionT, with at most a pole of order one at a fixed point inO.
Again, a different choice of the connection will not change the equivalence class.
For more details on the cocycles see [46].
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5.2.6. The Lie SuperalgebraS . Here we have to take into account that it is not
a Lie algebra. Hence, the Jacobi identity has to be replaced by the super-Jacobi
identity. The conditions for being a cocycle for the superalgebra cohomology will
change too. Recall the definition of the algebra from Section3.6, in particular that
the even elements (parity 0) are the vector fields and the odd elements (parity 1) are
the half-forms. A bilinear formc is a cocycle if the following is true. The bilinear
mapc will be symmetric ifx andy are odd, otherwise it will be antisymmetric.

c(x,y) =−(−1)x̄ȳc(x,y). (64)

The super-cocycle condition reads as

(−1)x̄z̄c(x, [y,z])+ (−1)ȳx̄c(y, [z,x])+ (−1)z̄ȳc(z, [x,y]) = 0. (65)

With the help ofc we can define central extensions in the Lie superalgebra sense. If
we put the condition that the central element is even then thecocyclec has to be an
even map andc vanishes for pairs of elements of different parity.

By convention we denote vector fields bye, f ,g, ... and -1/2-forms byϕ ,ψ ,χ , ..
and get

c(e,ϕ) = 0, e∈ L , ϕ ∈ F−1/2. (66)

The super-cocycle conditions for the even elements is just the cocycle condition for
the Lie subalgebraL . The only other nonvanishing super-cocycle condition is for
the(even,odd,odd)elements and reads as

c(e, [ϕ ,ψ ])−c(ϕ ,e.ψ)−c(ψ ,e.ϕ) = 0. (67)

Here the definition of the product[e,ψ ] := e.ψ was used.
If we have a cocyclec for the algebraS we obtain by restriction a cocycle for

the algebraL . For the mixing term we know thatc(e,ψ) = 0. A naive try to put
just anything forc(ϕ ,ψ) (for example 0) will not work as (67) relates the restriction
of the cocycle onL with its values onF−1/2.

Proposition 5.3. [52] Let C be any closed (differentiable) curve onΣ not meet-
ing the points in A, and let R be any (holomorphic) projectiveconnection then the
bilinear extension of

ΦC,R(e, f ) :=
1

24π i

∫

C

(
1
2
(e′′′ f −e f′′′)−R· (e′ f −e f′)

)
dz

ΦC,R(ϕ ,ψ) :=−
1

24π i

∫

C

(
ϕ ′′ ·ψ +ϕ ·ψ ′′−R·ϕ ·ψ

)
dz

ΦC,R(e,ϕ) := 0

(68)

gives a Lie superalgebra cocycle forS , hence defines a central extension ofS . A
different projective connection will yield a cohomologouscocycle.
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A similar formula was given by Bryant in [10]. By adding the projective connec-
tion in the second part of (68) he corrected some formula appearing in [3]. He only
considered the two-point case and only the integration overa separating cycle. See
also [24] for the multi-point case, where still only the integration over a separating
cycle is considered.

In contrast to the differential operator algebra case the two parts cannot be pre-
scribed independently. Only with the same integration path(more precisely, homol-
ogy class) and the given factors in front of the integral it will work. The reason for
this that (67) relates both.

5.3. Uniqueness and Classification of Central Extensions.Our cocycles depend
on the choice of the connectionsRandT. But different choices will not change the
equivalence class. Hence, this ambiguity does not disturb us. What really matters is
that they depend on the integration curveC chosen.

In contrast to the classical situation, for the higher genusand/or multi-point
situation there are many essentially different closed curves and hence many non-
equivalent central extensions defined by the integration.

But we should take into account that we want to extend the almost-grading from
our algebras to the centrally extended ones. This means we take deg ˆx := degx and
assign a degreedeg(t) to the central elementt, and still obtain almost-gradedness.

This is possible if and only if our defining cocycleψ is “local” in the following
sense (the name was introduced in the two point case by Krichever and Novikov in
[26]). There existsM1,M2 ∈ Z such that

∀n,m : ψ(Wn,Wm) 6= 0 =⇒ M1 ≤ n+m≤ M2. (69)

HereW stands for any of our algebras (including the supercase). Very important,
“local” is defined in terms of the almost-grading, and the grading itself depends on
the splittingA= I ∪O. Hence what is “local” depends on the splitting too.

We will call a cocyclebounded(from above) if there existsM ∈ Z such that

∀n,m : ψ(Wn,Wm) 6= 0 =⇒ n+m≤ M. (70)

Similarly bounded from below is defined. Locality means bounded from above and
below.

Given a cocycle class we call it bounded (resp. local) if and only if it contains a
representing cocycle which is bounded (resp. local). Not all cocycles in a bounded
class have to be bounded. If we choose as integration path a separating cocycle
CS, or one of theCi then the above introduced geometric cocycles are local, resp.
bounded. Recall that in this case integration can be done by calculating residues at
the in-points or at the out-points. All these cocycles are cohomologically nontrivial.
The theorems in the following concern the opposite direction. They were treated in
my works [46], [47], [52].

I start with the vector field case as it will give a model for allthe results.
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Theorem 5.4. [46] LetL be the Krichever–Novikov vector field algebra.
(a) The space of bounded cohomology classes is K-dimensional (K = #I). A basis is
given by setting the integration path in (62) to Ci , i = 1, . . . ,K the little (deformed)
circles around the points Pi ∈ I.
(b) The space of local cohomology classes is one-dimensional. A generator is given
by integrating (62) over a separating cocycle CS.
(c) Up to equivalence and rescaling there is only one non-trivial one-dimensional
central extension of the vector field algebraL which allows an extension of the
almost-grading.

Part (c) says that the result is completely analogous to the case of the Witt algebra.
Here I like to repeat again the fact that forL depending on the setA and its possible
splittings into two disjoint subsets there are different almost-gradings. Hence, the
“unique” central extension finally obtained will also depend on the splitting. Only
in the two point case there is only one splitting possible.

The above theorem is a model for all other classification results. We will always
obtain a statement about the bounded (from above) cocycles and then for the local
cocycles.

AsA is an abelian Lie algebra every skew-symmetric bilinear form will be a non-
trivial cocycle. Hence, there is no hope of uniqueness. But if we add the condition
of L -invariance, i.e.

ψ(e.g,h)+ψ(g,e.h) = 0, ∀e∈ L , g,h∈ A (71)

things will change.
Let us denote the the subspace of local cohomology classes byH2

loc, and the sub-
space of local andL -invariant by H2

L ,loc. Note that the condition is only required
for at least one representative in the cohomology class. We collect a part of the
results for the other algebras in the following theorem.

Theorem 5.5.
(1) dimH2

L ,loc(A ,C) = 1,

(2) dimH2
loc(S ,C) = 1,

(3) dimH2
loc(D

1,C) = 3,

(4) dimH2
loc(g,C) = 1 for g a simple finite-dimensional Lie algebra,

A basis of the cohomology spaces are given by taking the cohomology classes of the
cocycles (60), (61), (62), (63), (68) obtained by integration over a separating cycle
CS.

Correspondingly, we obtain also for these algebras the corresponding result about
uniqueness of almost-graded central extensions. For the differential operator alge-
bra we got three independent cocycles. This generalizes results of [1] for the classi-
cal case.
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For the bounded cocycle classes we have to multiply the dimensions above byK.
For the supercase with odd central elements the bounded cohomology vanishes.

For g a reductive Lie algebra and the cocycleL -invariant if restricted to the
abelian part, a complete classification of local cocycle classes forg can be found
in [47]. Note that in the case of a simple Lie algebra every symmetric, invariant
bilinear formβ is a multiple of the Cartan-Killing form.

I like to mention that in all the applications I know of, the cocycles coming from
representations, regularizations, etc. are local. Hence,the uniqueness or classifica-
tion can be used.

6. FURTHER RESULTS

Above the basic concepts, results about the structure of these Krichever-Novikov
type algebras and their central extensions were treated. Ofcourse, this does not
close the story. I will add some further important constructions and applications but
due to space limitations only in a very condensed manner.

6.1. Semi-Infinite Forms and Fermionic Fock Space Representations.
Our Krichever-Novikov vector field algebrasL have as Lie modules the spaces

F λ . These representations are not of the type physicists are usually interested in,
as there is no ground state (no vacuum). There are neither creation nor annihilation
operators which can be used to construct the full representation out of a vacuum
state.

To obtain such desired representations the almost-gradingcomes into play. First,
using the grading ofF λ it is possible to construct starting fromF λ , the forms of
weightλ ∈ 1/2Z, thesemi-infinite wedge formsH λ .

The vector spaceH λ is generated by basis elements which are formal expres-
sions

Φ = f λ
(i1)

∧ f λ
(i2)

∧ f λ
(i3)

∧ ·· · , (72)

where(i1) = (m1, p1) is a double index indexing our basis elements. The indices
are in strictly increasing lexicographical order. They arestabilizing in the sense
that they will increase exactly by one starting from a certain point, depending onΦ.
The action ofL can be extended by Leibniz rule fromF λ to H λ . But a problem
arises. For elements of the critical stripL[0] of the algebraL it might happen
that it produces infinitely many contributions. The action has to be regularized (as
physicists like to call it, but it is a well-defined mathematical procedure).

Here the almost-grading has his second appearance. By the (strong) almost-
graded module structure ofF λ the algebraL can be imbedded into the Lie algebra
of both-sided infinite matrices

gl(∞) := {A= (ai j )i, j∈Z | ∃r = r(A), such thatai j = 0 if |i − j|> r }, (73)
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with “infinitely many diagonals”. The embedding will dependon the weightλ . For
gl(∞) there exists a procedure for the regularization of the action on the semi-infinite
wedge forms [12], [22], see also [23] for a nice pedagogical treatment. In particular,
there is a unique non-trivial central extensionĝl(∞). If we pull-back the defining
cocycle for the extension we obtain a central extension̂Lλ of L and the required
regularization of the action of̂Lλ onH λ . As the embedding ofL depends on the
weightλ the cocycle will do so. The pull-back cocycle will be local. Hence, by the
classification results of Section 5.3 it is the unique central extension class defined
by (62) integrated overCS (up to aλ dependent rescaling).

In H λ there are invariant subspaces, which are generated by a certain “vacuum
vectors”. Such a vacuumΦT is given by an element of the form (72) which starts
with the elementf λ

(T,1), and the indices for the following ones increase always by
one. The subalgebraL[+] annihilates the vacuum, the central element and the other
elements of degree zero act by multiplication with a constant on the vacuum and the
whole representation state is generated byL[−]⊕L[0] from the vacuum.

As the function algebraA operates as multiplication operators onF λ the above
representation can be extended to the algebraD1 (see details in [40]) after one
passes over to central extensions. The cocycle again is local and hence, up to
coboundary, it will be a certain linear combination of the 3 generating cocycles
for the differential operator algebra. In fact it will be

cλ [ψ3
CS
]+

2λ −1
2

[ψ4
CS
]− [ψ1

CS
], cλ :=−2(6λ 2−6λ +1). (74)

Recall thatψ3 is the cocycle for the vector field algebra,ψ1 the cocycle for the
function algebra, andψ4 the mixing cocycle, see [46] for details. Note that the
expression forcλ appears also in Mumford’s formula [36] relating divisors onthe
moduli space of curves.

Also the representation onH λ gives a projective representation of the algebra of
Dλ of differential operators of all orders. It is exactly the combination (74) which
lifts to a cocycle forDλ and gives a central extension̂Dλ . ForL we could rescale
the central element. Hence the central extension̂L did not depend essentially on

the weight. Here this is different. The central extension̂D1
λ depends on it.

For the centrally extended current algebrasĝ, the affine algebra of KN type, in a
similar way fermionic Fock space representations can be constructed, see [63], [55].

6.2. b – c Systems.Related to the above there are other quantum algebra systems
which can be realized onH λ . On the spaceH λ the formsF λ act by wedging
elementsf λ ∈ F λ in front of the semi-infinite wedge form, i.e.

Φ 7→ f λ ∧Φ. (75)
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Using the Krichever-Novikov duality pairing (34) to contract in the semi-infinite
wedge form the entries with the formf 1−λ ∈ F 1−λ the latter form will actH λ .
ForΦ a basis element (72) ofH λ the contraction is defines via

i( f 1−λ )Φ =
∞

∑
l=1

(−1)l−1〈 f 1−λ , f λ
il 〉 · f λ

(i1)
∧ f λ

(i2)
∧ ·· · f̌ λ

(il )
· · · . (76)

Here f̌ λ
(il )

indicates as usual that this element will not be there anymore.
Both operations together create a Clifford algebra structure, which is sometimes

called a b−c system, see [40], [43], [53].

6.3. Sugawara Representation.Given an admissible representation of the cen-
trally extended current algebrâg we can construct the so calledSugawara operators.
Here admissible means, that the central element operates asconstant× identity, and
that every elementv in the representation space will be annihilated by the elements
in ĝ of sufficiently high degree (the degree depends on the element v). The Sugawara
operator is an infinite formal sum of operators and is constructed as the product of
the current operators which are again formal infinite sum of operators. To make the
product well-defined a normal ordering has to be set, which moves the annihilation
operators to the right to act first. It turns out that after some rescaling the operators
appearing in the formal sum of the Sugawara operators give a representation of a
centrally extended vector field algebraL . The central extension is due to the ap-
pearance of the normal ordering. Again the defining cocycle is local and we know
that the central extension defined by the representation is the central extension given
by our geometric cocycleψ3

CS
. See [54], [44], [43] for details.

6.4. Wess-Zumino-Novikov-Witten models and Knizhnik-Zamolodchikov Con-
nection. Despite the fact, that it is a very important application, the following de-
scription is extremely condensed. More can be found in [55],[56], [45]. See also
[66], [53]. Wess-Zumino-Novikov-Witten (WZNW) models aredefined on the basis
of a fixed finite-dimensional Lie algebrag. One considers families of representa-
tions of the affine KN algebraŝg (which is an almost-graded central extension of the
current algebrag of KN type) defined over the moduli space of Riemann surfaces of
genusg with K +1 marked points and splitting of type(K,1). The single point in
O will be a reference point. The data of the moduli of the Riemann surface and the
marked points enter the definition of the algebraĝ and the representation. The con-
struction of certain co-invariants yields a special vectorbundle of finite rank over
moduli space, called the vector bundle of conformal blocks.With the help of the
Krichever Novikov vector field algebra, and using the Sugawara construction, the
Knizhnik-Zamolodchikov (KZ) connectionis given. It is projectively flat. An essen-
tial fact is that certain elements in the critical stripL[0] of the vector field algebra
correspond to infinitesimal deformations of the moduli and to moving the marked
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points. This gives a global operator approach in contrast tothe semi-local approach
of Tsuchiya, Ueno, and Yamada [67].

6.5. Geometric Deformations of the Witt and Virasoro Algebra. As the second
Lie algebra cohomology of the Witt and Virasoro algebra withvalues in their adjoint
module vanishes [15], [51], [14] both are formally and infinitesimally rigid. This
means that all formal (and infinitesimal) families where thespecial fiber is one of
these algebras are equivalent to the trivial one. Nevertheless, we showed in [15] that
there exists naturally defined families of Krichever-Novikov vector field algebras
defined for the torus with two marked points [41], [11], [34].These families are
obtained by a geometric degeneration process. The familieshave as special element
the Witt algebra (resp. Virasoro algebra). All other fibers are non-isomorphic to it.
Hence, these families are even locally non-trivial. This isa phenomena which can
only be observed for infinite dimensional algebras. See alsothe case of affine Lie
algebra and some general treatment in [16], [17], [49].

7. LAX OPERATORALGEBRAS

Recently, a new class of current type algebras appeared, theLax operator alge-
bras. As the naming indicates, they are related to infinite dimensional integrable
systems [65]. The algebras were introduced by Krichever [25], and Krichever and
Sheinman [29]. Here I will report on their definition.

Compared to the KN current type algebra we will allow additional singularities
which will play a special role. The points where these singularities are allowed are
calledweak singular points. The set is denoted by

W = {γs ∈ Σ\A | s= 1, . . . ,R}. (77)

Let g be one of the classical matrix algebrasgl(n), sl(n), so(n), sp(2n). We assign
to every pointγs a vectorαs ∈ Cn (resp.∈ C2n for sp(2n)). The system

T := {(γs,αs) ∈ Σ×C
n | s= 1, . . . ,R} (78)

is calledTyurin data.

Remark 7.1. In case thatR= n·g and for generic values of(γs,αs) with αs 6= 0 the
tuples of pairs(γs, [αs]) with [αs] ∈ Pn−1(C) parameterize semi-stable rankn and
degreeng framed holomorphic vector bundles as shown by Tyurin [68]. Hence, the
name Tyurin data.

We considerg-valued meromorphic functions

L : Σ → g, (79)

which are holomorphic outsideW∪A, have at most poles of order one (resp. of order
two for sp(2n)) at the points inW, and fulfill certain conditions atW depending on
T . To describe them let us fix local coordinatesws centered atγs, s= 1, . . . ,R.
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For gl(n) the conditions are as follows. Fors= 1, . . . ,R we require that there exist
βs ∈Cn andκs ∈ C such that the functionL has the following expansion atγs ∈W

L(ws) =
Ls,−1

ws
+Ls,0+ ∑

k>0

Ls,kw
k
s, (80)

with

Ls,−1 = αsβ t
s, tr(Ls,−1) = β t

sαs = 0, Ls,0αs = κsαs. (81)

In particular, ifLs,−1 is non-vanishing then it is a rank 1 matrix, and ifαs 6= 0 then
it is an eigenvector ofLs,0. The requirements (81) are independent of the chosen
coordinatesws.

It is not at all clear that the commutator of two such matrix functions fulfills again
these conditions. But it is shown in [29] that they indeed close to a Lie algebra
(in fact in the case ofgl(n) they constitute an associative algebra under the matrix
product). If one of theαs = 0 then the conditions at the pointγs correspond to the
fact, thatL has to be holomorphic there. If allαs’s are zero orW = /0 we obtain back
the current algebra of KN type. In some sense the Lax operatoralgebras generalize
them. But their definition is restricted to the case that our finite-dimensional Lie
algebra has to be one from the list. In the bundle interpretation of the Tyurin data
the KN case corresponds to the trivial rankn bundle.

For sl(n) the only additional condition is that in (80) all matricesLs,k are trace-
less. The conditions (81) remain unchanged.

In the case ofso(n) one requires that allLs,k in (80) are skew-symmetric. In
particular, they are trace-less. Following [29] the set-uphas to be slightly modified.
First only those Tyurin parametersαs are allowed which satisfyα t

sαs= 0. Then the
1. relation in (81) is changed to obtain

Ls,−1 = αsβ t
s−βsα t

s, tr(Ls,−1) = β t
sαs = 0, Ls,0αs = κsαs. (82)

For sp(2n) we consider a symplectic form̂σ for C2n given by a non-degenerate
skew-symmetric matrixσ . The Lie algebrasp(2n) is the Lie algebra of matricesX
such thatXtσ +σX = 0. The condition tr(X) = 0 will be automatic. At the weak
singularities we have the expansion

L(ws) =
Ls,−2

w2
s

+
Ls,−1

ws
+Ls,0+Ls,1ws+ ∑

k>1

Ls,kw
k
s. (83)

The condition (81) is modified as follows (see [29]): there exist βs∈C2n, νs,κs∈C

such that

Ls,−2 = νsαsα t
sσ , Ls,−1 = (αsβ t

s+βsα t
s)σ , βs

tσαs= 0, Ls,0αs= κsαs. (84)

Moreover, we requireα t
sσLs,1αs = 0. Again under the point-wise matrix commuta-

tor the set of such maps constitute a Lie algebra.
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The next step is to introduce an almost-graded structure forthese Lax operator
algebras induced by a splitting of the setA = I ∪O. This is done for the two-
point case in [29] and for the multi-point case in [58]. From the applications there
is again a need to classify almost-graded central extensions. The author obtained
this jointly with O. Sheinman in [57], [58], see also [50] foran overview. For the
Lax operator algebras associated to the simple algebrassl(n),so(n),sp(n) it will be
unique (meaning: given a splitting ofA there is an almost-grading and with respect
to this there is up to equivalence and rescaling only one non-trivial almost-graded
central extension). Forgl(n) we obtain two independent local cocycle classes if we
assumeL -invariance on the reductive part.

8. SOME HISTORICAL REMARKS

In this section I will give some historical remarks (also on related works) on
Krichever-Novikov type algebras. Space limitations do notallow to give a complete
list of references. For this I have to refer to [53].

In 1987 the ground-breaking work of Krichever and Novikov [26], [27], [28]
in the two-point case initiated the subject. They introduced the vector field alge-
bra, the function algebra and the affine algebra with their almost-graded structure.
To acknowledge their work these algebras are nowadays called Krichever-Novikov
(KN) type algebras. Sheinman joint in by investigating the affine algebras and their
representations [59], [60], [61], [62], [63], [64].

As it should have become clear from this review what should becalled a KN
type algebra is not the algebra alone but the algebra together with a chosen almost-
grading. It is exactly the step of introducing such an almost-grading which is not
straightforward.

From the application in CFT, string theory, etc. there was clearly the need to
pass over to a multi-point picture. In the multi-point case this was done 1989 by
the author in [37], [38], [39], [40]. The almost-grading is induced by splitting of
the setA of points where poles are allowed into two non-empty disjoint subsetsI
and O. In the applications quite often such a splitting is naturally given. In the
context of fields and strings the points correspond to incoming and outgoing fields
and strings respectively. Without considering an almost-grading Dick [13] gave also
a generalization of the vector field algebra. He obtained results similar to [37]. Only
in the work of Sadov [35] 1990 an almost-grading is also discussed.

Note that in the two-point case there is only one splitting. Hence, quite often
one does not mention explicitely the grading for the Witt andVirasoro algebra,
respectively the almost-grading for the KN type algebras. Nevertheless, the grading
is heavily used.

The genus zero and two-point case is the classical well-studied case. But already
for genus zero and more than two points there are interestingthings so study, see
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[38], [15], [16], [8], [9], [48]. For genus one, the complex torus case, there is [38],
[7], [11], [34], [15], [16].

After the work of Krichever and Novikov appeared physicistsgot very much in-
terested in these algebras and the possibilities of using these objects for a global op-
erator approach. Especially I like to mention the work of thepeople around Bonora
[3], [4], [5], [6] and by [10]. This includes also the superversions. A lot of more
names could be given.

It is not only the possible applications in physics which makes the KN type al-
gebras so interesting. From the mathematical point generalinfinite dimensional Lie
algebras are hard to approach. KN type algebras supply examples of them which
are given in a geometrical context, hence (hopefully) better to understand. A typ-
ical example of this are the families of geometric deformation of the Witt algebra
which I mentioned in Section 6.5 obtained by degenerations of tori. Quite recently
also in the context of Jordan Superalgebras and Lie antialgebras [33] examples were
constructed on the basis of KN type algebras [30], [31], [24]

In this review we discussed extensively the case of 2nd Lie algebra cohomology
with values in the trivial module. But we did not touch the question of the general
Lie algebra cohomology of Krichever-Novikov type algebras. Here I refer e.g. to
work of Wagemann [69], [70].
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